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INTRODUCTION 
This is the hceedings of tho second international colloquium devoted t o  the science o f  drops and 
bubbles. It covers a wide variety of fields ranging from fundamental fluid dynamics to  astrophysics and 
from theoretical considerations to  material processing in space. 
The first colloquium in this intermittent series was held at the California Institute of Technology in 
1974. Both colloquia have provided an opportunity for scientists from a number of  disciplines to  discuss 
their common problenls and learn from each other. hi the intervening seven years between the first and 
second colloquia there have been substantial advances in most of  the fields represented. In particular, the 
science of material processing in space has matured t o  the point where experiments are now being con- 
structed. In a few years scientific investigations will be conducted in the substantially zerog environment 
of space on board the NASA Space Shuttle. These experiments will uncover new information which will 
lead to  a deeper understanding of the fundamental physics of  this brar~ch o f  science. 
The colloquiunl included s e v x  sessions where scientific papers were presented and one poster session. 
There were a total of ten invited papers at the colloquium and twenty sc~entific displays in the poster 
session. The invited papers and the papers representing thc poster displays have been placed in tile most 
appropriate scientific session in the hceedings. 
This colloquium, like its predecessr~r, was notable for the cross-disciplinary interactions among the 
participants. There were n m y  scientific discussions carried out after the sessions were over and throughout 
the evenings. The benefit derived from these contacts made anlollg the participants - often from different 
fields - is an intangible but valuable contribution that a specialized colloquium can make to a scientific 
field. 
The colloquium organizers wish to recognize tlie support afforded t o  this colloquiunl hl. the Physics 
and Chemistry in Space and the Material Processing in Space progranls of  the National Aeronautics and 
Space Administration. 
It is hoped that the Proceedings will become a valued reference source and will contribute t o  the litera- 
ture in the science of drops and bubbles in the years to come. 
Dennis H. Le Croissette 
Jet Propulsion Laboratory 
California Institute of techno lo^ 
iii 
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ABSTRACT 
This is the Proceedings of the Second International Colloquium on Drops and Bubbles, held at 
Monterey, California, on November 19-21, 1981. The 52 scientific papers reported here deal with the 
subjects of Material Science and Space Experiments, Combustion, Jet Stabilit,,t and Inertial Fusion, 
Bubbles, Astrophysics, Meteorology, Nuclear Science, and Theory and Computation. 
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( a c c e l e r a t i o n a l  f i e l d )  o r  e l e c t r i c a l  p o t e n t i a l .  Anthony and C l i n e  found t h a t  high f o r c e  
g r a d i e n t s  were requ i red  t o  migra te  b r i n e  drops i n  s o l i d  KCn,' sugges t ing  t h a t  an  imprac- 
t i c a l l y  high sedimentat ion f i e l d  would be r e q u i r e d  t o  move l i q u i d  drops i n  semiconductors.  
The r a t e  of d r o p l e t  motion can be c o n t r o l l e d  either by t h e  r a t e  o f  d i f f u s i o n  ok s o l u t e  
i n  t h e  l i q u i d  o r  by t h e  r a t e  of d i s s o l u t i o n  o f  s o l i d  ( i n t e r f a c e  c o n t r o l ) .  Th is  d i s s o l u t i o n  
r a t e  is  u s u a l l y  p r o p o r t i o n a l  t o  t h e  s o l u b i l i t y  of t h e  s o l i d  i n  t h e  l i q u i d  drop,  and can be 
d i f f e r e n t  f o r  d i f f e r e n t  c r y s t a l l o g r a p h i c  p lanes  i n  t h e  s o l i d .  A t  h igh temperatures  con- 
v e c t i v e  flow i n  t h e  drop can l e a d  t o  r a t e s  h igher  than  expected from t h e  static d i f f u s i o n  
c o e f f i c i e n t  o f  s o l u t e  i n  t h e  l i q u i d . '  For l a r g e  crops d i f f u s i o n  i n  t h e  l i q u i d  i s  more 
l i k e l y  t o  c o n t r o l  t h e  r a t e  of d r o p l e t  migra t ion ,  whercaa f o r  smal l  d rops  i n t e r f a c e  r a t e s  
become important .  A s i m i l a r  i n f l u e n c e  o f  c r y s t a l  s i z e  is  found f o r  t h e  r a t e  of c r y s t a l l i -  
z a t i o n  from s o l u t i o n .  For l a r g e  c r y s t a l s  d i f f u s i o n  i n  t h e  l i q u i d  c o n t r o l 8  t h e  r a t e  o f  
growth, whereas f o r  smal l  c r y s t a l s  i n t e r f a c e  c o n t r o l  is usual .8  
A t  equ i l ib r ium t h e  shape of a l i q u i d  drop i n  a s o l i d  is coh.crolled by t h e  i n t a r f a c i a l  
e n e r g i e s  of d i f f e r e n t  c r y s t a l l o g r a p h i c  p l a n e s  o f  t h e  s o l i d  i n  c o n t a c t  w i t h  t h e  l i q u i d .  The 
shape t h a t  minimizes t h e  t o t a l  s u r f a c e  f r e e  energy is t h e  e q u i l i b r i u m  one. In  p r i n c i p l e  
t h i s  shape can be c a l c u l a t e d  from knowledge of  t h e  s u r f a c e  energy a s  a f u n c t i o n  of  c r y s t a l -  
l o g r a p h i c  o r i e n t a t i o n  o f  a  s u r f a c e  f a c e t  by t h e  "Wulff" c o n s t r u c t i o n ;  i n  p r a c t i c e  t h i r  
f u n c t i o n  is  hard ly  e v e r  known i n  much d e t a i l ,  and t h e  r e l a t i v e  v a l u e r  of  i n t e r f a c i a l  
e n e r g i e r  a r e  o f t e n  deduced from e q u i l i b r i u m  shapes  o f  c r y s t a l s .  One would expec; t h a t  low 
index and c losely-packed c r y s t a l l o g r a p h i c  p l a n e s  should have t h e  lowes t  e n e r g i e s ,  r o  t h a t  
thene p l a n e r  should,  and u s u a l l y  do,  predominate i n  e q u i l i b r i u m  shapes  of c r y r t a l s .  
Br ine  d r o p l e t s  i n  KC1 had mainly (100) p l a n e s  a r  f a c e s  a f t e r  reven yearn st room tempera- 
t u r e ,  w i t h  edge rounding6 and rome c o n t r i b u t t o n  from (11% f a c e r . 9  S i l i c o n  e x E s e r  mainly 
(111) p l a n e r  i n  c o n t a c t  w i t h  l i q u i d ,  w i t h  some c o n t r i b u t i o n  from (100) p l a n e r .  When a 
d r o p l e t  migra tes  i n  a  f o r c e  f i e l d ,  i ts rhape can be d i s t o r t e d  by i w n u n i f o r m i t i e r  i n  t h e  
f i e l d  and i n  t h e  r a t e r  of i n t e r f a c i a l  d i s s o l ~ t i o n . ~ ~  
The r a t e  of migra t ion  of  g a s - f i l l e d  bubbler  i n  KCe i n  a  t empera tu re  g r a d i e n t  waa d e t e r -  
mined by t h e  r a t e  o f  evapora t ion  o f  ro1j.d and by d i f f u s i o n  o f  KCE moleculer  i n  t h e  bubble ,  
i n  much t h e  way a s  t h e  l i q u i d  drops." The bubbler  were bounded by (100) I p l a n e r ,  b u t  
a t r e t c h e d  o u t  i n  t h e  d i r e c t i o n  of  migrat  )n i n s t e a d  of  remaining cub ic .  ' The shape was 
determined by t h e  i n t e r f a c i a l  r a t e s  of e ~ a p o r a t i o n  and d e p o r i t i o n  r a t h e r  t h a n  by t h e  e q u i l i -  
brium c o n d i t i o n  from r u r f a c e  e n e r g i e r .  A t r a i l  o f  f i n e  bubble* fol lowed i n  t h e  wake of  t h e  
m i g r a t i ~ ~ g  bubble .  
Nucleat ion 
The t rans format ion  of one phase i n t o  a n o t h e r  a lmos t  always r e q u i r e s  format ion of a  mole- 
c u l a r  c l u s t e r  o f  t h e  new phase i n  t h e  o l d ,  a f t e r  which t h e  new phase giows a t  t h e  expense 
of t h e  o l d .  Th i s  n u c l e a t i o n  and growth mechanism i a  v a l i d  f o r  pure  m a t e r i a l 8  and u s u a l l y  
f o r  mix tu res ;  i n  some mixtures  a uniform t r a n s f o r m a t i o n  c a l l e d  s n i n o d a l  decompori t ion is 
p o s s i b l e ,  b u t  it w i l l  n o t  be cons ide red  he re .  When a  c l u s t e r  o r  nuc leus  foxmr t h e  r e r u l -  
t a n t  s u r f a c e  energy can exceed t h e  volume f r e e  energy d i f f e r e n c e  d r i v i n g  t r a n s f o r m a t i o n ,  
.io t h a t  a  n u c l e a t i o n  b a r r i e r  e x i s t s  even when a  l a r g e  sample of  t h e  new phase i r  s t a b l e  
w i t h  r e s p e c t  t o  t h e  o ld .  Th i s  s i t u a t i o n  is i l l n s t r a t e d  i n  F i g u r e  1, where t h e  chemical  
F iqure  1. The chemical p o t e n t i a l  o f  e t h a n o l  d r o p  a t  - 9 * C ,  a s  a  f u n c t i o n  o f  d r o p  r a d i u s .  
p o t e n t i a l  u r  i n  j /molecules of  a d r o p  o f  e t h a n o l  i r  c o w a r e d  t o  t h e  chemical p o t e n t i a l  o f  
mupersaturated e t h a n o l  vapor u, and t h e  chemical  p o t e n t i a l  of  l i q u i d  e t h a n o l  u p ,  a11  a t  
-9.C. When t h e  chemical p o t e n t i a l  of  a drop equa l*  t h a t  of  t h e  su r round ing  vapor it is 
s a i d  t o  be o f  c r l t i c a l  s i z e  ( r a d i u s  r e ) .  Smal le r  d rops  are u n s t a b l e  and decompose; l a r g e r  
d rops  g r w .  
Volmer and Y e b e r  d e r i v e d  t h e  number of c r i t i c a l  n u c l e i  a s  a  f u n c t i o n  o f  s u p e r s a t u r a t i o n  
and t empera tu re  from t h e  f l u c t u a t i o n  theory  o f  m in stein'^ and t h e  c a l c u l a t i o n  of  ~ i b b r l ~  
of t h e  r e v e r r i b l e  work t o  form a  r p h e r e  o f  t h e  c r i t i c a l  r i x e .  The r e s u l t  is 
where N* is t h e  nuraber o f  c r i t i c a l  n u c l e i  per unit volume, N is t h e  number o f  vapor mole- 
c u l e s  p e r  u n i t  volume, W is t h e  r e v e r s i b i e  work to form t h e  cri t ical  nucleus ,  k is 
Boltzmann's c o n s t a n t  and T t h e  temperature .  Then t h e  rate o f  n u c l e a t i o n  I is t h e  p roduc t  
of t h e  nuraber of c o l l i s i o n s  of vapor molecules  w i t h  t h e  s u r f a c e  of a c r i t i c a l  nucleus  w i t h  
N* : 
where Z is t h e  c o l l i s i o n  frequency of  molecules w i t h  a s u r f a c e  and A* i e  t h e  s u r f a c e  a r e a  o f  
a c r i t i c a l  nucleus.  For a s p h e r i c a l  nucleus: 
where y is t h e  s u r f a c e  energy of  t h e  l i q u i d  and aP is t h e  d i f f e r e n c e  i n  p r e s s u r e  between t h e  
i n s i d e  and o u t s i d e  o f  t h e  c r i t i c a l  nucleus.  
The equa t ions  of Volrer  and Weber agreed w e l l  w i t h  exper imental  d a t a  i n  r a i n  format ion o f  
va r ious  l i q u i d s  i n  a c loud ch&erl6 and w i t h  mre r e c e n t  r - s u l t s  i n  t h e  d i f f u s i o n  c loud  
chamber, e s p e c i a l l y  i n  t h e  c a l c u l a t e d  and measured v a l u e s  o f  t h e  s u r f a c e  e n e r g i e s .  Never- 
t h e l e s s  a number o f  a u t h o r s  have suggested t h a t  t h e  e q u a t i o n s  o f  V o l r n t r  and Weber need t o  
be modified by c o r r e c t i o n  f a c t o r s  t h a t  vary from a f a c t o r  of  10" i n  t h e  n u c l e a t i o n  r a t e  to  
a n e g l i g i b l e  c o r r e c t i ~ n . ~ ~ - ~ ~  These t r e a t m e n t s  invo lve  q u e s t i o n a b l e  assuxnptions of e q u i l i -  
brium i n  chemical d e p o s i t i o n  r e a c t i o n s  t o  form t h e  c r i t i c a l  nucleus  o r  between embryos n o t  
of t h e  c r i t i c a l  s i z e  and t h e  surrounding vapor. The equa t ions  o f  Volmer and neber  a g r e e  
w e l l  w i t h  experiment,  and t h e r e  appears  t o  be no need to correct them. 
I n  a r e c e n t  paper Carlon h a s  found t h a t  even u n d e r s a t u r a t e 6  wate r  vapor  and mois t  a i r  
c o n t a i n  multimolecular c l u s t e r s  o f  water .21 Thus t h e  i n i t i a l  c o n d i t i o n  o f  a vapor i n  a 
nuc lea t ion  experiment may n o t  be j u s t  i n d i v i d u a l  molecules,  b u t  could c o n t a i n  an unknown 
d i s t r i b u t i o n  of c l u s t e r s .  Such a d i s t r i b u t i o n  would f u r t h e r  complicate  n u c l e a t i o n  t h e o r i e s  
based on a series of condensation r e a c t i o n s ,  b u t  should no t  i n f l u e n c e  t h e  e q u i l i b r i u m  
f l u c t u a t i o n  method of  Volmer and Weber. Carlon a l s o  found t h a t  t h e s e  c l u s t e r s  o f  water 
molecules l ead  t o  i n f r a r e d  a b s o r ~ t i o n  a t  wave l e n g t h s  d i f f e r e n t  from t h o s e  For molecular  
water.  
Bubbles i n  t h e  p rocess ing  o f  g l a s s  
Fining,  o r  t h e  removal of bubbles  from a g l a s s  m e l t ,  is one of t h e  major t echnolog ica l  
problems i n  g l a s s  melting. I t  is u s u a l l y  so lved  by holding t h e  g l a s s  f o r  some time a t  a 
temperature  somewhat below t h e  h i a h e s t  mel t ina  t empera ture ,  and by adding c e r t a i n  minor 
c o n s t i t u e n t s  t o  t h e  o r i g i n a l  g l a s s  batch.  The mechanisms by which t h e s e  a d d i t i o n s  a i d  
bubble removal a r e  still somewhat u n c e r t a i n ,  a l though  much o r o g r e s s  i n  unders tanding h a s  
been made i n  r e c e n t  years .  
Bubbles can be removed from a melt by e i t h e r  cf two ways. They car1 rise t o  t h e  s u r f a c e  
o r  t h e  g a s  i n  them can d i s s o l v e  i n  t h e  g l a s s .  The r a t e  of rise is given by t h e  fol lowing 
equa t ion  : 
where 3 is  t h e  d e n s i t y  of t h e  g l a s s ,  g is t h e  g r a v i t a t i o n a l  c o n s t a n t ,  R i s  t h e  bubble r a d i u s ,  
and n is t h e  v i s c o s i t y  of  t h e  g l a s s .  For a v i s c o s i t y  o f  100 P ,  t y p i c a l  f o r  mel t ing  tempera- 
t u r e s ,  t h e  r a t e  of rise of  bubbles 0 .1  mm i n  diameter  is about  10 cm/day, which is t o o  smal l  
t o  e l i m i n a t e  them from a normal g l a s s  furnace.  Thus smal l  bubbles  can be removed from g l a s s  
melts only  by d i s s o l u t i o n  of t h e i r  g a s  i n t o  t!re g l a s s  m e l t ,  a l though  l a r g e r  bubbles  can rise 
t o  t h e  s u r f a c e .  
Arsenic ox ide  is a conrmon f i n i n g  agen t  added t o  g l a s s  t o  h e l p  remove bubbles.  For many 
y e a r s  it was thought t h a t  t h e  a r s e n i c  r e l e a s e d  oxygen a t  g l a s s  mel t ing  t empera tures ,  which 
"swept o u t "  t h e  bubbles i n  t h e  g l a s s .  However, t h e  c a l c u l a t i o n  above shows t h a t  such a 
mechanism would not e l i m i n a t e  smal l  bubbles ,  and t h e  e l e g a n t  e x p e r i r e n t s  of Greene and 
co-workers showed t h a t  a r s e n i c  enhances d i s s o l u t i o n  of oxygen bubblcs i n  Thus 
t h e  importance o f  a r s e n i c  and antimony ox ide  a d d i t i o n s  t o  t h e  g l a s s  is t o  a i d  i n  removal o f  
f i n e  bubbles,  r a t h e r  than t o  genera te  more gas .  
S t u d i e s  o f  bubble shr inkage i n  g l a s s  can h e l p  i n  unders tanding t h e  k i n e t i c s  of f i n i n g ,  
t h e  r a t e s  of d i f f u s i o n  of gases  i n  molten g l a s s ,  and t h e  t h e o r e t i c a l  t r ea tment  o f  bubble 
d i s s o l u t i o n .  Greene and h i s  co-workers observed t h e  shr inkage  of oxy e n  and ~ u l f u r  d i o x i d e  
bubbles i n  a nrmber of s i l i c a t e  g l a s s e s  between 100O0C and 1 3 0 O ~ C . ~ ~ ' ~ ~  They s e a l e d  a smal l  
amount of g a s  i n t o  a ho le  between two g l a s s  d i s c s ,  which were then  hea ted  i n  a r o t a t i n g  
s i l i c a  cell. During t h e  f i r s t  few minutes of h e a t i n g  t h e  temperature  of t h e  bubble changed, 
so that reliable measurements were not possible. This technique also often introduced a 
small amount of foreign qas into the bubble. To avoid these difficulties Greene and Davis 
developed a technique in which the bubble was obeerved just after it was blown into the 
molten glass, and studied oxygen, nitrogen, and water bubbles in molten boric oxide." 
Brown and   or em us-'" also used this technique to study the shrinkaqe of air oxygen, and 
nitroqen bubhles in molten boric oxide2 an example of their work is shown in Figure 2. 
TIME (MINUTES) 
Fiqure 2. Diameter of an air bubble in molten 8 2 0 3  at 550°C as a function of time. Circles 
data; line from ey. 5 with D = 2.3(10)' cm2/sec and B = 0.058. 
The mathematical treatmnt of the arowth or shrinkaqe of a bubble requires solution of a 
non-linear ~artial differential equation, and a qeneral analytical solution has not been 
found. However, several limitin? cases can be solved satisfactorily. If the gas dissolving 
in the slass has a low zoncentration (dilute solution in the qlass), a relatjvely simple 
relation for the radius of the bubble R as a function of time t is found:- ' * - "  
Ro - &I2 = 2DBt(l + -2%) (5 
. .Dt 
where % is the initial bubble radius, D is the diffusion coefficient of the dissolving gas 
in the qlnss, and B is a concentration factor B = (ci-c.,)/cs, where the subscripts denote 
concen~rations of qas: s in the bubble, i dissolved In the glass at the bubble-glass inter- 
face, n~?.? .-. dissolved in the qlass far from the bubble. Eq. 5 fits data for the dissolution 
of air ib~ molten boric oxide as shown in Figure 2. 
I f  the amount of qas dissolved in the qlass is not small, (B 4 l), the solution becomes 
more complicated, because the flow of molten ylass as the bubble shrinksleadsto a 'conwc- 
tion" term in the differential equation:', True cont~cction in the glass melt is not sig- 
nificant because of the high viscosity of the glass. A perturbation solution of this 
expandcd,differential equation for bubble growth or shrinkage has been given by Duda and 
Vrentas;-!I the first tarm in their solution is eq. 5. 
Furfher complications arise if more than one kind of qas is dissolvin in the 
glass,- - ' 0  if the q l ~ s s  snmcle is not l a m e  compared to the bubble, -' and if there is 
a surface chemical reaction of the qar dissolving in the glass." 
Hollow qlass shelis filled with deuterium and tritium can serve as laser-fusion targets. 
These shells are tynically about 100 11m in diameter with a wall thickness of a few microns, 
and can be made by droppinq oowder of a metal-orqanic gel through a furnace tower at temper- 
atures of from 1200°C to 1500~c.'~ The organic material and residual water serve to blow 
out the slass into a spherical shell. The size and quality of the shells are dependent on 
the qlass compogition, the organic content of tho qels, and the furnace conditions. 
Swelling of materials in fast reactors 
The swelling of radiation-induced voids in metals and alloys in nuclear reactors can 
lead to serious degredation of these materials, and may become a problem in fast breeder 
reactors. The rate of swelling is strongly dependent upon the composition of the irradiated 
alloy; minor additions ("swelling inhibitors*) can reduce the amount of swelling by up to 
two orders of Nucleation of the voids may be a critical step in their forma- 
tion." Bubbles of gas in irradiated metals can grow by migration and coalescence. The 
rate of migration of small bubbles is controlled by surface diffusion, and in larger 
bubbles by ledqe nucleation, in niobium alloys and zirconium.35 
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Abstract  
In  t h i s  paper we d iscuss  a  theory of normal modes of o s c i l l a t i o n  of compound l i q u i d  drops 
and the experiments performed t o  determine i t s  v a l i d i t y .  The modes axe charac ter ized  by 
t h e i r  frequency, the  a t tendant  displacement of f l u i d  boundaries, and the  flow pressure  
f i e l d s  within the f l u i d s .  The drops cons i s t  of t h r ee  f l u i d s ;  a  core f l u i d ,  a  f l u i d  s h e l l  
surrounding the  core ,  and a hos t  f l u i d  surroundins the s h e l l .  These f l u i d s  a r e  assumed t o  
be i nv i sc id  and incompressible, and the  core avd the s h e l l  t o  be concent r ic .  The theory i s  
obtained by l i n e a r i z a t i o n  of the  equat ions c ;  f l u i d  motion t o  t he  lowest order  of nonlinear-  
i t y  t h a t  y i e l d s  the  normal modes. Numerical values of mode frequencies  and the a s soc i a t ed  
r e l a t i v e  displacements of the  f l u i d  boundaries a r e  presented f o r  s eve ra l  spec i f i c  systems, 
and the r e s u l t s  compared with our observa t ions .  The core-center ing phenomtnon whereby the  
o s c i l l a t i o r s  of the sys t ea  tend t o  d r ive  the  s h e l l  and the  core t o  be concent r ic  was 
observed i n  the  experimeccs and w i l l  be f u l l y  analyzed i n  a  sequel .  
Introduct ion 
This i s  the f i r s t  i n  a  s e r i e s  of r epo r t s  on the  study of compound l i q u i d  drop systems. 
The systems cons i s t  of th ree  f l u i d s :  a host  f l u i d  i n f i n i t e  i n  e x t e n t ,  t h a t  surrounds a  
second 3 u i d  i n  the form of a  s h e l l ,  which i n  turn  surrounds a  thi:d f l u i d  t h a t  forms the  
core .  In p a r t i c u l a r  we w i l l  i nves t i ga t e  the severa l  normal modes of compound drops on the  
assumptions: ( i )  the dcns i ty  of the  f l u i d s  and the  i n t e r f a c i a l  t ens ions  a r e  a r b i t r a r y ,  
(ii) the  f l u i d s  a r e  incompressible, (iii) they a r e  i n v i s c i d ,  ( i v )  the  equat ions of f l u i d  
motion a r e  l i nea r i zed  t o  the lowest order  of non l inea r i t y  t h a t  y i e l d s  t he  c l a s s  of normal 
modes being s tudied ,  and (v )  the two f l u i d  i n t e r f aces  a r e  near ly  spher ica l  and concent r ic .  
In ensuing r epo r t s  we r e l ax  condit ions (iii) through ( v ) .  
The primary aim of the  e n t i r e  study 1s t o  gain s u f f i c i e n t  understanding of the behavior 
of compound drops t o  plan and i n t e r p r e t  experiments i c  t he  l abo ra to r i e s ,  i n  t he  weightless  
environmmt provided by f l i g h t  on the  K C - 1 3 5  a i r c r a f t  and the Space Shu t t l e .  
Aside from i t s  i n t e r e s t  a s  a  fundamental study of compound drops,  t he  work can be appl ied  
t o  the f ab r i ca t i on  of fusion t a r g e t  p e l l e t s ,  development of con ta ine r l e s s  ma te r i a l s  pro- 
cess ing  techniques both t e r r e s t r i a l  and e x t r a - t e r r e s t r i a l ,  and development of techniques f o r  
l i qu id  drop cont ro l  t h a t  can be used f o r  fundamental s t ud i z s  i n  o ther  s c i e n t i f i c  d i s c i p l i n e s  
such a s  super f lu id  drop dynamics. 
Equations of motion 
We consider  a system of severa l  i n v i s c i d ,  incompressible f l u i d s  t h a t  a r e  i n  contact  with 
one another a t  the  f l u i d  boundaries each of which is charac ter ized  by an i n t e r f a c i a l  ten- 
s ion .  The equat ions of motion £0. the system a re  well known and In sphe r i ca l  coordinate-s 
a r e  glvcn a s :  
The f i r s t  equation f o r  the  ve loc i ty  po t en t i a l  in  each f l u i d  follows from the assumption 
of incom9ress ib i l i ty .  The second equation i s  a l s o  kinematic and s t a t e s  t ha t  the  f l u i d  
boundary moves with the  f l u i d s ;  the equation of a  boundary be ins  given a s  r = R(u,@,t). In 
eq. ( 2 1 ,  P denotes the  u n i t  vector  alonq ;, the  vector  from the  o r ig in  t o  R ( e , + ) ,  and f s  
denotes the surface gradien t  operator  qiven by 
- 4 a Q , r O  - +  - - ae s i n e  a+ 
Equation (3) i s  a dynamical equation indicat ing tha t  the s t r e s s  across an in ter face  
depends sole ly  on i t s  i n t e r f a c i a l  tension,  a .  The l e f t  s ide  of eq. (3) is  the s t r e s s  a t  a 
point on the boundary. ii i s  the surface normal a t  the point ,  and f s  denotes the  surface 
divergence operator. The r igh t  side of t h i s  equation i s  simply the pressure difference sup- 
ported by the boundary s t r e s s ,  and P denotes the pressure i n  the res t ing  f lu id .  
These nonlinear equations a re  rendered l inea r  b assuming tha t  the motion of the system 
produces small deviations of a boundary from the stape i t  had when the sy. ctem was a t  r e s t .  
For a compound drop the boundaries a r e  spherical ,  and the pressure difference across a 
boundary of radius K and i n t e r f a c i a l  tension,  a ,  i s  
For t h i s  system, re ta in ing only f i r s t  order terms, eq. (2) can be wri t ten  a s  
and eq. (3)  a f t e r  subst i tu t ing eq. ( 5 ) ,  bezomes 
- 2 where AR = R - R ,  and L i s  the surface Laplacian which r e s u l t s  from the l inear iza t ion of 
the curvature. 
Normal modes of a concentric three  f lu id  svstems 
We consider a concentric three  f l u i d  systen: as  shown i n  Figure 1 ,  and calcula te  normal 
sodes using eqs. (11, (2A), and (3A). The solution of the equations involves f inding flow 
p o t e n t i a l , $ ,  in  the three f lu ids .  Since $ is nonsecular solution of Laplace equation, i t  
can be expressed i n  the following forms i n  each region of the system: 
t = [ ~ ( c , r n ; t ) r '  + B(r ,m; t ) r  -(9'+1)1 Y l m ( e  ,O ( she l l )  
1 ,m 
e , m  (core) 
i o ( g . t )  = x ~ ~ ( r  , m ; t ) r - ( L t l ) ~ r m ( e  , $ I  . (8)  
e ,m (host ) 
I f  the condition tha t  the normal component of 
velocity across each brindary i s  continuous i s  
imposed, we obtain.  
Therefore, only the flow potent ia l  i n  the s h e l l  
remains t o  be determined. 
Figure 1. A concentric three f l u i d  
system used i n  the theory. 
We now express the boundary functions i n  the following way: 
I f  we subst i tu te  these expressions in to  eqs. (2A) and (3A), we show tha t  the equations can 
be reduced t o  an eigenvalue equation which i s  e s sen t i a l ly  same as  a coupled harmonic 
osc i l l a to r :  
where 
where T = dw. Note tha t  the only dimensional quantity is  CI which has the dimension of 
frequency squared. 
Fron eq. ( 1 2 ) .  the eigenvalues a re  given by 
2 
so  tha t  the normal mode frequencies w*, a r e  given by 
From (11) and (17), we obtain the corresponding eigenvectors as  
where 
I t  follows from the orthogonaltty of ~Fgenvectors 
that 
It is important t o  note that  the positive aquare 
root i n  ( 2 0 )  corresponds t o  the p o s i t i v e  square 
roof in (18). Consequently for  the normel mode 
w i t h  the higher frequency, the boundary o s c i l l a -  
tions are in-phase. We c a l l  this high frequency, 
"++"', mode the 'bubble" mode and the lower fre- 
quency, "-" , mode the "s loshkng" mode. From 
re lat ion 1221 ,  the relative boundary disp lace-  
ment of the aloshing mode i s  out af phase. The 
relative boundary displacement of these cwo modes 
as they were observed in the neutral buoyancy 
tank is shown i n  Figure 2 .  The top figure shows 
"bubble" mode i n  which the two boundaries o s c i l -  
l a t e  in-phase, and the bottom figure shows 
"sloshing" mode in which the two boundaries move 
out of phase. In this compound drop the core and 
the host wcrr sLlicon o i l ,  and the shell was 
water. 
Velocity potential 
We now obtain expressions of veloctty poten- 
tials c i ,  ;s and .o f o r  the flow Z;,'r!a in the 
core, shel l  and the host  respec:ively in tcrms 
of the interfac ia l  dispPacernents. From eqs. ( 6 )  
thraush (TI), c h ~  expressions f o r  :i and b, 
are obtained as 
* 5 +;-I ( i ' i ) im ; t 
where 
TF.e r e s u l t  :or . s ,  in terose ine  enough, can be e ~ p r e s s e d  as 
Figure 2 .  "Bubble" mode ( t o p )  and 
"slashins" mode Ibot tom) o s c i l l a -  
tions of an oil-water-oil compound 
drop. 
C 
I 
H I where ., is the shell ve loc i ty  potenrial when the core i s  r ig id  and r, is for the case when 
the host  is  r i s i d .  then e x n l i c i t l y  expressed, they are 1 
C s: 2 I (' s ) : m  + I 1  D 
-2 
1 
P+1 S : ( 4 f m  x - : ( i  -+ 1) ti 
! 
whcre D = ! - . O f  co.arie, conditions ! 
) 
1 
= 0 and 0 were imposed to obtain (26) and 1271 ,  1 
i 1 
Illustrative e x a m l e ~  
Using eqs. ( 1 3 )  t o  (191, nunerical values of I I T l l l l l l l l  
the eigcnfrequercies for vartoua phyafcal param- 
etcrs can be t c a d i l y  obtained. Furthermore, 
s i m p l e  expressions of severe1 l imit ing  cases as 30 - 
shown below can be e?duccd in a acral~htforward 
way. 
( i l  Sim le Dro We tested chc present theory 
--+ by deriving t e well-known simple drop case. 
With Rj-0 and fol l twing the procedure disrivcd 
i n  the previous s c c t i o n ,  we get 
20 - 
/ 
P 
2 -  ( ( t  + l l ( t  - + 2 L  (28)  9 d L  
%J [ t , l 0  + ( t  + 1) , . I  5 
- 
P 
? 
which is idcnt i ca l  tn  lamb ' s  result. ' Figure 3 A 
- P 
sht~ws vatioue modes r r C  a s i m p l e  drop corsespmd- 
ing  t o  the d i f f e r e n t  vnluss of ;. A water drop 
innneracd in  a neutrally buoyant o i l  bath was 
~xisyrmnvtrlcnlly cxcitcd by M plunger which WAS 10 - 
/'O 
iv turn connrcted to a sinusaidally cxc ktcd Icud 
speaker. WFr% 1 . 5 ~ ~  of dr~rp  vtllumc, r hc i n t ~ r -  
f a c i a l  tcnuichn, 1 1 . 2  Jynt*s/cm, w.1.r obtained 
using eq. ( 2 8 )  for : - 2 .  Tht* h i ~ h c r  mndc frc- 
qucncies obtained using eq. (28! i s  shtrwn iu 
Figure 4 ( s o l i d  l i n e )  ~ n d  i t was compared v l t h  
thc actual  measurements ( c i r c l e s ) .  'Fhc asrep- 0 
mcnt i s  ~xcel!ent. a I ~ I ~ I I ~ I ~ ~ I  
r/ /' 
2 3 4 5 b R P 1 0 1 1 1 2  
( i i )  Ri I d  Host: When rhc c:tmptlund drop was 1 
f o n n r h i g i J  horr i t - .  , , = 1 ,  rhpn 
,. - 0 and 
FLqure 4 .  Frequency vs r of a rater 
drop in i1Scon o i l .  Drop volume was 
1.5cc, and L* = 1 1 . 2  dynesicrn as mea- 
surd  for t - ? case.  Under these 
canditkms.  the solid line was 
obtained using eq. ( 2 8 ) .  and the 
c i r c l e s  were R S  measured by the 
mc.chanically excited ~ i s c i l l a t  ions. 
' i + 1  _ - ( 2 ~ + 1 ) ~  
.. i ( c * l J  t ( t :  l > ( t + 2 ) [ : -  2 t 
rn - ?n+i -'* R I I I + ( r * l )  (..-., 
(291 
F5gure 3. Verioua mdea  of a water drap 
oscillations i n  t h e  siricon o i l  bath. 
The drop was rerzchanicall y exc Ltcd. 
I f  we normalize this w i t h  respect to of a 
simple drop which i s  made out of s h e l l  f l u i d  
i m c r s c d  in t h e  core f h i d ,  rhen Nk,q .sf / .-t f o r  
r-2 and , l i -  F 1s HS shrrm in Figure 5 .  Here VT 
is the total volume ( i . e . .  V.*-Vshell+Vcore)- 
N, r t ~ e s  from zero a t  v ~ / v ~ = ~ ,  thcr~ it 
approaches t o  i n f i n i t y  a s  the corr. shr inks .  As 
the core shrinks wich resprcr t o  VT, t h ~  core 
m o t i o n  becomcs essentially dccouplcd from the 
host and approaches t o  t h e  simple drop f re -  
quency. This can be readl ly obscrvcd from 
e q .  ( 2 9 )  as 
cmipound drop 1 1 ~ ~  
then ,_-t i ,  and 
O f  course, when Ri+o, t h i s  reduces t o  eq. (28) f o r  the  simple drop. I f  we l e t  UL be t h i s  
simple drop frequency, then the  normalized frequency, N c - w + / ~ ~ ,  f o r  Q-2 and p o - ~ ,  i s  a s  
shown i n  Figure 6 .  S t a r t i n g  from a very t h in  s h e l l  ( i . e . ,  V T / V ~ ' ~ ) ,  Nc r i s e s  sharply t o  i t s  
maximum, then gradually approaches t o  the  s ing l e  drop frequency a s  VT/V~ increases .  The 
agreement with the experimental po in ts  i s  f a i r l y  good. 
( i v )  Thin She l l :  When the s h e l l  is  very t h i n  ( i . e . ,  T . l ) ,  then U -  = o ,  and 
Note t ha t  t h i s  is  the  same expreesion a s  t h a t  c f  a simple drop i f  i t s  i n t e r f a c i a l  rur face  
tension i s  replaced by q0+ o i .  This p a r t i c u l a r  r e s u l t  was a l s o  confirmed experimentally i n  
the  neu t r a l  buoyancy tank 
Figure 5. Normalized Frequency, No vs 
VT/VC when the  hose is r i g i d .  
F i ~ u r e  6 .  Normalized frequency, Nc, vs 
VT/VC when the  core i s  r i g i d .  
(v)  Thick S h e l l :  When the s h e l l  i s  very 
t h i ck  ( i . e . ,  T + m ) ,  then we ge: 
and 
where Vc and Vs a r e  t he  core and t h e  s h e l l  
voiumes r e spec t ive ly .  These expressions t e l l  
us  t h a t  i n  t h i s  l i m i t  the  "bubble" and 
"sloshing" modes a r e  no longer coupled s ince  
each mo,lie represents  simple drop o s c i l l a t i o n .  
( v i )  For p i = p O  and o i - o o :  When t h e  core and 
the  hos t  f l u i d s  a r e  the  same and the  two 
i n t e r f a c i a l  t ens ions  a r e  same t h e  expressions 
:or U$ cannot be made much simpler than 
eq. (19) .  However, t he  numerical r e s u l t s  of 
these  f requenc i e s  a r e  shown i n  Figure 7 ,  
where VT=VC+V~, and Ns-w*/w~ where WL i s  t he  
frequency of a simple drop which i s  made out 
of the  same compound drop when the  core  was 
reduced t o  zero.  I n  t h i s  f i gu re  t he  upper 
f i v e  curves represent  "bubble" modes f o r  t he  
spec i f i ed  va lues  of p i l p  when pi-p0, and the  
lower t h r ee  curves represent  corresponding 
"sloshin%" modes. Experimental po in ts  taken 
i n  a n e u t r a l  buoyancy tank ( p i l p = p O l p = l )  
show good agreement with t he  t h e o r e t i c a l  
curves. The r e s u l t s  f o r  t h e  r e l a t i v e  bound- 
a r y  displacements a r e  shown i n  Figure 8 f o r  
an a i r -wa te r - a i r  type and an o i l -wa te r -o i l  
type of compound drop systems. We see  t h a t  
our  prel iminary experimental r e s u l t s  obtained 
i n  an n e u t r a l  buoyancy tank a l s o  afiree wel l  
with t he  theory.  
Remarks on core cen t e r ing  
An I n t e r e s t  in? co re  cen t e r ing  phenomenon 
was observed i n  our n e u t r a l  buoyancy exper i -  
ments. I n i t i a l l y ,  a s t a t i c  compound drop 
wac prepared s o  t h a t  t he  inner  and the  outer  
boundary sur faces  were aonconcentr ic  due t o  
t he  s l i g h t  dens i ty  mismatch. However, a s  
t he  drop began t o  o s c i l l a t e  i n  one of i t s  
normal mode f reauencies  ( f o r  e-2), t he  two 
boundaries became concent r ic  wi th in  t he  
accuracy of our observat ion.  Though t h i s  

Figure 9.  A block diagram of our apparatus 
which e x c i t e s  the drop e l e c t r o - s t a t i c a l l y  Figure 10.  S igna ls  obtained by 
and de t ec t s  the ensuing capaci tance s igna l  t he  capaci tance bridge and t h e i r  
caused by the drop deformation. Four ie r  transformed spec t r a .  
This capacitance bridoe system was constructed around a General Radio Capacitance Bridge 
Unit ,  a home-build r e l ay  system, an AID conver te r ,  and a da ta  processing mitricomputer. 
Once the  capacitance bridge was balanced with the  r e l a y  connected t o  the  br idge ,  an e l ec -  
t r i c  pulse could be f i r e d  by simply con t ro l l i ng  the  r e l ay  switch f o r  the  p re se t  time dura- 
t i o n .  Upon the termination of the  pulse ,  t he  e lec t rodee  were switched back t o  t he  br idge  
and the ensuing s igna l  was de tec ted  and proccssed. In order  t o  p ro t ec t  the  amplifier d m -  
i n  the pulse and t o  shorten the  recovery time following the  pulee ,  an ampl i f ie r  blocking 
r e f ay  switch was i n se r t ed  a t  the  input  of the  ampl i f i e r .  
Figure 10 shows a s e t  of t y p i c a l  da ta  obtained i n  t h i s  method. For the simple drcp 
ca se ,  the s ignal  i s  a damped monotonic o s c i l l a t i o n  wt~ich corresponds t o  a s i n g l e  . eaic i n  
the  frequency domain. Of course ,  the spec t r a l  l i n e  width i s  inverse ly  proport ional  t o  the  
damping time constant  of the  time domain s igna l .  The s i g n a l  from a compJund drop looks 
more complicated. However, Fourier  transformation shows two well-resolved peaks each of 
which corresponds t o  the bubble mode and the  s lush ing  mode r e spec t ive ly .  Though the  capac- 
i tance  bridge method provides a f u l l  spectrum without scanning through resonance frequen- 
c i e s ,  i t  does not provide information about boundary motion. For t h i s  reason i t  i s  more 
convenient t o  adopt both continuous and t r ans i en t  methods which w i l l  compliment each o the r .  
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Interaction effects in th~i--c-ntllarg bubble aigration 
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Abstract 
The interaction effects between two bubbles migrating along their line of centers under 
the influence of an imposed thermal gradient are considered in the quasi-static limit. Re- 
sults are reported for representative values of the governing parameters. 
A gas bubble, when placed in a liquid with a non-uniform temperature field, will move in 
the dire 'ion of the temperature gradient. Such motion is a consequence cf the dependence 
of surf;-e tension on temperature. The temperature pradient at the bubble surface qives 
rise to a surface tension gradient. The resulting tanqential stress at the interface will 
cause motion of the neighboring liquid in the direction of increasina surface tension, or 
toward the colder pole of the bubble. By reaction, the bubble will propel itself toward 
the warmer regions of the liquid. The thermocapillary motion of isolated bubbles has been 
the subject of much study. Both theoretical descriptions1 ', and experimental observations 
in general agreement with theory1 * ' ' have been reported. 
Under conditions of creeping motion, the buoyant rise velocity of r gas bubble is propor- 
tional to the square of its diameter whereas its thernocapillary velocity (for negligible 
convective enerpy transport) is proportional to the diameter. Thus, it may be expected that 
on earth, very small bubbles will be influenced significantly by temperature aradients. In 
contrast, in reduced gravity processing, capillarity induced motion of bubbles and droplets 
will be important over a wide range of bubble sizes. Thus, there 1s renewed interest in 
this subject. At Clarkson, for instance, theoretical models of thermocapillary motion are 
being d e v e l ~ ~ e d ~ " - ~ ~  and a reduced gravity experiment has been flown in collaboration with 
Uestinghouse Research and Development Center on a NASA rocket in their SPAR (Space Pro- 
cessing Applicatl m s  Rocket) Pf7Sfam11. Mcre rocket experiments as well as Space Shuttle 
experiments are being planned 
The problem of the isolated bubble moving in a thermal yradient has received considerahle 
attention as mentioned earlier. However, in many practical applications, interactions with 
neighboring bubbles and boundaries will be important. We have begun addressing such prob- 
lems theoretically in the quasi-static limit. work on huhble miqration normal to a % 
fluid or solid surface is reported in ( 8 ) .  Elsewhere in this ~roceedin~s"', a brief disc 
sion of the problem of thermocapillary motion of bubbles inside drops is presented in the 
context of applications to the containerless processing of glasses and other materials in 
free fall. The axially symmetric interaction problems for two uneaual hubbles has been 
solved using bispherical coordinates, and a complete treatment is beinu reported elsewhere" 
Details will be given in (16). Here, only a brief summary of the results will be presented. 
When two bubbles, possibly of unequal diameters, are placed in a liquid possessina a 
linear temperature field such that the line of centers of the bubbles is parallel to the 
temperature gradient, the resulting problem is axially symmetric. Both bubbles will move in 
the direction of the temperature gradient. The problem, in general, is unsteady. However, 
when the Reynolds and'Marangoni numbers are very small, the auasi-static assumption" may 
be made in order to ohtain first order results. This involves ianoring the unsteady accumu- 
lation terms as well as the convective transport terms in the equations of conservation of 
momentum and energy. In physical terms, in part, it is assumed that the vorticity and 
temperature distributions for a given spacing of the bubbles relax quickly to their steady 
representations for that configuration compared to the time scale for the bubbles to move an 
appreciable distance and change the configurati~n. Further, the convective transport terms 
are ignored compared to molecular transport. For the small hubbles in glass melts used in 
our rocket experiments, the quasi-static assumption is a good one. 
General solutions of the quasi : -atic equations in bispherical coor8inates are avail- 
able1"". They are specialized for the boundary conditions of the present problem, a 
straightforward, but tedious process1 5 .  The q~asi-static thennocapillary velocities of the 
two bubbles ther, are calculated by setting the net hydro6ynamic force on the bubbles to 
zero. 
It is convenient to discuss the results in the context of an interaction parameter Q 
which repreaents the ratio of the velocity cf a given bubtle in the presence of the second 
bubble to its velocity when isolated. Q will depend on the ratio of bubble radii, A 
d 1 and the scaled separation distance between the bubbles, D. (D * 1 .  Here 'dm ( A  = N T  
L 1 
is the actual separation distance, R , the radius of bubble I, and R the radius of bubble 
11. Due to tha naglect of convectivh tramport effects, the order oix;wo buhbles in the 
temperature gradiert has no influence on the result.. A representative set of values of nI 
and QII for the two bubbles as a function of scaled separation distance D is reported in 
Table I for a typ~cal value of A. X = 1.5 represents the case of bubble 11 being larger 
than bubble I. 
TABLE I 
Interaction Parameters QI and QII as a Function of D for X = 1.5 
D f i ~  O11 
2.6 1.1432 0.9662 
From the results in Table I, it may be seen that the larger of the two bubbles (11) 
moves slightly slower than it would if isolated. In contrast, the smaller bubble (I) moves 
more rapidly than it would, when isolated. Also, as the bubbles are separated further, the 
interaction becomes less important, and fi approaches unity. We might also observe that in 
view of the above behavior in the case of unequal bubbles, it is not surprising that when 
they are of equal size, both bubbles move at the same velocity that they would possess, if 
isolated. 
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D i e l e c t r o p h o r e t i c  l e v i t a t i o n  o f  d r o p l e t s  and bubb-es* 
lepartment of E l e c t r i c a l  Engineer ing,  Colorado S t a t e  Univers i ty  
F o r t  C o l l i n s ,  CO 80523 
A b s t r a c t  
Uncharged d r o p l e t s  and bubbles  can  b e  l e v i t a t e d  d i e l e c t r o p h o r e t i c a l l y  i n  l i q u i d s  us ing  
s t r o n g ,  nonuniform electric f i e l d s .  The g e n e r a l  e q u a t i o n s  of motion f o r  a d r o p l e t  o r  Dubk e 
i n  an  a x i s y m e t r i c ,  d ivergence- f ree  e l e c t r o s t a t i c  f i e l d  a l low de te rmina t ion  of  t h e  c o n d i t i o n s  
necessary and s u f f i c i e n t  f o r  s t a b l e  l e v i t a t i o n .  Two c a s e s  of a bubble  o r  d r o p l e t  w i t h  d i -  
electric c o n s t a n t  ( K ~ )  less t h e n  o r  g r e a t e r  t h a n  t h e  l i q u i d  medium d i e l e c t r i c  c o n s t a n t  (kl) 
emerge. p a s s i v e  l e v i t a t i o n  is p o s s i b l e ,  w h i l e  f o r  K a c t i v e  feedback- 
controii$;e:tt:t:bn is requ i red .  The d e s i g n  o f  die lectrophoret!fc '  (&) l e v i t a t i o n  elec- 
t r o d e  s t r u c t u r e s  is s i m p l i f i e d  by a T a y l o r - s e r i e s  expansion of  cusped axisymmetric e l e c t r o -  
S t a t i c  f i e l d s .  Ex tens ive  exper imental  m e a s u r a e n t s  on bubbles  i n  i n s u l a t i n g  l i q u i d s  v e r i f y  
t h e  s imple  d i e l e c t r o p h o r e t i c  model. Others  have extended d i e l e c t r o p h o r e t i c  l e v i t a t i o n  t o  
very smal l  particles ( < l o 0  um) i n  aqueous media. Zero-gravity DEP l e v i t a t i o n  remains t o  b e  
demonstrated. T h i s  paper concludes  w i t h  a d i s c u s s i o n  o f  a p p l i c a t i o n s  o f  DEP l e v i t a t i o n  t o  
t h e  s tudy  o f  g a s  bubbtes ,  l i q u i d  d r a p l e t s ;  and s s l i d  p a r t i c l e ? .  Some of t h e s e  a p p l i c a t i o n s  
a r e  of  s p e c i a l  i n t e r e s t  i n  t k e  r e d x e d  g r a . - i t a t i o n a l  f i e l d  of a s p a c e c r a f t .  
Strong nonuniform electric f i e l d s  e x e r t  e f f e c t i v e  f o r c e s  on uncharged p a r t i c l e s ,  l i q u i d  
d r o p l e t s ,  and g a s  bubbles.  Pohl named t h i s  e f f e c t  dieZectraphoresis i n  1951. ' The d i e l e c t r o -  
p h o r e t i c  phenomenon is most pronounced f a r  ?.,tall p a r t i c l e s  (< lo00  p m ) .  A cusped e l e c t r o -  
s t a t i c  f i e l d  can  s t a b l y  l e v i t a t e  bubbles,  d r o p l e t s ,  and smal l  p a r t i c l e s  suspended i n  d i -  
e l e c t r i c  l i q u i d s .  F u r t h e r  demonstra t ions  of t h e  manipulat ion and c c n t r o l  of d r o p l e t s ,  
bubbles,  and s o l i d  p a r t i c l e s  e x i s t  t h a t  a r e  r e l e v a n t  t o  t h e  reduced g r a v i t a t i o n a l  environ-  
ment of space. Zero-gravi ty  d i e l e c t r o p h o r e s i s  o f f e r s  some i n t e r e s t i n g  p r o s p e c t s  i n  a num- 
ber of  m a t e r i a k  p rocess ing  a p p l i c a t i o n s  t h a t  a r e  cons idered  i n  t h i s  paper.  
H. A. Pohl e x p l o i t e d  d i e l e c t r o p h o r e s i s  i n  t h e  s e p a r a t i o n  of s o l i d  d i e l e c t r i c  p a r t i c l e s  
from a l i q u i d  i n s u l a n t .  One proposed a p p l i c a t i o n  has  been i n  t h e  s e p a r a t i o n  of l i v i n g  from 
dead blood cells. Lin and Benguigui have used g r a n u l a r  s o l i d  d i e l e c t r i c  media s t r e s s e d  
wi th  s t r o n g  e l e c t r i c  f i e l d s  to ach ieve  high g r a d i e n t  DEP s e ~ a r a t i o n s .  Veas and S c h a e f f e r  
used a cusped e l e c t r o s t a t i c  f i e l d  t o  l e v i t a t e  smal l  d r o p l e t s  o f  one d i e l e c t r i c  l i q u i d  sus-  
pended i n  ano ther .  Jones  and B l i s s  s t u d i e d  t h e  d i e l e c t r o p h o r e s i s  of smal l  g a s  bubbles5  
i n  i n s u l a t i n g  l i q u i d s  and l e v i t a t e d  t h e s e  bubbles  us ing  a n  improved e l e c t r o d e  geometry. 
K a l l i o  and Jones  proposed t h e  us: of DEP l e v i t a t i o n  f o r  t h e  measurement of s o l i d  p a r t i c l e  
and l i q u i d  d i e l e c t r i c  c o n s t a n t s .  
I n  t h i s  paper ,  I d i s c u s s  t h e o r e t i c a l  and exper imental  d i e l e c t r o p h o r e s i s .  P o t e n t i a l  
a p p l i c a t i o n s  of DEP i n  a number of d i v e r s e  f i e l d s  ( i n c l u d i n g  ze ro-grav i ty  exper imenta t ion)  
a r e  reviewed i n  l i g h t  of t h i s  r e c e n t  work. 
The theory  r e l e v a n t  t o  d i e l e c t r o p h o r e s i s  i s  convenien t ly  d iv ided  i n t o  s e c t i o n s  d e a l i n g  
wj th  t h e  b a s i c  f o r c e  c a l c u l a t i o n ,  p r o p e r t i e s  of d ivergence- f ree  e l e c t r o s t a t i c  f i e l d s ,  f r e -  
quency d i s p e r s i o n  e f f e c t s  (charge r e l a x a t i o n ) ,  and t h e  equa t ions  of motion. 
D i e l e c t r o p h o r e t i c  Force 
The DEP f o r c e  is  nonzero i f  e i t h e r  t h e  magnitude o r  d i r e c t i o n  of t h e  Lorentz  f o r c e  (qE) 
e x e r t e d  on t h e  p o s i t i v e  and nega t ive  ends of a d i p o l e  d i f f e r .  The g e n e r a l  express ion  is 
To be p resen ted  a t  t h e  Second Convention of t h e  I n t e r n a t i o n a l  Colloquium on Drops and 
Bubbles, Monterey, CA, November 1981. 
** P r e s e n t  address:  Xerox Corporat ion,  Webster, N.Y. 14580. 
where E rs the imposed electric field and p is the effective dipole moment of the par- 
ticle. If the particle is an insulating spa&$e of radius R, dielectric constant K , and 
mass density ii in a dielectric insulator of dielectric constant r l  and mass densi?y pl. 
and if the par$icle is sufficiently small, then 
Combining Eqs (1) and (21, the familiar result is 
which successfull.y predicts the observed behavior. Particles with K K are a t t ~  dtrd to 
relative electric field intensity ma:-; \a, while for r2 < rl, the parlicleh are attracted to 
minima. 
$ 
Gnrton and Krasucki obsarved that liquid droplets and b1~bbI.e~ deform 141to prolate spher- 
oids in the direction of the applied electric field.' anr prolate spheroids, the DEP force 
oezome:; 
- II 
where a and b are the semi-major and semi-minor axes of the particle, and LZ is the depolar- 
ization factor: 
3 -2 3 ( 5 )  L = 1 + 1 - ) + (1 - 1'*12 + ... ]/3y2, and y = a/b. 
The ratio y is uniquely related to E. For small deformations, i.e., y c 1.1, an approxima- 
tion may be used: 
where 
2 a?2 
@ 0 
= cosh-'(3i7~r~/48)/3 and ro (~)~/26 + R ) . ( 7 )  
P is the absolute ambient pressure and 8 is the interfacial tension. 
Properties of Electrostatic Fields 
Theorems concerning electric field intensity maxima and rnini~a are very important in DEP 
levitation. Consider a static, divergence-free electric field E such that 
V $ =  0, and C x i ? =  0. ( 8  
It is easily shown5 that 
This inequality specifically excludes the possibility of i a , ~ l ~ ~ t t : ~ . '  three-dimensional electric 
field intensity maxima. The existence of isolated intensity minima (including zeroes) is 
demonstrated by reference to examples such as the quadruple. Because of the above proper- 
ties of electrostatic fields, stable, atutic, levitation of particles is possible only for 
K~ 4 K ~ .  This restriction places a serious limitation on the application of DEP levitation. 
Certain properties oC cuaped axismetric electrostatic fields, us~ful in DEP levitation 
cells, may be examined Lng a Taylor-series expansion due to Holmes. This field eygansion, 
correct to second order in excursions (P,z') about some equilibrium w i ~ t  (O,z), ie: 
where 
and V is the applied voltage. The stability of levitation for K~ < K is determined by the 
dual conditions 1 
'-2- > 0 and 
where E2 - E: + E2. Using Eqs (10) and (111, Eq. (13) can be reduced to conditions on the 
coefficients ao, al, a2. 
Frequency Dispersion 
Xf the bubble, droplet, or particle and/or the fluid medium are slightly conductive, 
charge relaxation makes the effective dipole p time dependent and dispersive. Benguigui 
and Lin arrive at a concise result for the tim8f&verage DEP force due to an ac dielectric 
field on a spherical particle with conductivity a2 in a fluid of conductivity o1 " 
where w is the radian frequency, Erms is the rms electric field magnitude, and 
is a fundamental charge relaxation time. Equation (14) predicts that the DEP force is fre- 
quency-depe~yent, and a map of the stable regimes of levitation has been provided by Jones 
and Kallio. (See Table 1.) 
Table 1. AC Levitation Conditions 
d 2  o Stable levitation for No stable levitation at any 
f ' fc only frequency (fc is not defined). 
o2 ul Stable levitation for all Stable levitation for f < fc 
frequencies (fc is not only 
defined) . 
For a suddenly applied dc electric field, the DEP force is 
Charge relaxation, which governs the build-up and/or decay of free charge at the particle 
interface, causes these time- and frequency-dependent effects. 
Equations of Motion 
The translational equation of motion for a bubble, droplet, or particle in a nonuniform 
electric field has a fairly general form: 
where: ' ' 
p and p2 are mass densities, iJ is the gravitational acceleration vector, 5 ir the valocity, 
akd b is a damping coefficient. In viscous f luids, the Stoker drag model for Vr8EOU8 drag 
can be used: 
I 4nulR for spherical bubbles, (19) 6nulR for solid rpheres, 
where p1 is the dynamic viscosity of th; fluid. For a fluid droplet of dynamic viscosity 
v2: 
Equation (17) may be reduced to a set of linear dynamic equations if the Taylor-series 
expansion for axisynmetric electrostatic fields is used. Consider the geometry shown in 
Figure 1. Gravitationa'l acceleration is directed in the - 2 direction, so Eq. (17) becomes: 
- 
a~~ 
eff f 5 - m g 9 ' b z + K -  az * 
where : 
To linearize Eqs (22) and (231, let: 
z(t) = z0 + ~'(t), 
p(t) = p' (t), and (25) 
where z ' ,  p ' ,  and v' are all small time-dependent variables. Then, using Eqs (10) and (111, 
The equation of equilibrium 
2 0 = -m g + 2a a KVo 
9 0 1 (29) 
determines the location z of the particle, bubble, or droplet. The perturbation equations 
are 0 
i f '  + - . KV: a; b p n - -  (T - 2a a ) p '  = o . 
mefi meff o 2 
For passive levitation v' = 0, and so Eqs (30) and (31) must have stable solutions for equili- 
brium to be stable. For K i 0 (K < K 1 ,  the prescribed conditions on a , a , a can be met, 
but for K > 0 (K > K ) ,  radial aid axial stability cannot be achieved s~muliandusly. Thus, 
active means mu.$ be b e d  to l e v x t e  particles or droplets when x 2  > rl. 
Consider the axis)metric electrode geometry of Figure 2, which aiffers from the cusped 
configuration of Figurs 1 in that the maximum electric field intensity is found along the 
center line. This configuration guarantees radiaZ stability if 
To provide axial stabilization, an error signal proportional to zn must be generated. 
ASStme that 
where G is a dimensionless gain factor and L is a characteristic cell length. Then: 
The condition for axial stability is 
G/L > a1/2ao + a2/a1 , 
which can be met with sufficient gain. 
Equation (33) assumes that the error voltage vn is not coupled co p '  and that the feedback 
is ideal with no phase shift. In a practical imp1anen;atibn of act.ive DEP levitation, devia- 
tions from such ideal behavior would be expected. 
By setting vn = 0 and V(t) * V cosot, the parametric stability of Eqs (30) and (31) may 
be considered. But in the inerti811y dominated and the heavily damped limits, stability is 
impossible to achieve for K > 0. 
Experiment 
Force measurement 
Most attempts to measure the dielectrophoretic force and thus check the validity of Eq. 
(3) involve the use of electrode structures with well-known electrostatic field solutions. 
Jones and ~liss' used wed!-e-shaped electrodes to measure forces on small gas bubbles in in- 
sulating liquid dielectrics. Pohl and ~ethig' s describe experiments with an isornotive elec- 
trode structure which features a DEP force that is independent of position within the cell. 
(See Figure 3.) Within the accuracy of measurement, the experimental results are consistent 
with DEP theory. 
Levitation 
DEP levitation makes possible some interesting applications of dielectrophoresis in 
terrestrial and extra-terrestrial fnvironments. Veas and Schaeffer levitated small droplets 
of one liquid suspended in another using a cusped field. Jones and ~ l i s s ~  levitated both 
air bubbles and liquid droplets in dielectric liquids. Jones and ~allio'~ extended the mea- 
surements to various liquids, solid particles, and glass microballoons using the simple 
electrode geometry shown in Figure 4. 
The matter of electrode shape has been pursued further by Jones and klccarthy1 ', who show 
that tba effectiveness of a DEP levitation cell is very sensitive to electrode shape, as 
shown in normalized plots of the DEP force versus axial particle position in the cell. (Re- 
fer to Figure 5.) This observed sensitivity is consistent with the analytical work of Pohl 
and Pollock. " 
Frequency-Dependent Effects 
Jones and Kalliol attempted to verify the theory concerning variable-f requency levitation 
of semi-insulating particles using ac and dc electric fields. The results are shown in 
Table 2. 
Some variable frequency DEP levitation experiments using very small cells to levitate 
50 pm solid particles" and biological materials1 ' in aqueous media have also been reported. 
Dielectric Constant Measurement 
The use of DEP levitation for measurement of dielectric constant was reportc?d in 1978'. 
All measurements are made with respect to a well-characterized standard dielectric liquid. 
A small gar bubble is levitated at a fixed position in the cell and the required voltage is 
noted. Then, the known liquid properties (mass density, dielectric constant) are used to 
calculate a, geometric constant for the cell. The unknown is then introduced to the cell. 
In the case of an unknown liquid, a gag bubble is again lwitated at the game position, or 
in the case of an unknown solid particle, the particle itself im levitated at the same pomi- 
tion. The new wltage is noted and used in an analytic expression to compute the unknown 
dielectric constant. 
Table 2. Results of some ac and dc levitation experiments. 
Successful 
fc T 1 Levitation? 
Sphere Liquid (Hz) (8) aca dc 
Polystyrene 
Polystyrene 
Polystyrene 
Polystyrene 
Polyvinyl acetate 
Pulyvinyl acetate 
Polyvinyl acetate 
Polyvinyl acetate 
Glass microballoon 
Glass microball oon 
Solid glass 
Solid glass 
Transformer oil 
Silicone fluid 
Corn oil 
Castor oil 
Transformer oil 
Silicone fluid 
Corn oil 
Castor oil 
Transformer oil 
Corn oil 
Corn oil 
Castor oil 
No 
Yes 
Yes 
Yes 
No 
NO 
NO 
Yes 
Yes 
Yes 
No 
No 
Yes 
NO 
a f 1 45 Hz for all ac experiments. 
Loomans and  ones' have investigated certain size-dependent phenomena (principally elon- 
gation) that have an effect on the accuracy of this DEP dielectric constant measurement 
scheme. They found up to 0.5% discrepancy in the volume normalized DEP force between small 
(<200 dm) and large (~1200 L I ~ )  diameter bubbles levitated in a cusped electrostatic field. 
(2ee Figure 6. ) 
Bubble and Particle Control 
Appropriate design of electrodes permits the manipulation of bubbles and particles sus- 
pended in dielectric liquids. Figure 7a illustrates one periodic electrode structure that 
can be used for the conveyance of bubblts or particles. Depending on how the "bubble ladder" 
is connected, bubbles, etc., are collected and held at various locations between the rings. 
If the rings are connected to multiple-phase ac voltage, a synchronous pumping and delivery 
of the bubbles or particles should be possible. Another simple means of conveyance for 
bubbles and particles is shown in Figure 7b. Four electrode rods of alternate polarity are 
arranged parallel, forming a two-dimensional null along the axis. Rubbles or any particle 
with K K: are attracted to this null and, therefore, can be conveyed along the axis of 
the bugble honduit using buoyancy or other means. 
Work to be Done 
Active feedback levitation of particles with K has not been demonstrated yet. Such 
a demonstration would greatly extend the capabili8iesKbf DEP levitation. No zero-gravity 
demonstrations of DEP phenomena have been attempted. Experimental verification of zero- 
gravity levitation of bubbles, fluid droplets, or particles at a null i~:  an electrostatic 
field is needed to evaluate the dielectrophoretic effect in extra-terrestrial applications. 
Conclusion 
Diclectrophoresis offers some unique capabilities for the control and manipulation of 
small uncharged gas bubbles, liquid droplets, and solid particles suspended in liquid media. 
Investigators have successfully levitated and controlled various particles (ug to 1 nun in 
diameter) in dielectric fluid media using intense electric fields. Using more modest elec- 
tric fields, levitation experiments have heen extended down to small particles (<SO um) in 
aqueous media. The limit on dielectrophoresis imposed by Joule heatiqg is mast harmful in 
large electrode geometries or in highly conducting liquids, where electric fields of suf- 
ficient strength for DEP cannot be imposed. Charge relaxation produces significant fre- 
quency-dependent effects on the dielectrophoretic force, which can be used to characterize 
the electrical and dielectric properties of unknown solid and liquid media. 
In applications not requiring stable levitation, dielectrophoretic forces can be used for 
separation, agglomerstion, collection of bubbles, droplets, and particles with no real res- 
trictions on relative dielectric ct .stants. Rlct a fundamental electrostatic theorem, which 
permits local three-dimensional field intensity minima, while excluding such maxima, im- 
poses the condition r: for stable static levitation. This condition must be generalized 
for the dispersive cage'(:iie Table 1). However, active feedback may be used to levitate 
particles when K~ > K ~ .  
Applications 
The study of bubbles, droplets, and particles suspended in liquid media is important in 
many fields of science and technology. Dielectrophoretic phenomena, since they represent 
an important case of interactions of electric fields with these small multi-phase systems, 
merit attention. Some general categorieo of DEP experiments of at least potential inter- 
est in the weak gravitational environment of space are discuesed below. 
Zero-gravity hydrodynamics - Levitation of bubbles and droplets in space provic-s 
the opportunity to study reduced and zero gravity hydrodynamics. DEP levitation might 
afford unique opportunities to observe the dynamics of uncharged dielectric liquid 
droplets ana bubbles. 
Multi-phase separations - Some preliminary work on using nonuniform electric fields 
to separate constituents in gaa/liquid and solid/liquid systems in zero gravity has 
been reported. New space manufacturing processes which require separation could 
benefit from DEP techniques. 
Biology in space - New opportunities for biological experimentation on living cells 
exist in reduced gravity. DEP levitation can be used to position cellular materials 
in vitro and to perform certain dielectric measurement diagnostics. 
Electrochemical experiments - Limit4 experience exists in the study of solid parti- 
cles in aqueous media using DEP levitation. Using variable-frequency techniques, the 
dispersive nature of double layers in electrciy~zs may be investigated using certain 
types of small particles. 
High-voltage engineering - DEP levitation affords a means to study solid/liquid/gas 
interactions in the presence of strong electric fields. Bubbles and particulate im- 
purities are known to be important in the breakdown of dielectric liquids. Experience 
with liquid insulants in zero gravity is very limited. Thus, dielectrophoretic levi- 
tation may be a useful investigative tool in extra-terrestrial, high-voltage engineer- 
ing applications. 
a Dielectric measurements - The dielectric constant measurement scheme described else- 
where in this paper offers a unique cpportunity for the nondestructive evaluation of 
solid dielectric particles from power to audio frequencies and rf. Simple 1% mea- 
surements on liquids have already been demonstrated. 
Other applications of dielectrophoretic effects, in general, and DEP levitation, In par- 
ticular, may be envisioned. For example, processinp and ultrasonic cleanin? of small 
spherical particles, such as laser targets, might be possible using DEP levitation. Levi- 
tated particles can be rotated to improve the uniformity of coating operations in wet pro- 
cessing. ' ' 
Dielectrophoretic phenomena offer unique means to control and manipulate small, uncharged 
gas bubbles, liquid droplets, and solid particles suspended in liquid media. In the reduced 
gravitational environment of space, these nonuniform electrostatic field effects can be used 
to provide a controllable body force which is localized and tailored to requirements by pro- 
per electrode design. A better understanding and appreciation of dielectrophoresis will 
enhance the basic investigations of drops and bubbles and may open some new opportunities 
for space processing of materials. 
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The motion o f  bubbles  i n s i d e  d rops  i n  c o n t a i n e r l e s s  p rocess ing  
N. Shankar,  P. mnamala i ,  Robert  Cole and R. Skankar Subxamai~ian 
Department o f  Chemical Engineer ing,  Clarkson Col lege o f  Technolc,;y 
Potsdam, New York 13676 
A b s t r a c t  
A t h e o r e t i c a l  model o f  thormocapi l l a ry  bubble motion i n s i d e  a drop,  l o c a t e d  i n  a space 
l a b o r a t o r y ,  due t o  an a r b i t r a r y  axisymmetric temperature  d i s t r i b u t i o n  on t h e  d r o p  s u r f a c e  
is cons t ruc ted .  Typical  r e s u l t s  f o r  t h e  s t ream f u n c t i o n  and temperature  f i e l d s  a s  w e l l  a s  
t h e  migra t ion  v e l o c i t y  o f  t h e  bubble  a r e  o b t a i n e d  ! 7  t h e  a u a s i s t a t j c  l i m i t .  
/ j 
The motion o f  bubbles  i n  a r o t a t i n g  body of  l i q u i d  is s t u d i e d  exper imenta l ly ,  and an  
approximate t h e o r e t i c a l  model is developed. Comparison o f  t h e  exper imental  o b s e r v a t i o n s  o f  
t h e  bubble t r a j e c t o r i e s  and c e n t e r i n g  t imes  w i t h  t h e o r v L i c a l  p r e d i c t i o n s  l e n d s  q u a l i f i e d  
suppor t  t o  t h e  theory.  t;. 
I n t r o d u c t i o n  
With t h e  advent o f  t h e  Space S h u t t l e ,  o r b i t a l  p rocess ing  o f  mater i .a ls  o v e r  extended , I  ! ' 
per iods  o f  time w i l l  become r e a l i z a b l e  i n  t h e  n e a r  f u t u r e .  The n e a r  f r e e  f a l l  environment . - 
aboard o r b i t i n g  s p a c e c r a f t  is p a r t i c u l a r l y  a t t r a c t i v e  f o r  c o n t a i n e r l e s s  o p e r a t i o n .  For h 
i n s t a n c e ,  m a t e r i a l s  may be melted whi le  suspended, and cooled wi thou t  c o n t a c t i n u  a , .  
c o n t a i n e r .  I t  has  been suggested t h a t  c e r t a i n  hiyh technology g l a s s e s  which a r e  d i f f i c u l t  , . 
o r  impossible  t o  make on e a r t h  because o f  con ta ine~-wal l - induced  heterogeneous n u c l e a t i o n  
~. % 
can b e  made i n  a f r e e  f a l l  environment . l r2  Other  a p p l i c a t i o n s  f o r  c o n t a i n e r l e s s  p rocess inq  
i n c l u d e  t h e  measurement o f  phys ica l  p r o p e r t *  e s  o f  h i q h l y  react i .ve  mel t s ,  and t h e  prepa-  
1 '  
r a t i o n  o f  u l t r a p u r e  m a t e r i a l s  which a r e  e a s i l y  contaminated by c o n t a i n e r s .  j .x 
I n  many of t h e  above a p p l i c a t i o n s ,  i t  is  l i k e l y  t h a t  g a s  bubbles  w i l l  be fcbrmed i n  t h e  
melts processed i n  space. For i n s t a n c e ,  i n  t h e  manufacture o f  q l a s s e s ,  bubbles  a r e  formed 
due t o  t h e  l i b e r a t i o n  o f  gaseous products  from chemical r e a c t i o n s .  The removal o f  such 
bubbles  is e s s e n t i a l  t o  t h e  p r e p a r a t i o n  o f  a u s e f u l  f i n a l  product .  A t  Clarkson,  wi th  finar.-  
c i a 1  suppor t  from NASA, exper iments  a r e  beinq designed f o r  f l i g h t  aboard N4SA r o c k e t s  and 
t h e  Space S h u t t l e  on t h e  s u b j e c t  o f  s u r f a c e  t e n s i o n  g r a d i e n t  d r i v e n  motion o f  q a s  bubbles  I :  
i n  g l a s s  melts a.rd model f l u i d s .  The exper iments  w i l l  l nvo lve  t h e  photographic  o b s e r v a t i o n ,  ' :  
under reduced g r a v i t y  c o n d i t i o n s ,  o f  t h e  motion o f ,  and t h e  i n t e r a c t i o n  a m n  bubbles  i n  a 3' l i q u i d  d rop  -*!~ich i s  spot-heated.  They a r e  descr ibed  i n  d e t a i l  elsewhere.3,  
I 
Another t o p i c  t o  be addressed,  i n  o u r  f r e e  f a l l  exper iments ,  is t h e  c e n t e r i n g  o f  g a s  
bubbles  i n s i d e  a l i q u i d  drop. Such c e n t e r i n g  p lays  an important r o l e  i n  t h e  p rocess  
c u r r e n t l y  employed f o r  t h e  product ion of  uniform hollow q l a 3 s  s h e l l s  ( n i c r o b a l l o o n s )  used 
i n  i n e r t i a l  confinemant f u s i o n  research .  Typica l ly ,  a c o l l e c t i o n  o f  g e l  p a r t i c l e s  is 
dropped i n t o  a v e r t i c a i  t u b e  furnace.  The p a r t i c l e s  m e l t  and gas  bubbles  form. A t  some 
p o i n t ,  t h e s e  bubbles  c o a l e s c e  i ~ t o  a l a r g e  bubble which c e n t e r s  i t s e l f  i n s i d e  t h e  m l t e n  
, T 
g l a s s  drop. A t  t h e  bottom o f  t h e  fu rnace ,  f a i r l y  uniform s h e l l s  a r e  ob ta ined .5  I n  view o f  
t h e  c o ~ d i t i o n s  o f  o p e r a t i o n  :I? t h e  product ion process ,  i t  i s  q u i t e  d i f f i c u l t  t o  i s o l a t e  a 
s i n g l e  p a r t i c l e ,  and fol low its time-temperature h i s t o r y  c a r c f a l l y .  Thus, t h e r e  is con- 
s i d e r a b l e  u n c e r t a i n t y  a t  t h i s  t ima concerning t h e  mechanisms which might be o p e r a t i v e  i n  ! .  
c e n t e r i n g  t h e  bubble  i n s i d e  t h e  molten l i q u i d  drop i n  t h e  furnace.  The s p h e r i c i t y  and w a l l -  , 
t h i c k n e s s  uniformity o f  t h e  hollow g l a s s  s h e l l s  o b t a i n e d  is c r u c i a l  t o  t h e  success  o f  t h e  
f u s i o n  process  wherein t h e  s h e l l s  a r e  f i l l e d  wi th  a Deuterium-Tritium mixture  and an  t 
implosion is achieved by irradiation w i t h  a l a s e r  p u l s e  o r  an ion  heam.6 1 
. . 
I n  t h e  near  f r e e  f a l l  c o n d i t i o n s  aboard t h e  S h u t t l e ,  3 bubble  can  be in t roduced  i n t o  a t ~' : .' l i q u i d  d r o p  and v a r i o u s  c e n t e r i n g  mechanisms such a s  r o t a t i o n ,  o s c i l l a t i o n ,  expansron/ 
c o n t r a c t i o n ,  etc., which have been proposed t o  d a t e ,  can b e  s u i e d .  Yanipu la t ion  o f  t h e  i 
d r o p  and bubble  system may be achieved w i n g  a c o u s t i c  i i e l d ~ .  kt I 
I - 
I n  t h i s  p r e s e n t a t i o n ,  some of  o u r  ground-based r e s e a r c h  on t h e  motion o f  bubbles  i n a i d e  
d rops  w i l l  be  descr ibed .  T h e o r e t i c a l  work h a s  beon performed on m'"' c a p i l l a r y  bubble  
4 < 
, ex 
migra t ion  i n s i d e  a d rop ,  and is be ing  r e p o r t e d  i n  t h e  l i t e r a t u r e .  More d e t s i l s  w i l l  b e  
g iven  i n  (11). Experimental work is under way on the behav ior  o f  bubbles  p l  e d  i n r i d e  a 
r o t a t i n g  l i q u i d  body. S o r  o f  t h i s  work is be inq  r e p o r t e d  i n  t h e  l i t e r a t u r e f g  and d e t a i l s  
nay be found i n  ( 1 3 ) .  
Thermocapillary motion of  bubbles i n s i d e  drops 
A bubble placed i n s i d e  a drop  i n  t h e  absence o f  g r a v i t y  w i l l  m v e  i f  a non-uniform 
temperature f i e l d  is induced and maintained on the drop  sur face .  This  motion w i l l  be a 
d i r e c t  consequence of t h e  t angen t i a l  stresses a t  both t h e  drop su r f ace  and t h e  bubble- 
l i q u i d  i n t e r f ace  caused by t h e  v a r i a t i o n  o f  su r f ace  tens ion  with temperature. Such 
s t r e s s e s  w i l l  induce motion i n  t h e  l i q u i d  s h e l l  due t o  viscous t r a c t i o n ,  and cause t h e  
movement o f  t h e  bubble. I n  f a c t ,  a gas bubble placed i n  a quiescent  l i q u i d  body wi th  a non- 
uniform temperature f i e l d  w i l l  propel i t s e l f  toward t h e  warmer regions i n  t h e  l i q u i d  by 
causing motion of  t h e  l i q u i d  i n  its v i c i n i t  The problem o f  t h e  i s o l a t e d  bubble has  been 
exammned i n  t h e  past ,  and both t h f m r e t i c a l l i ;  15  and experimental14 16 r e s u l t s  are ava i l ab l e .  
I n  t he  present  problem, s eve ra l  v a r i a t i o n s  m y  be posed. When ;he prescribed temper- 
a t u r e  f i e l d  is a x i a l l y  syearetric ( a s  obtained perhaps by spot-heating t h e  drop) ,  and when 
the  bubble is located along this symmetry a x i s ,  t h e  ve loc i ty  and temperature f i e l d s  i n  t h e  
l i q u i d  s h e l l  w i l l  possess a x i a l  synunetry. Furthermore, w e  restrict a t t e n t i o n  t o  t' quas i -  
s t a t i c  l i m i t  wherein t h e  unsteady accumulation terms a s  wel l  as t h e  convective t r  rsport  
terms a r e  ignored i n  comparison t o  t h e  m l e c u l a r  t r anspo r t  terms i n  t h e  qoverninc, conser- 
va t ion  equations. I n  t h i s  case,  the equat ions o f  conservat ion of  momentum and energy a r e  
l i n e a r ,  and t h e  powerful p r inc ip l e  of  superposi t ion can be used to cons t ruc t  solutions.17-19 
The general  so lu t ions  presented i n  (18,191 mag be  spec i a l i zed  t o  t h e  boundary condi t ions  
appl icable  t o  our  problem i n  a s t ra ight forward ,  bu t  ted ious  manner. % t a i l s  a r e  presented 
el sewhere. 9 -1 1 
I n  view of  t h e  l i n e a r i t y  of  t h e  governing equat ions,  t h e  r e s u l t i n g  motion of t h e  bubble 
may be s tudied  conveniently by decomposing t h e  a r b i t r a r y  temperature f i e l d  i n t o  sphe r i ca l  
harmonics. The sca led  migration ve loc i ty  ( U )  o f  t h e  bubble has  been ca l cu l a t ed  a s  a 
f u n c t i o ~  o f  reduced bubble s i z e  K (Bubble radius/Drop rad ius)  and t h e  s ca l ed  d i s t ance  
between t h e  drop and bubble cen t e r s  D ( sca led  nsing drop rad ius)  f o r  t h e  f i r s t  t h r e e  
Legendre modes of  t h e  sur face  temperature f i e l d .  A s  expected, i n  a l l  t he se  ca se s ,  t h e  
bubble moves towards t h e  neares t  warm pole. For a P1-mode su r f ace  temperature f i e l d ,  f o r  a 
f ixed  K ,  t h e  ve loc i ty  of  t h e  bubble U increases  w i t h  decrease i n  D, and reaches a maximum 
when t h e  bubble reaches t h e  c e n t e r  o f  the  drop. For higher  modes, U f i r s t  increases  from 
i t s  value of zero a t  D = 0 f o r  increas ing  D,  b u t  u l t imate ly  decreases a s  t h e  bubble 
approaches t he  drop sur face .  For a l l  modes, fo r  f ixed 0 ,  t h e  ve loc i ty  o f  t h e  bubble 
increases  with K ,  f o r  a wide range of  values of K .  
A typ i ca l  set of  r e s u l t s  f o r  t h e  isotherms and s t reaml ines  induced by a PI-mode su r f ace  
temperature f i e l d  is presented i n  f i gu re  1. Here, due t o  t h e  symmetry o f  t h e  f l u i d  flow, 
a bubble placed anywhere on t h e  symmetry a x i s  w i l l  move toward t h e  warm pole  a lona  t h e  
symmetry ax is .  However, f o r  t he  P2 and higher  modes of  t h e  su r f ace  temperature f i e l d ,  a 
bubble located a t  t he  cen t e r  of t h e  drop w i l l  not  move. Any displacement of  t h e  bubble 
from t h e  drop cen te r  w i l l  r e s u l t  i n  t h e  motion o f  t h e  bubble t o  t h e  nea re s t  warm pole (not  
shown). Detai led r e s u l t s  on t h e  m t i o n  of  t h e  bubble a r e  given elsew--11 
W e  a l s o  might note here  t h a t  a simple approximation can be cons t ruc ted  f o r  t h e  bubble 
ve loc i ty  f o r  r e l a t i v e l y  small bubble s i z c .  This  approximation, presented i n  (9,101 involves 
t h e  ca l cu l a t i on  of  t h e  streaming ve loc i ty  of  the  f l u i d  i n  t h e  drop a t  t h e  l oca t ion  of  t h e  
bubble cen t e r  i n  t he  absence of t he  bubble using r e s u l t s  a v a i l a b l e  i n  t h e  l i t e r a t u r e . 2 0  
Then, t h e  thennocapil lary migration ve loc i ty  of  an i s o l a t e d  bubble i n  a quiescent  l i q u i d  
subjected t o  t h e  temperature gradien t  e x i s t i n g  i n  t h e  drop  a t  t h e  l oca t ion  o f  t h e  bubble 
cen t e r  (but  i n  t h e  absence of  t h e  bubble) is computed from (14).  The two a r e  added t o  g ive  
t h e  des i red  approximation. A s  shown i n  (9,13) t h i s  approximation is q u i t e  good f o r  r e l a t i v e  
bubble r a d i i  o f  up t o  a t e n t h  of t h e  drop rad ius ,  and f o r  even l a r g e r  values when t h e  bubble 
is  c l c s e  t o  t he  cente,r o f  t he  drop. 
Bubble motion i n  a r o t a t i n g  l i q u i d  
A gas bubble i n  a r o t a t i n g  l i q u i d  hody w i l l  experience buoyancy toward t h e  a x i s  of  
ro t a t i on  due t o  t h e  radia.' a cce l e r a t i on  f i e l d  q u i t e  analogous t o  upward buoyancy due t o  
e a r t h ' s  gravity.21'24 Rela t ive ly  small bubbles, introduced i n t o  highly viscous l i q u i d s  
r o t a t i n g  a t  small angular  v e l o c i t i e s ,  w i l l  migrate p r inc ipa l ly  i n  t h e  r a d i a l  d i r e c t i o n  when 
viewed i n  a reference frame r o t a t i n g  with t h e  l i q u i d .  C o r i o l i s  de f l ec t i on  under these  con- 
d i t i o n s  w i l l  be a small secondary e f f e c t .  
I n  an e f f o r t  t o  i nves t iqa t e  t h i s  bubble center ing  mechanism, w e  have performed experi-  
ments using a spher ica l  th in-wal led  g l a s s  s h e l l  approximately 70 nun irr diameter.  The s h e l l  
is  f i l l e d  with a Dow-Corning DC-200 s e r i e s  s i l i c o n e  o i l  through a hole  on t h e  su r f ace  of  the 
sphere, leaving a small a i r  bubble 6 2  mm diameter) i n  t h e  l i q u i d ,  and sea l ed  using a p i ece  
of gum-tape. The bubble is i n i t i a l l y  loca ted  a t  t he  h ighes t  po in t  i n  t h e  l i a u i d ,  a pos i t i on  
d i c t a t e d  by gravi ty .  The s h e l l  is then ro t a t ed  about a ho r i zon ta l  a x i s  with t h e  a i d  o f  a 
D.C. motor. The bubble s p i r a l s  i n  toward the  r o t a t i o n  a x i s  on t h e  equa to r i a l  plane o f  t h e  
ISOTHERMS, P,-MODE 
K = 0.2 7, D=0.3, AT.0.1 
Figure l a .  Isotherms for  the eccent.ric bubble system f o r  a P1-mode temperature f i e l d  on 
the  drop surface ,  r = 0 . 2 5 ,  D = 0.3. 
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Figure l b .  Streamlines f o r  the  e c c e n t r i c  bubble system f o r  a PI-mde temperature field on 
t h e  drop surface ,  K = 0 . 2 5 ,  D = 0.3.  
s h e l l ,  and t h e  p r o c e s s  is r e c o r d e d  usinc, \ i g h  speed  mot ion  p i c t u r e  camera,  or a vide\, 
car tera  depend ing  o n  t h e  r o t a t i o n  rate o f  2 s p h e r e  f o r  t h e  e x p e r i m e n t a l  run. More d e t a i l s  
may be found i n  (12 ,13 ) .  
I n  F i g u r e  2, e x p e r i m e n t a l  d a t a  a r e  shown f o r  a t y p i c a l  run .  The r a d i a l  p o s i t i o n  o f  t h e  
bubb le ,  s c a l e d  by t h e  s h e l l  r a d i u s ,  and c o r r e c t e d  f o r  o p t i c a l  d i s p l a c e m e n t  e f f e c t s ,  is 
p l o t t e d  a y a i n s t  time, and t h e  m i g r a t i o n  of t h e  b u b b l e  to  t h e  r o t a t i o n  a x i s  may b e  s e e n  
c l e a r l y .  An approx ima te  t h e o r e t i c a l  d e s c r i p t i o n  o f  t h e  m i y r a t i o n  p r o c e s s  h a s  been 
deve loped l2 ,13  and t h e  p r e d i c t i o n  from t h e o r y  may b e  s e e n  to b e  i n  r e a s o n a b l e  acreement  
w i t h  t h e  d a t a  shown i n  F i a u r e  2 .  The e F f e c t s  of secondarv  f l o w s  d u r i n q  sp in -un  and g r a v i t y  
o n  t h e  bubb le  m i g r a t i o n  p r o c e s s  have  been d i s c u s s e d  e l sewhere .12  
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F i g i r e  2. Bubble m i g r a t i o n  towards  t h e  r o t a t i o n  a x i s  a s  a f u n c t i o n  o f  t i m e  (uppe r  s c a l e )  
and o f  c u m u l a t i v e  s p h e r e  r e v o l u t i o n s  ( l o w e r  s c a l e )  f o r  Run 3 .  
g o n c l u s  i o n s  
Sonie p o t e n t i a l  mechanisms f o r  t h e  m i g r a t i o n  o f  g a s  b u b b l e s  i n  l i q u i d  b o d i e s  under  
reducsd g r a v i t y  c o n d i t i o n s  have  been p r e s e n t e d  and d i s c u s s e d .  T h e o r e t i c a l  p r e d i c t i o n s t  
i n d i c a t ?  t h a t  t h e r m o c a p i l l a r y  m i q r a t i o n  my b e  used t o  move bubb le  t o  t h e  s u r f a c e  o f  a 
l i q u i d  ~ ' r o p ,  and e x p e r i m e n t a l  d a t a  s u g g e s t  t h a t  r o t a t i o n  of a d r o p  c o n t a i n i n g  b u b b l e s  is 
a u s e f u l  mechanism f o r  moving b u b b l e s  t o  t h e  c e n t e r  o f  a d rop .  Both o f  t h e  above mecha- 
n isms,  b e i n g  ~ n d e p e n d c n t  o f  q r a v i t y ,  mav be  e f f e c t i v e l y  used t o  manage ? a s  b u b b l e s  i n  s p a c e  
p r c z e s s i n q .  
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Acousti~ally Induced Oscillation and Rotation of a Large Drop in Space 
Nathan Jacobi, Arvid P. Croonquist, Daniel D. Elleman, and Taylor G. Wang 
Jet Propulsion Laboratory, California Institute of Technology 
Pasadena, California 91109 
A 2.5 cm diameter water drop was successfully deployed and manipulate6 in a triaxial 
acoustic resonance chamber during a 240 sec low-gravity SPAR rocket flight. Oscillation 
and rocation were induced by modulating and phase shifting the signals to the speakers. 
Portions of the fiim record were digitized and analyzed. Spectral analysis brought out 
the n = 2, 3 4 free oscillation modes of the drop, its very low-frequency center-of-mass 
motion in the acoustic potential well, and the forced oscillation frequency. The drop 
boundaries were least-square fitted to general ellipses, providing eccentricities of the 
distorted drop. The normalized equatorial area of the rotating drop was plotted vs a 
rotational parameter, and was in excellent agreement with values derived from the theory 
of equilibrium shapes of rotating liquid drops. 
This report describes an experimental study which is contributing to the 
understanding of containerless processing of molten materials in space. This study was 
performed on a 2.5 cm diameter water drop successfully deployed and manipulated in a 
triaxial acoustic resonance chamber during a 5 min SPAR (Space Proceseing Applications 
Rocket) flight. Three aspects of containerless processing technology in space are of 
particular interest: stability, oscillation, and rotation of a molten sample. Stability 
studies will help us determine the effect of residual g-jitter on the positioned sample, 
as well as the focusing requirement of the optics. Oscillation studies will enable us to 
measure the surface tension of the sample, as well as to better understand induced mixing 
currents within a liquid melt. Rotation studies will demonstrate the feasibility of 
degassing and shaping melts. In addition, a rotating sample can even out the 
nonuniformity of the temperature environment. 
With these broad objectives in mind, the primary objectives of this flight were to: 
(1) Study the center-of-mass motion in an acoustic chamber. The initial velocity and 
position of the drop due to the retraction of the injectors gave the drop energy to 
oscillate in the acoustic potential well throughout most of the experiment. Effects 
of g-jitter on this motion can be observed from the film record and accelerometer 
telemetry. (2) Determine the rotation capability of the acoustic chamber. The torque on 
the drop generated by ,.:e acoustic field slowly rotates the drop up to 2 rps. The rate of 
spin-up establishes the rotation capability of the chamber on a liquid drop. (3) Study 
the drop shape change due to rotation. The shapes of the drop in near rigid-body rotation 
from this experiment are compared with existing equilibrium shape calculations. If rota- 
tion is to be used as a method of shaping liquid melts, it is important to determine the 
deviation between calculated and observed shapes. (4) Study the frequency response and 
damping mechanisms of drop oscillations for both free and forced oscillations. The ini- 
tial perturbation of the drop shape generated by the drop injection system is allowed to 
damp down with the acoustic field on. The time required for the positioned liquid drop to 
approach its quiescent state can be determined from the film record. 
A schematic drawing of the payload is shown in Pig. 1. The heart of the apparatus is 
a triaxial acoustic resonance chamber which is used to position and control large liquid 
drops in low-g environments. The chamber itself is nearly cubical, with inside dimensions 
of 11.43 x 11.43 x 12.70 cm. Three acoustic drivers are fixed rigidly to the center of 
three mutually perpendicular faces of the chamber. During operation of the chamber, each 
driver excites the lowest-order standing wave along the direction that it faces. In the 
resonant mode, the acoustic pressure is maximum at the nodes of the velocity wave (i.e., 
at the walls) and minimum at the antinodes (the center). There is a tendency for 
introduced liquids and particles to be driven toward the antinodes, where they collect and 
remain until excitation ceases. 
Rotation of the sample requires that two dimensions of the chamber, the x and y, be 
of the same length and that the x and y drivers be driven at the same frequency with a 
phase separation of 90". For non-rotation applications, the two axes can be driven at OD 
or 180°with respect to one another. However, at these phase shifts, interference patterno 
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OF POOR QUALiTY 
a r e  produced i n  t h e  chamber t h a t  s e r i o u s l y  
d i s t o r t  t h e  shape  of t h e  drop. I n  o r d e r  t o  
a l l e v i a t e  t h i s  problem, t h e  a c o u s t i c  f i e l d s  
a r e  t u r n e d  on and o f f  i n  a  c y c l i c  manner s o  
t h a t  when t h e  x a x i s  a c o u s t i c  f i e l d  is on t h e  
y a c o u s t i c  f i e l d  is o f f ,  and when t h e  x is  
o f f  t h e  y is on. T h i s  c o m p l e m e n t a r y  INSIDE DIM 
modula t ion  of t h e  x and y a x e s  is done a t  a  
f r e q u e n c y  t h a t  i s  h i g h  compared  t o  t h e  
f r e q u e n c i e ~  of t h e  lowes t  normal modes of t h e  
drop. 
The acous t ic  chamber was loca ted  i n  t h e  
r o c k e t  payload  s o  t h a t  t h e  a a x i s  of t h e  
chamber was p a r a l l e l  t o  t h e  c e n t e r  l i n e  of 
t h e  r o c k e t  (Fig. 1). The bulk  of t h e  d a t a  
from t h i s  expe r imen t  was o b t a i n e d  w i t h  a  - C W R A  
16 m m  c i n e  c a m e r a ,  r u n  a t  48  f r a m e s  p e r  
second. The camera was d i r e c t e d  a l o n g  t h e  
a a x i s  ; i n  addit ion,  two mir rors  gave nearby 
orthogonal views along t h e  x and y axes. The 
sound i n t e n s i t y  a t  each wall ,  t h e  deployment 
system condit ion,  camera and l i g h t i n g  s t a t u s ,  
and t h e  f requency  of t h e  x-axis  s i g n a l  were ~ t '  f Cw"R - '7  . fROCI(ET 
monitored, te lemetered t o  t h e  ground s t a t i o n  
and recorded i n  r e a l  t i m e .  
-2  
Thls type of acous t i c  esonance chamber 
was des igned  by Wang e t  a l >  f o r  l e v i t a t i o n  
and space  p r o c e s s i n g  a p p l i c a t i o n s .  More Fig. 1. Schemat ic  drawing  of t h e  SPAR 
d e t a i l s  and t h e  r e s u l t s  of a n a l y s i s  of  a  payload  showina t h e  a c o u s t i c  
previous SPAR f l i g h t  can be found i n  Jacobi  chamber, cine camera, and mirrors .  
et  a1.2 
The timing fo r  t h e  var ious  phases of t h i s  f l i g h t  experiment is presented i n  Table 1. 
The following f i v e  time sequences were i d e n t i f i e d  f o r  ana lys is .  
( a )  Free o s c i l l a t i o n  (127-145 sec). When t h e  f l u i d  i n j e c t o r s  were r e t r ac t ed ,  
t h e  d rop  was h e l d  i n  p o s i t i o n  by t h e  a c o u s t i c  f i e l d .  F r e e  o s c i l l a t i o n s  
(exci ted by t h e  r e t r a c t i n g  i n j e c t o r s )  damped out ,  and t h e  drop moved back 
and f o r t h  i n  t h e  a c o u s t i c  p o t e n t i a l  wel l .  T h i s  p a r t  was used t o  o b s e r v e  
f r e e  o s c i l l a t i o n s ,  t o  measure  t h e  r a d i u s  of t h e  drop ,  and t o  s t u d y  i ts 
center-of-mass motion. 
Table 1. Sequence of Events 
Clock Time Event 
( sec  a t t e r  l i f t - o f f )  
85 Camera on 
90 Complementary modulation on 
105 Fluid de l ivered  through i n j e c t o r  
117 Fluid de l ive ry  off  
127 Fluid i n j e c t o r s  ex t r ac t ed  
127-145 Free o s c i l l a t i o n  
145 z modulation on 
145-265 Forced o s c i l l a t i o n  
265 z modulation of f  
265-300 Drop r e l axa t ion  
300 Complementary modulation o f f ;  90 
phase s h i f t  
300-330 Induced r o t a t i o n  
330 90' phase s h i f t  o f f ;  complementary 
modulation on 
330-360 Coasting 
365.5 Drop h i t s  wal l  
J L 
(b) Forced oscillation (145-147 sec) .  As the acous t i c  pressure along t h e  z 
axis was modula ted  at a low frequencj, the resulting oscillatons of the 
drop were very regular for three seconds.  
( c )  Combined o s c i l l a t i t n  a114 rotation I1:7-265 see). The regular behavior of 
t h e  d t o p ' s  r e s p o n s e  t o  the z axis modulation quickly d e v e l o p e d  an 
unexpected twist: to the large  amplitude o s c i l l a t i o n  was added rotat ion of 
the drop. T h i s  sequenee is the most difficult and intriguing one to in ter -  
pret. The a c o u s t i c  f o r c e s  and torques on a s t r o n g l y  d e f o r m ~ d  drop a t  an 
arbitrary position are poorly understood. 
(d )  Relaxation of the drop (265-300 sec). With the complementary modulation of 
t h e  x and y axes  on, t h e  drop  relaxed prior to being spun up, The 
information in this sequence was similar to that in sequence (a).  
(e )  Spin-up of the drop (300-330 sec).  With a phase difference of 900 between 
t h e  x and y pressure amplitudes, a torque  was generated on the drop which 
caused it to rotate the z a x i s .  Deformed shapes were observed, which can 
be compared with theoretical p r e d i c t i o n s  of t h e  equilibrium shape of a 
rotating liquid drop. 
The strategy used for the data analysis of the 16 mm cine film record consisted of 
preliminary analysis performed on a Vanguard Motion F i l m  Analyzer an3 a more d e t a i l e d  
s tudy of f ully-digitized boundaries of .-elected frames (provided by JPL's Image Processing 
Laboratory] using  a small computer. R sample cine frame is shown in Fig. 2a, from the 
f orceo oscillation seq~ence. Figure 2b shows the computer-digi tized boundar i ea  for the 
frame in the preceding photograph. Both the 'raw" data and a quadratically-smoothed 
boundary are shown f o r  each o f  the three views. It m u s t  be noted that, d e s p i t e  the 
satisfactory appearance of the original photograph, some ir regular i  ties do appear in the 
digltlzed and smoothed versions. These may be d u e  to o v e r l a p  with the speaker p o r t s ,  
specular or  back reflections, or to a p e c u l i a r i t y  in the digitizatioc alqorithn. ~t is 3 
persistent feature throunhout the f i l m .  Table 2 shows the frame sequences that were 
digitized and the frame densi t ies.  The t o t a l  number of frames processed was 1826, with 
typically 90 to 150 points per boundary. The b o ~ n d a r y  data were recorded in the form rrf 
3 - - d i g k t  integers, thus placing a limit upon the resolution of the digitization. 
Fig. 2a. Typical frame from the 16 rnm Fig. 2b. Digitized boundaries of - h e  drop 
record w h i c h  shows three images shown i n  a. The points are 
orthogonal views of the drop "raw" dzta and t h e  lines are their 
undergoing forced oscillation quadratically-swoothed description. 
(t = 147.0 sec ) .  
t 
Table 2. Digitized Frames 
I Time tsec) Event Density  
127.1--130.4 Free oseill ion 1/1 
130.4--144 " 6  Free oscillation 1 / 3  
144.6--147.1 Forced response: regular mil 
147.1--170.4 Forced response: rotation 1/3 
263.7--300.4 Free oscillation 1/4 
300.4--333.7 Rotation 1 / 5  
I t  w l s  felt that p r i c r  to the automat ic  processing o f  relatively l a r g e  amounts o f  
data, it would be useful to investigate some of the i n t e r e s t i n g  f e a t u r e s  on a Vanguard 
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Motion F i l m  Analyzer. These measurements provided some i n s i g h t  i n t o  what might be 
expected from a more d e t a i l e d  ana lys i s .  Three t o p i c s  were handled wi th  t h i s  s imple  
technique. A s  the  drop moved periodically in the  acoustic potent ia l  well, the  frequency of 
t h e  motion was measured and compared wi th  a t h e o r e t i c a l  p r e d i c t i o n  approximating t h e  
acoustic potent ia l  well by an equivalent harmonic o s c i l l a t o r  potential .  These frequencies , 
a r e  c o r r e l a t e d  wi th  t h e  a c o u s t i c  f o r c e  and wi th  t h e  p ressure  l e v e l  i n  t h e  chamber. The 
two lowest normal mode f requencies, f, and f ,  , were identif ied.  With  a knowledge of the  
surface tension, measured shor t ly  before the  f l i g h t ,  these measurements were used t o  in fe r  
t h e  volume of t h e  drop. The r a t i o  of t h e  minor t o  major axes  was measured before ,  dur ing,  
and a f t e r  the rotat ion sequence. While there was s ignif icant  s c a t t e r  i n  the resu l t s ,  the  
r a t i o  was c lose  t o  1.0 p r i o r  t o  r o t a t i o n ,  andshoweda measurablechange when t h e  d ropwas  
spun up. 
Whrle some of the main r e s u l t s  w i l l  be described on the  following pages, mo e d e t a i l s  
concerning the analys is  of t h i s  f l i g h t  can be found i n  the report  by Wang e t  a l .  5 
Numerical. A s  another preparatory s t e p  t o  the  data analysis ,  it was decided t o  
investigate numerical t e s t  cases involving the recovery of a known signal  i n  the presence 
of va r ious  amounts of noise. The f i r s t  of two such exper iments  was designed t o  recover 
t h e  c o e f f i c i e n t s  of t h e  normal modes of a per turbed boundary, a s i t u a t i o n  which i s  
encountered when analyzing the osc i l l a to ry  motion of a drop. The boundary was represented 
i n  the form 
where an a r e  preassigned values, and b is the noise amplitude. The problem was t o  recover 
a n  i n  the  presence of no i se ,  by e i t h e r  d i r e c t  numerical  i n t e g r a t i o n  around t h e  boundary, 
using the orthogonality of the Legendre polynomials, or by l e a s t  squares techniques which 
avoided the approximation involved in numerical integration.  The r e s u l t s  were s imi la r  for  
both approaches, w i t h  somewhat bet ter  accuracy provided by the l e a s t  squares analysis .  
The second numerical experiment was designed t o  determine the r a t i o  of the major t o  
minor a x i s  of a genera l  per turbed e l l i p s e ,  a s i t u a t i o n  encountered when a drop i s  
dis tor ted  e i ther  by rota t ion or osci l la t ion.  In t h i s  case the coef f i c i en t s  of a general 
e l l i p s e  
ax2 + 2bxy + c y 2  + 2dx + 2ey t 1 = 0 ( 2 )  
in  the presence of noise, were determined by a l e a s t  squares approach. The coef f i c i en t s  
a,  b, c determine the principal  a x i s  of the e l l i p s e  
and the  r a t i o  of axes is  given by 
r a t i o  = a s i n 2 a  + c c o s 2 a  - 
a cos2a + c s i n 2 a  + b s i n ~ a  in2a)C 
T h i n  r a t i o  was a l s o  determined by a d i r e c t  "min-max" approach, where ext remal  r a d i u s  
v e c t o r s  from an approximate c e n t e r  a r e  found. T h i s  approach was found t o  be noise-  
lrmited, and impractical for useful data reduction. 
A l a r g e  water drop moves i n  an a c o u s t i c  p o t e n t i a l  we l l  determined by t h e  a c o u s t i c  
force components 
where p  i s  t h e  a c o u s t i c  p ressure ,  I '  is  t h e  d e n s i t y  of a i r ,  c is  t h e  speed o t  sound, 
k i  - "/Li i s  the wave number, and f (2t ia)  is  a  shape fac to r  
This express ion  f o r  t h e  f o r c e  was r e c e n t l y  v e r i f i e d  by l abora to ry  measurements and 
a n a l y s i s  by Leung e t  al .4 For s m a l l  d isplacements  from t h e  c e n t e r  s i n  2kix - 2kixi, 
resulting i n  a  harmonic o s c i l l a t o r  well in which the  frequency of o s c i l l a t i o n  wAl be 
where is the drop density. 
The osc i l l a t ion  frequency of the  center-of-mass motion was determined f  rom the f i l m  
i n  two ways. Fiiac,  the center-of-mass motion was crudely studied on the Vanguard, and a 
center-of-mass frequency was determined by averaging over several  cycles. A t  265 sec, the 
sound pressure level  was decreased from 148 t o  145 dB, which corresponds t o  a  decrease by 
a  f a c t o r  of 2  i n  t h e  f o r c e  and of fl or  0.71 i n  t h e  frequency. The corresponding r a t i o s  
of observed f requenc ies  along t h e  t h r e e  axes  were 0.81, 0.84, and 0.80.  second?.^, t h e  
center-of-mass coordinates of the d igi t ized boundaries were determined, and then Fourier 
transformed. A sample is  shown in  Fig. 3, where (a) shows two periods of the o s c i l l a t i o n  
of one coord ina te ,  and (b) shows t h e  corresponding power spectrum. Typ ica l ly  observed 
frequencies were - 0.15 Hz, while the value predicted from Eq. (7) i n  - 0.14. Because there  
is a  change i n  e l e v a t i o n  between JPL (where t h e  package was c a l i b r a t e d )  and White Sands 
Test Range (where i t  was sealed prior t o  launch), there  were some change3 i n  the acoustic 
parameters involved. An est imate showed t h a t  the theoret ica l  value of 0.14 Hz should be 
modified t o  - 0.16Hz. I f  the nonharmonicity of the acoustic potent ia l  well were taken i n t o  
account,  a  reductior.  of s e v e r a l  pe rcen t  is  expected i n  t h e  value  of t h e  center-of-mass 
frequency. 
138 135 148 145 
Time (meoondm a f t e r  liftoff) Frmquenoy, (Hz. 1 
Fig. 3. Study of the center-of-mass motion of the drop i n  the  acoustic potential  w e l l :  
(a )  sinusoidal behavior in  the time domain 
( b )  a  s ing le  peak i n  the  frequency domain. 
Rotation 
Por t h e  t h i r t y  second8 of induced r o t a t i o n  (1600 f  tames on t h e  f i l m ) ,  every f i f t h  
frame was digit ized.  The expectation was tha t  the drop's appearance i n  the main view, for 
which t h e  l i n e  of view coincided wi th  t h e  a x i s  of r o t a t i o n ,  would be c i r c u l a r ,  whi le  i n  
the  s i d e  views i t  would appear c i r c u l a r  i n i t i a l l y  and become gradua l ly  more and more 
- 
.751 I I I 1 
388 318 320 348 
T i m e  (seoonds a f t e r  
Fig. 4. Ratio of t h e  major and minor axes during t h e  sequence when t h e  acous t i c  torque 
was ac t ing  on the  drop (300 t o  330 sec).  The view is perpendicular  t o  t h e  a x i s  
of ro ta t ion .  From t h i s  r a t i o  a value of : was obtained. For example, b/a = 1.5 
corresponds t o  : = 0.42. 
e l l i p t i c a l .  These frames were analyzed by t h e  l e a s t  squares e l l i p s e  a n a l y s i s  ( see  Eqe. 2- 
4 above). The expected f e a t u r e s  showed up.. While t h e  a/b r a t i o  of t h e  main view remained 
c o n s t a n t ,  t h e  same r a t i o  f o r  a s i d e  view g r a d u a l l y  i n c r e c s e d  from 1.0 a t  t h e  o n s e t  of  
r o t a t i o n  t o  f o u g h l 5  1.5 a t  t h  end  ( P i g .  41. Us ing  t h e  t h e o r e t i c a l  r e s u l t a  o f  
C h a n d r a ~ e k h a r  , ROBS , and BrownF, we were a b l e  t o  r e l a t e  t h e  observed  a/b r a t i o  t o  t h e  
r o t a t i o n a l  parameter 
where  : i s  t h e  a n g u l a r  
v e l o c i t y  of t h e  ro t a t i n f a  7081 I 8 I I I 
drop,  i s  t h e  low- 
e s t  mode o s c i l l a t i o n  £re-  CJ 
quency. The observed a/b 01 0.8 - 
r a t i o  a t  t h e  end of t h e  L 
r o t a t i o n  sequence corre-  < 
s p o n d s  t o  : - 0 . 3 .  T h i s  
value, i n  turn,  impl ies  a 73 5 .8 -  
r o t a t i o n  r a t e  of 8.92 91 
radians/sec,  or 1.42 rps. N 
l'hus, a l t hough  we cou ld  'PI 
n o t  d i r e c t l y  d e t e r m i n e  4.0- 
t h e  a n g u l a r  v e l o c i t y  f o r  0 
l ack  o t  t r a c e r  p a r t i c l e s ,  E 
we were a b l e  t o  i n f e r  i t  b 
us ing  t h e s e  t h e o r e t i c a l  . . .  . 
r e l a t i o n s .  A l so ,  n o t e  
t h a t  t h e  value of 1 
reached  i s  very  c l o s e  t o  
t h e  f i r s t  b i f u r c a t i o n  
p o i n t  ( :: = 0.3131, a t  
which the  theory of equi- 
l ib r ium shapes of a rota-  
t i n g  drop p red i c t s  Fig. 5 .  
poss ib le  t r a n s i t i o n  from 
a x i a l l y  svmmetric t o  
non-axially symmetric 
equil ibr ium shapes. 
Rota t ion  Parameter 
Comparison of t h e  exp r imental  p o i i ~ t s  and theo- 7 r e t i c a l  curves (Brown 1 r e l a t i n g  the  equa to r i a l  a r ea  
t o  t he  angular ve loc i ty .  A l l  q u c n t i t i e s  a e 
normalized: X = Eo. A enr(Res t inq  RadiualZ and 
i = Rot. Par. - (:,.:.I 5. The curve through 
the  da ta  represente  t he  ax ieymr~et r ic  family of equi-  
1.ibrium ehapee while t h e  two rdde braachee represent  
two- and three-lobed rhapee. 
The analysis wae continued one more step. A relative equatorial area can be found 
froa the product ab in the main view. A comparison of the theoretical and observed 
normallzed equatorial areas is shown in Fig. 5 in which all boundary yointe were includea 
in the analysis, showing excellent agreement with the theory. To the best of our 
knowledge, this is the firrt time that an observation hae bean made under conditions 
nimilar to thoee stipulated by the theory of equilibrium shapes of rotating drops. This 
obviously calls for an extension of such measurements to higher rotation rates. If a drop 
were spull in one direction and the torque quickly revereed, it might enable obrervation of 
the nonaxially symmetric equilibrium shape8 theoretically predicred. 
The natural oscillation frequencies of a liquid drop are given in the linear 
approximation by 
form of the latter is 
expected to provide the Fig. 6. Study of the drop's natural oscillations: 
corresponding frequencies. (a) difference between vertical and horizontal 
oscillations. 
(b) frequency spectrum of data shown in (a). 
where is the surfa.ce of . 10, 
the drop. The oscilla- 
tion t requencies can b . /ii 00 
determined by analyzing 3 
both free oscillation 4 .06 
data (as was done in Ref. 3 
2) and forceo oscillation 0 
data. W h e n  the d r o p *  
oscillated, the reflec- 
tions of the photo lamps 5 
showeo that motiont using 
the time information on (10.00 
the edge ot the film and 
a d v a n c i n g  t h e  f i l m  :--a2 
througn a certain number + 
of cycles, a rough value ,+--04 
or the frequency of these L 
oscillations could be €-.a6 
obtainea. The f requen- < 
cies f, = 2.48 & .03 and -.a8 
I 1 1 
, . 
- 
O- . 
- . 
- 
- . 
- 
A I I 1 
f, = 4.67 .05 Hz were 127 128 129 130 131 
obtained from the early Time (reoondm after liftoff) 
sequence (127-145 sec) 
and f, = 2.54 .03 from 
the latter (265-300 sec). .40 
The frequencies expected a 
for an 8.6 cc water drop '9 -35 
with a surface tension of 3 
71 dynes/cm are f: = 2.74 -$ .30 
Hz a n d  f, = 5.31 Hz., 
Frequencies were also a -25 
determined by the peaks E 
of the power spectrum of < 
vertical and horizontal .20 
chords on the digitized 2 
data. Such a sample is . 15 
shown in Fig. 6, where (I 
the power spectrum shows 3 . 1 0  
the mode n = 2 ,  as well U 
as traces of the modes a 
n = 3 4. At the time of 
this writing the full 
boundaries are being ana- 0.00 
lyzed t o  p r o v i d e  t h e  0. 0 2.0 4.0 6.0 8.0 10.0 12.9 
coefficients an(t) of Eq. 
(1). The Fourier trans-  Frrqurnoy, (Hz. ) 
During t h e  f o r c e d  o o c i l l a t i o n  sequence ,  t h e  a m p l i t u d e  modu la t i on  of t h e  acousL ic  
pressure  f i e l d  along t h e  z a x i s  was swept from 2.3 t o  2.9 Hz over a  two-minute period,  80 
a s  t o  c o n t a i n  t h e  expec t ed  r e s o n a n t  f r equency ,  2.6 Hz, w i t h  a  s u f f i c i e n t  s a f e t y  margin. 
The d r o p  began o s c i l l a t i n g  i n  t h e  n  = 2 normal  mode d u r i n g  t h e  f i r s t  few seconds ,  a s  
intendea. However, a s  t he  amplitude became very la rge ,  t h e  r e g u l a r i t y  d e t e r i o r a t e d  v e t  
q u i c k l y  and r o t a t i o n  e e t  in .  The c o e f f i c i e n t  a , ( t )  i n  Eq. (1) was de t e rmined  by d i r e c t  
numer i ca l  i n t e g r a t i o n ,  and by a  v e r t i c a l - h o r i z o n t a l  chord  method. The r e s u l t s  a r e  
d e s c r i b e d  i n  Ref. 3,  b u t  i t  can  be g e n e r a l l y  s t a t e d  t h a t  t h e  c a u s e  of t h e  r o t a t i o n a l  
s t a b i l i t y  which deve lopd  two seconds  i n t o  t h e  f o t c e d  o s c i l l a t i o n  sequence  is n o t  w e l l  
unde r s tood  a t  t h e  p r e s e n t  t ime.  The a c o u s t i c  f i e l d  i n  which t h e  d r o p  f i n d s  i t r e l f  i s  
f a i r l y  complicateZ Its components along each a x i s  a r e  modulated: t h e r e  was ampli tude 
modu la t i on  a long  t h e  z a x i s ,  and complementar!~ modu la t i on  a long  t h e  x  and y  axes.  I n  
addi t ion ,  t h e  drop was undergoing a  continuour low-frequency center-of-mass motion i n  t h i s  
complex p o t e n t i a l  f i e l d .  
The o b j e c t i v e s  of t h i s  expe r imen t  were ach ieved .  The d r o p  was deployed  and 
acous t i ca l l y  manipulated a s  planned. 
There is no s a t i s f a c t o r y  understanciing of t h e  i n t i a l l y  s t rong  o s c i l l a t i o n  seen during 
t h e  f o r c e d  o s c i l l a t i o n  seCuence ( a t  2.3 Hz r a t h e r  t h a n  2.5 Hz) and t h e  subsequen t  h i g h l y  
i r r e g u l a r  motion which apriears t o  be a  superpos i t ion  of o s c i l l a t i o n  and ro ta t ion .  
During t h e  r o t a t i o n  sequence of t h i s  experiment,  t h e  f i r s t  b i fu r ca t i on  poin t  between 
a x i s y m m e t r i c  and t r i a x i a l  shapes  was reached  i n  o n l y  t h i r t y  s econds  of a p p l i e d  to rque .  
Since equi l ib r ium probably had not  been reached, t h i s  means t h a t  spending more t ime  ~n t h e  
r o t a t i o n  sequence  o r  i n c r e a s i n g  t h e  t o r q u e  by u s i n g  r. h i g h e r  sound p r e r s u r e  i n  f u t u r e  
experiments might t ake  t he  drop beyond the  f i r s t  b i fu r ca t i on  point.  I n  p a r t i c u l a r ,  such 
an expe r imen t  would show whether  non -ax i a l l y  symmet r i c  equi l ib r ium shapes a r e  exc i t ed  
beyond t h e  f i r s t  b i fu r ca t i on  point.  
The a u t h o r s  a r e  g r a t e f u l  t o  P. Rayermann and  J. Brown f o r  a s s i s t a n c e  i n  d a t a  
processing and programming; t o  R. Se lzer  and R. Ramaqe of t he  Image Processing Laboratory 
a t  J P L  f o r  d i g i t i z i n g  t h e  d a t a ;  and t o  R. I r i g o y e n ,  J. Conley, L. Robinson, and K. Tarve r  
f o r  t h e i r  va luable  a s s i s t ance  i n  a l l  phases of t h i s  experiment. This  paper p r e sen t s  t h e  
r e s u l t s  of one phase of research c d r r i e d  o c t  a t  t he  J e t  ?copulsion Laboratory, Ca l i fo rn i a  
I n s t i t u t e  of Technology, under c o n t r a c t  w i t h  t h e  N a t i o n a l  A e r o n a u t i c s  an6 Space 
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Mechanisms of droplet combustion 
C. K.  Law 
Department of Mechanical and Wuclear Engineering, Northwestern University 
Evanston, Illinois 60201 
Abstract 
The fundamental physico-chemical mechanisms governing droplet vaporization and combus- 
tion are di cussed. Specific topics include governing ~quacions an? simplifications, the 1 classical d -Law solution and its subsequent modification, finite-rate kinetics and the 
flame structure, droplet dynamics, near- and su?er-critical combustion, combustion of mul- 
ticomponent fuel blends/emulsions/suspensions, and droplet interaction. Potential research 
topics are suggested. 
1. Introduction 
Research on the gasification, oxidation, and dynamics of fuel droplets commands both 
practical and fundamer.ta1 interest to energy and combustion science. On the practical 
aspect one recoqnizes that petrolellm oil constitutes a significant share of tne world 
energy supply. Since these fuel oils are usually introduced into the mabustor as sprays 
of droplets, it is reasonable to expect that the collective gasification c - individual 
droplets would intimately influence the bulk spray vaporization and oxidat. n characteris- 
tics, which in turn determines the combustor perfornance. 0 q  the fundame~t~l aspect drop- 
let combustion is a problem involving complex chemically-reacting qulticomponent two-phase 
flows with phase change, rich in physical and chemical whenomena tynically of interest to 
the study of aerothermo-hemistry. 
Figures la to lc show some possible droplet combustion modes. In Fig. la the fuel drop- 
let is motionless in a stagnant, gravity-free, oxidizing environment of infinite extent. 
The lack of either forced or natural coflvection implies that spherical symmetry exists. 
The basic mechanisms leading to the complete gasification of the droplet are heat and mass 
diffusion due to the existence of temperature and concentration gradients, the radial con- 
vection because of the continuous transfer of mass from the droplet surface to the ambi- 
ance, and chemical reaction in the flame region. The burning is of the diffusion-flame 
type in whrc'n the outwardly-diffusing fuel vapor and the inwardly-diffusing oxidizer gas 
approach the reaction zone in approximate stoichiometric proport ion. Reaction between them 
is rap,d and intense, implying that the reaction zone is thin and very little reactants can 
lei.. through the flame. The chemical heat generated at the flame is transported both out- 
ward and inward to heat up the ap~roaching oxidizer and fuel gases in order to achieve 
ignition. The rest of the inwardly-transported heat is used for droplet heating and to 
effect liquid gasification. 
In the presence of either forced and/or natural convection, a non-radial relative veloc- 
ity exists between the droplet and the surrounding gas. The shear stress exerted by the 
gas flow on the surface induces a recirculatory motion within the droplet (Fig. lbj. For 
higher rates of external convection, flow separation occurs close to the rear stagnation 
point, creating wake regions both inside and outside of the droplet (Fig. lc). The pres- 
~ n c e  of the non-radial convection generally enhances the transport rates and thereby the 
gasification rate, although for sufficiently intense flows the envelop diffusion flame can 
be extinguis5ed, leading to significant reductions in the gasification rate. It is clear 
that fluid motion can have strong influence on the combustion process. 
The bulk parameters of interest in droplet combustioc studies include the droplet gasi- 
f ication rate, the flame location and temperature, the droplet drag, ignition and ext inc- 
- . tion limits, and the extent of pollutant formation such as that of NOx. The droplet 
. diameters of interest are typically between 10 um and 100 urn; gasification of smaller drop- 
& .  lets can be considered to be instantaneous during the period between spray i~ljection and 
= active combustion, while large droplets either tend to breakup or cannot achieve complete 
gasification during the available residence time. Droplet breakup also limits its maximum 
Reynolds number, Re, to about 100 for typical surface tension values of hydrocarbon fuels, 
Re being defined as the ratio of the characteristic inertia to viscous forces. It may also 
: be noted that it is frequently desirable for the droplets within a spray to have a distri- 
- bution of sizes and velocities in order to achieve an optimum spatial distribution through 
penetration as well as a controlled rate of gasification and thereby chemical heat release. 
The basic spherically-symmetric, pure-component, dro let combustion model was formulated 
in the fifties. This model has since been termed the dq-Law because it predicts that the 
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s q u a r e  of t h e  d r o p l e t  d i a m e t e r  d e c r e a s e s  l i n e a r l y  wi th  time. ' I n  subsequent  y e a r s  t h e  b a s i c  
unde r s t and ing  of t h i s  model has  been e x t e n s i v e l y  r e v i s e d  w h i l e  o t h e r  a s p e c t s  of  d r o p l e t  
combustion have a l s o  been i n v e s t i g a t e d .  Ex tens ive  r ev iews  of t h e s e  developments  can  be 
found i n  Refs .  1 to 3. 
The purposes  of t h e  p r e s e n t  paper  a r e  to  f a m i l i a r i z e  t h e  r e a d e r  w i th  t h e  i n f l u e n c e  and 
modeling t e c h n i q u e s  of chemical  r e a c t i o n s  in  d r o p l e t  p r o c e s s e r ,  to b r i e f l y  review c u r r e n t  
unde r s t and ing  of t h e  b a s i c  physico-chemical  mechanisms gove rn ing  d r o p l e t  combustion,  and t o  
s u g g e s t  p o t e n t i a l  a r e a s  of r e s e a r c h .  I n  t h e  next  s e c t i o n  some f requen t ly - invoked  assump- 
t i o n s  du r ing  d r o p l e t  c o  b u s t i o n  modeling a r e  s t a t e d  and a set of s i m p l i f i e d  qove rn ing  equa- 
'P t i o n s  p re sen ted .  The d -Law is then  d e r i v e d ,  and its l i m i t a t i o n s  and subsequen t  m d i f  i c a -  
tims i n  l i g h t  of  expe r imen ta l  r e s u l t s  d i s c u s s e d .  T h i s  is fol lowed by s p e c i a l  t o p i c s  on 
f i n i t e - r a t e  k i n e t i c s ,  d r o p l e t  dynamics, h igh -p res su re  combustion,  mult icomponent d r o p l e t  
combustion,  and d r o p l e t  i n t e r a c t i o ~ .  I n  S e c t i o n  9 p o t e n t i a l  a r e a s  of r e s e a r c h  a r e  
s u g g e s t e d .  
2. Assumptions and s in ip l i f  i e d  gove rn ing  e q u a t i o n @  
The g e n e r a l  e q u a t i o n s  governincj d r o p l e t  combustion a r e  t h o s e  of h e a t ,  mass, and momentum 
c o n s e r v a t i o n ,  i n  both t h e  g a s  and l i q u i d  phases ,  and t h e i r  coup l ing  a t  t h e  i n t e r f a c e .  
A u x i l i a r y  r e l a t i o n s  needed a r e  t h e  e q u a t i o n s  of s t a t e  and t h o s e  d e s c r i b i n g  chemical  r eac -  
t i o n s  and i n t e r f a c i a l  phase change. The chemical  r e a c t i o n s  of i n t e r e s t  a r e  u s u a l l y  t h o s e  
of f u e l  vapor decomposi t ion  and o x i d a t i o n  i n  t h e  g a s  phase .  For ve ry  h igh b o i l i n g  p o i n t  
f u e l s ,  t h e i r  p y r o l y s i s  i n  t h e  l i q u i d  phase  may a l s o  be of r e l evancg .  These e q u a t i o n s ,  f o r  
g e n e r a l  comSustion problems,  can be found in  t h e  t e x t  by Wi l l i ams .  
W e  s h a l l  i n s t e a d  s t u d y  in  t h e  fo l lowing  a s i m p l i f i e d  system which i l l u s t r a t e s  t h e  b a s i c  
diffusive-convective-reactive n a t u r e  of d r o p l e t  combustion.  The major a s sumpt ions  a r e  a s  
fo l lows .  
( A l l  D i f f u s i o n  being r a t e - l i m i t i n g ,  a l though  second-order d i f f u s i o n ,  t h a t  is t h e  S o r e t  and 
Dufour e f f e c t s ,  a r e  neg lec t ed .  
(A21 I s o b a r i c  p r o c e s s e s  because of t h e  low Mach number f low. 
(A3) Gas-phase q u a s i - s t e a d i n e s s .  Because of t h e  s i g n i f i c a n t  d e i i s i t y  d i s p a r i t y  between 
l i q u i d  and g a s ,  t h e  l i q u i d  p o s s e s s e s  much i n e r t i a  such t h a t  its p r o p e r t i e s  a t  t h e  s u r -  
f a c e ,  f o r  example t h e  r e g r e s s i o n  r a t e ,  t empera tu re ,  and s p e c i e s  c o n c e n t r a t  i o n s  change 
a t  r a t e s  much s lower  than those  of t h e  gas-phase t r a n s p o r t  p r o c e s s e s .  Thus t h e  gas-  
phase  p r o c e s s e s  can be t r e a t e d  a s  s t e a d y ,  wi th  t h e  s u r f a c e  boundary v a r i a t i o n s  occur-  
inq a t  l onge r  time s c a l e s .  
( A 4 )  Constant  gas-phase : ranspor t  p r o p e r t i e s .  A s i n g l e  b i n a r y  d i f f u s i o n  c o e f f i c i e n t ,  6 ,  is 
used f o r  a l l  p a i r s  of s p e c i e s .  The s p e c i f i c  h e t t  Cp, t h e  thermal  c o n d u c t i v i t y  coe f -  
f i c i e n t  A ,  and t h e  p roduc t  p 6 ,  a r e  assumed t o  be c o n s t a n t s ,  where p is t h e  d e n s i t y .  
With t h e  above assumpt ions ,  t h e  gas-phase governiny e q u a t i o n s  a r e  
C o n t i n u i t y  V a ( p g )  = 0 
S p e c i e s  V*( P U Y ~  - ~ 6 0 Y i )  = w i  , i = l , 2 , .  ..N 
s t a t e  P = P ( R O ~ ~ ) T  ( 4 )  
- 
where T is t h e  t empera tu re ,  p t h e  p r e s s u r e ,  W an average  molecu la r  weight ,  u t h e  v e l o c i t y ,  
Y i  t h e  mass f r a c t i d h  of s p e c i e s  i, w i  t h e  chemical  p roduc t ion  r a t e  of i, q The chemical  
h e a t  g e n e r a t i o n  r a t e ,  and N t h e  t o t a l  number of s p e c i e s .  
For each of t h e  equat-ions r e p r e s e n t e d  by Eqs. ( 2 )  and ( 3 )  , t h e  f i r s t  and second terms on 
t h e  LHS r e s p e c t i v e l y  r e p r e s e n t  c o n v e c t i v e  and d i f f u s i v e  t r a n s p o r t ,  wh i l e  t h e  RHS is t h e  
chemical  s o u r c e / s i n k  term. Prom chemical  k i n e t i c s  it is well known t h a t  t h e  o x i d a t i o n  of a 
f u e l  s p e c i e s  l e a d i n g  t o  t h e  format ion  of p r o d u c t s  o c c u r s  through a compl ica ted  sequence  o f  
i n t e r m e d i a t e  r e a c t i o n s  wi th  a myriad of i n t e r m e d i a t e  s p e c i e s .  Thus,  f o r  example, t h e  term 
r e p r e s e n t s  t h e  sum of t h e  mass r a t e s  of p roduc t ion  and d e s t r u c t i o n ,  per u n i t  volume, 
s p e c i e s  i from a l l  of t h e  r e a c t i o n  s t e p s .  
The adop t ion  of such a d e t a i l e d  k i n e t i c  scheme y i e l d s  immensely compl ica ted  e x p r e s e i o n s  
f o r  w i  and i n v a r i a b l y  n e c e s s i t a t e s  t h e  use  of numer ica l  s o l u t i o n s .  Fur thermore ,  e x c e p t  
f o r  t h e  s i m p l e s t  hydrocarbon f u e l s ,  t h e  d e t a i l e d  o x i d a t i o n  k i n e t i c s  of t h e  h e a v i e r  ones  a r e  
l a r g e l y  unknown. Thus f r e q u e n t l y  it is both necessa ry  and u s e f u l  t o  approximate  t h e  
d e t a i l e d  k i n e t i c s  a s  a one - s t ep  o v e r a l l  r e a c t i o n  between t h e  f u e l ,  I?, and o x i d i z e r ,  0, a s  
0 
[Fl + ooIOl * P r o d u c t s  
where a is t h e  s t o i c h i o m e t r i c  mass c o e f f i c i e n t  of  t h e  o x i d i z e r  per  u n i t  mass of f u e l  
consume8, and Q is t h e  a s s o c i a t e d  h e a t  r e l e a s e .  The mnsumpt ion  r a t e  of F can t h e n  be 
expres sed  a s  
E ; - - A P ~  pb exp (- -) 
P 0 F ROT 
which shows t h a t  t h e  o v e r a l l  r e a c t i o n  r a t e  is p r o p o r t i o n a l  t o  t h e  c o n c e n t r a t i o n s  of t h e  
r e a c t a n t s  and is dependent on t h e  t empera tu re  throuqh t h e  R r r h e n i u s  f a c t o r  c h a r a c t e r i z e d  by 
an  a c t i v a t i o n  energy E. The exponen t s  a and b a r e  t h e  e m p i r i c a l l y  de termined r e a c t i o n  
o r d e r s  wi th  r e s p e c t  t o  t h e  f u e l  and o x i d i z e r ,  wh i l e  A is t h e  f r equency  f a c t o r  which is a 
measure of t h e  c o l l i s i o n  f requency between t h e  r e a c t a n t s .  S i n c e  ~ j = Y j p ,  Eq. ( 6 )  can 
a l s o  be expres sed  a s  
w = - A 0  b E ya Y exp (- -1 
F 0 F 
ROT 
F i n a l l y ,  r e c o g n i z i n g  t h a t  i n  any g iven  r e a c t i o n  t h e  r a t e  of chemical  h e a t  r e l e a s e  a s  
well a s  t h e  r a t e s  of c r e a t i o n  and d e s t r u c t i o n  of a l l  s p e c i e s  must be s t o i c h i o m e t r i c a l l y  
r e l a t e d ,  we have 
and 
f o r  t h e  r e a c t i o n  q iven  by Eq. ( 5 ) .  
Equat ions  ( 2 )  and ( 3 )  a r e  now we l l  d e f i n e d .  I t  is c l e a r  t h a t  t h e  h igh ly  non- l inea r  
n a t u r e  of t h e  r e a c t i o n  r a t e  te rm,  which a l s o  s t r o n g l y  c o u p l e s  t h e  Y i  and T v a r i a t i o n s ,  
i n t r o d u c e s  c h a l l e n g i n g  mathemat ica l  d i f f i c u l t i e s  and i n t e r e s t i n g  p h y s i c a l  phenomena t o  t h e  
problem. 
Consideuakle  s i m p l i f i c a t i o n  i n  t h e  a n a l y s i s  r e s u l t s  i f  one a d o p t s  t h e  Shvab-Zeldovich 
Formula t ion ,  which r e q u i r e s  
(A5) Unity Lewis number, o r  Le = X/Cpp6 = 1. 
Thus a l i n e a r  combinat ion  of Eqs. ( 2 )  and ( 3 )  e l i m i n a t e s  t h e  r e a c t i o n  term from a l l  but  one  
o f  t h e  ( N t l )  e q u a t i o n s .  I n  p a r t i c u l a r ,  i f  we d e f i n e  a c o u p l i n g  f u n c t i o n  
where op = 1, then Eq. ( 2 )  can be r e p l a c e d  by 
which shows t h a t  T i  is a conserved s c a l a r  du r ing  t h e  chemical  r e a c t i o n  of Eq. ( 5 ) .  
P h y s i c a l l y  r i  r e p r e s e n t s  t h e  sum of t h e  thermal  and chemical  e n e r g i e s  which remains  
c o n s t a n t  when h e a t  and mass a r e  t r a n s p o r t e d  a t  equa l  r a t e s .  
The problem is t h u s  s i m p l i f i e d  t o  t h e  s o l u t i o n  of t h e  c h e m i c a l l y - i n e r t  Eq. ( 1 0 )  t o q e t h e r  
w i th  E q .  ( 3 ) .  Sometimes it is p o s s i b l e  t o  f i r s t  s o l v e  f o r  r i  such t h a t  Y i ,  and the reby  
Eq, ( 3 1 ,  become on ly  a f u n c t i o n  of T. The problem is decoupled .  
To demons t r a t e  t h i s  methodology and be more s p e c i f i c  i n  ou r  d i s c u s s i o n s ,  le t  us f u r t h e r  
aasume 
(A61 S p h e r i c a l  symmetry, implying t h e  absence  of n a t u r a l  o r  f o r c e d  convec t ion .  
Then t h e  governing e q u a t i o n s  become 
C o n t i n u i t y  d; - = 
a; 
Energy  
where  r is t h e  r a d i a l  c o - o r d i n a t e ,  s i n d i c a t e s  t h e  s u r f a c e ,  k=( p u r 2  ) / (  p 6 r s ) ,  ;=r/rS, 
T-CpT/O, 
is t h e  r a t i o  o f  t h e  c h a r a c t e r i s t i c  f low time t o  t h e  c h a r a c t e r i s t i c  r e a c t i o n  time, and Tr 
is a  c h a r a c t e r i s t i c  t e m p e r a t u r e  i n  t h e  r e a c t i o n  zone.  
E q u a t i o n  (11) shows t h a t  
m = c o n s t a n t  
i m p l y i n g  t h a t  t h e  mass f low r a t e  is a  c o n s t a n t  as  it s h o u l d  be.  
E q u a t i o n s  ( 1 2 )  and ( 1 3 )  a r e  t o  be s o l v e d  s u b j e c t  to t h e  boundary  c o n d i t i o n s  
where L is t h e  l a t e n t  h e a t  o f  g a s i f i c a t i o n .  E q u a t i o n s  ( 1 8 )  and ( 2 0 )  r e s p e c t i v e l y  s t a t e  
t h a t  o x i d i z e r  d o e s  n o t  p e n e t r a t e  i n t o  t h e  s u r f a c e ,  and t h a t  a l l  t h e  h e a t  c o n d u c t e d  t o  t h e  
d r o p l e t  is used f o r  g a s i f i c a t i o n .  E q u a t i o n s  ( 1 5 )  t o  ( 2 1 )  c o n s t i t u t e  s e v e n  b o u n d a r y  
c o n d i t i o n s  to s o l v e  f o r  t h e  t h r e e  second  o r d e r  d i f f e r e n t i a l  e q u a t i o n s ,  Eqs. ( 1 2 )  and ( 1 3 ) ,  
t o g e t h e r  w i t h  t h e  b u r n i n g  r a t e  p a r a m e t e r  fi. 
s o l v i n g  Eq. ( 1 2 ) ,  w e  have  
and 
where  
Thus  t h e  prob lem is r e d u c e d  to t h e  s o l u t i o n  of  Eq. ( 1 3 )  f o r  T, w i t h  Yo and Y F  "L.o., by 
Eqs. ( 2 2 )  and ( 2 3 ) .  
3. The d2-taw and i t a  m o d i f i c a t i o n s  
A p a r t i c u l a r l y  s imple  s o l u t i o n  e x i a t s  i f  we make t h e  f o l l o w i n g  assumpt ion.  
(A7) React ion  proceeds  wi th  an i n f i n i t e l y  f a s t  r a t e  a t  an in f  i n i t e s i m a l l y - t h i n  f l sme 
l o c a t e d  a t  ? f ,  implying t h a t  both r e a c t a n t s  a r e  t o t a l l y  consumed t h e r e .  
Thus we have 
Fur thermore ,  s i n c e  t h e r e  is now no l eakage  of t h e  r e a c t a n t s  through t h e  f lame, t h e  o x i d i z e r  
c o n c e n t r a t i o n  is i d e n t i c a l l y  z e r o  i n  t h e  i n n e r  r e g i o n  t o  t h e  f lame. Thus, i n  p a r t i c u l a r ,  
a t  t h e  d r o p l e t  s u r f a c e  we have 
Applying Eqs. ( 2 4 )  and ( 2 5 )  t o  Eqs. ( 2 2 )  and ( 2 3 ) ,  we o b t a i n  t h r e e  e q u a t i o n s  from which t h e  
t h r e e  pa rame te r s  of p r a c t i c a l  i n t e r e s t ,  namely t h e  burning r a t e  fi, t h e  f l a m e f r o n t  s t a n d o f f  
r a t i o  c f ,  and t h e  flame t empera tu re  Tf ,  can be so lved  a s  
and 
Cp(Tm-T,) + ( Yom/aO)Q 
where B = 
L 
is a  t r a n s f e r  number r e p r e s e n t i n g  t h e  r a t i o  of t h e  " d r i v i n g  f o r c e *  f o r  v a ~ o r i z a t i o n  t o  t h e  
" r e s i s t a n c e "  t o  v a p o r i z a t i o n .  The chemical  sou rce  term, (Yom/oo)Q,  is u s u a l l y  much 
g r e a t e r  than  t h e  thermal  term, Cp(Tl-Ts) . Equa t ions  ( 2 6 )  t o  ( 2 8 )  show t h a t  fi, f f ,  
and Tf a r e  c o n s t a n t s  f o r  a  g iven  f u e l - o x i d i z e r  system. 
F i n a l l y ,  f u r t h e r  assume t h a t  
(A81 Fuel v a p o r i z a t i o n  r a t e  a t  s u r f a c e  is equa l  t o  f u e l  consumption r a t e  a t  f lame m=4npur2. 
Then 
which is s imply  
wi th  
K = 8pb t n ( l + ~ )  ( 3 2 )  
L 
where p i  is t h e  l i q u i d  d e n s i t y .  The pa rame te r  K is known a s  t h e  e v a p o r a t i o n  or burning 
r a t e  c o n s t a n t .  
I n t e g r a t i n g  Eq. ( 3 1 )  y i e l d s  
which forms t h e  b a s i s  of  t h e  d2-taw. 
S e t t i n g  ds = 0, we o b t a i n  t h e  t o t a l  burning time a s  
Equat ion  ( 3 4 )  shows t h a t  T v a r i e s  q u a d r a t i c a l l y  wi th  t h e  i n i t i a l  d r o p l e t  s i z e ,  hence demon- 
s t r a t i n g  the  b a s i c  p r i n c i p l e  of a t o m i z a t i o n  i n  o r d e r  t o  a c h i e v e  r a p i d  g a s i f i c a t i o n .  
I t  is a l s o  of i n t e r e s t  t o  n o t e  t h a t  i n  Eq. ( 2 8 )  we have e x p r e s s e d  Tf i n  such a  way a s  
t o  i l l u s t r a t e  t h e  f a c t  t h a t  it is j u s t  t h e  a d i a b a t i c  flame t empera tu re  f o r  t h e  s t o i c h i o -  
metric r e a c t i o n  between t h e  l i q u i d  f u e l  and t h e  o x i d i z e r - i n e r t  mix tu re .  That  is, t h e  
amount o f  h e a t  r e l e a s e ,  0, by burning u n i t  mass of f u e l  is used [ a )  t o  g a s i f y  t h e  f u e l  
and h e a t  t h e  f u e l  vapor from Ts t o  Tf ,  and ( b )  t o  h e a t  (Yo./ao)- amount of  t h e  
o x i d i z e r  mixture  from T, t o  Tf.  
F igu re  2a shows t h e  d 2 - ~ a w  t empera tu re  and c o n c e n t r a t i o n  p r o f i l e s ,  which a r e  t y p i c a l  o f  
d i f f u s i o n a l  burning.  
Because of i ts  s i m p l i c i t y ,  t h e  d Z - ~ a w  has  been e x t e n s i v e l y  used i n  modeling d r o p l e t  and 
s p r a y  combustion.  I n  p a r t i c u l a r ,  t h e  q u a l i t a t i v e  behav io r  o f  Eq. ( 3 3 )  has  been found to be 
l a r g e l y  c o r r e c t  wh i l e  t h e  burning r a t e  c o n s t a n t  can g e n e r a l l y  be p r e d i c t e d  to w i t h i n  a  
f a c t o r  of  two, a l lowing  f o r  t h e  u n c e r t a i n t y  i n  s e l e c t i n g  t r a n s p o r t  p r o p e r t y  v a l u e s .  
However, e ~ ~ e r i m e n t s ~ ~ ~  on sphe r i ca l ly - symmet r i c  d r o p l e t  combustion r e v e a l  c e r t a i n  
q y a l i t a t i v e l y  d i f f e r e n t  behav io r s ,  i n d i c a t i n g  t h e  e x i s t e n c e  of s e r i o u s  weaknesses i n  t h e  
d  -Law. F igu re  3  shows t h a t ,  immedia te ly  a f t e r  i g n i t i o n ,  t h e r e  e x i s t s  a  s h o r t  period- 
d u r i n g  which ds2 p r a c t i c a l l y  does  not  change. Fur thermore ,  r a t h e r  t han  a  c o n s t a n t ,  rf 
i n c r e a s e s  s i g n i f i c a n t l y  a f t e r  i g n i t i o n .  I n  a  low-Yol envi ronment  t h e  i n c r e a s e  p e r s i s t s  
u n t i l  burnout ,  wh i l e  i n  a  high-Yol envi ronment  tf l e v e l s  o f f  toward t h e  l a t t e r  p a r t  of  
t h e  d r o p l e t  l i f e t i m e .  
Both qf t h e s e  d e v i a t i o n s  a r e  consequences  of i n i t i a l  c o n d i t i o n s  which a r e  no t  i n c l u d e d  
i n  t h e  d  -Law. The i n i t i a l  slow r a t e  of s u r f a c e  r e g r e s s i o n  is p r i m a r i l y  due t o  t h e  need t o  
h e a t  up t h e  i n i t i a l l y  co ld  d r o p l e t  t o  a  t empera tu re  hot  enough to s u s t a i n  s t e a d y  burning;  
f r e q u e n t l y  t h i s  t empera tu re  is c l o s e  t o  t h e  l i q u i d ' s  b o i l i n g  p o i n t  under t h e  p r e v a i l i n g  
p r e s s u r e .  Du-ing t h i s  pe r iod  most of t h e  h e a t  g e n e r a t e d  is used f o r  d r o p l e t  h e a t i n g  
i n s t e a d  of g a s i f i c a t i o n ,  t he reby  r e s u l  t i n !  i n  a  slow s u r f a c e  r e g r e s s i o n  r a t e .  The d r o p l e t  
a l s o  expands a s  it is hea ted  up, hence compensating f o r  t h e  r e d u c t i o n  i n  t h e  d r o p l e t  s i z e  
from gas  i f  i c a t  ion .  
S i n c e  a c t i v e  d r o p l e t  h e a t i n g  and i n t e n s e  g a s i f i c a t i o n  a r e  somewhat mutua l ly  e x c l u s i v e ,  
d r o p l e t  h e a t i n g  is y o s t l y  ove r  i n  about  t h e  f i r s t  10% of t h e  d r o p l e t  l i f e t i m e .  For t h e  
remaining p e r i o d  dS should  va ry  approx ima te ly  l i n e a r l y  wi th  time. During mult icomponent 
d r o p l e t  combustion o r  h igh -p res su re  combustion t h e  d r o p l e t  h e a t i n g  pe r iod  can be c o n s i d e r a -  
b l y  l o n g e r ,  a s  w i l l  be d i s c u s s e d  l a t e r .  
To model d r o p l e t  h e a t i n g  one may s imply  i n c l u d e  i n  t h e  l a t e n t  h e a t  of  v a p o r i z a t i o n ,  L, 
a n  a d d i t i o n a l  amount r e p r e s e n t i n g  t h e  h e a t  conducted i n t o  t h e  d r o p l e t  i n t e r i o r .  T h i s  
amougt can then be determined by s o l v i n g  t h e  t empera tu re  d i s t r i b u t i o n  w i t h i n  t h e  drop-  
l e t .  * '  
The observed behav io r  of Ff can be e x p l a i n e d  by t h e  f a c t  t h a t  t h e  f u e l  t ' ipor  p r e s e n t  
i n  t h e  r eg ion  betwegn t h e  d r o p l e t  and t h e  f lame c o n t i n u o u s l y  change a s  thc  ,:;oplet and 
flame s i z e s  change.  The s i g n i f i c a n c e  of t h i s  v a r i a t i o n  can be a p p r e c i a t e d  by c o n s i d e r i n g  
a  d r o p l e t  immediate19 a f t e r  it is i g n i t e d .  A t  t h a t  i n s t a n t  t h e  amount of f u e l  vapor  p re s -  
e n t  i n  t h e  i n n e r  r e g i o n  should  be of t h e  same o r d e r  a s  t h e  amount p r e s e n t  i n  t h e  d r o p l e t  
v i c i n i t y  b e f o r e  i g n i t i o n .  S i n c e  t h i s  amount is very  sma l l  because  of t h e  low d r o p l e t  
t empera tu re ,  t h e  f lame i n i t i a l l y  must l i e  c l o s e  t o  t h e  d r o p l e t  s u r f a c e .  With subsequen t  
g a s i f i c a t i o n  t h e  f u e l  vapor p r e s e n t  i n  t h e  i n n e r  r eg ion  i n c r e a s e s  and l a r g e r  f l ames  can be 
suppor t ed .  T h e r e f o r e  on ly  p a r t  of t h e  f u e l  vapor i zed  d u r i n g  t h i s  p e r i o d  is consumed a t  t h e  
f lame,  t h e  rest is being accumulated i n  t h e  i n n e r  r eg ion  a s  t h e  f lame expands.  T h i s  amount 
may a l s o  become d e p l e t e d  toward t h e  l a t t e r  p a r t  of t h e  d r o p l e t  l i f e t i m e .  
I t  is r easonab le  t o  expec t  t h a t  t h e  accumulated amaunt is s i g n i f i c a n t  because  a l t h o u g h  
t h e  g a s  d e n s i t y  is low compared wi th  t h e  l i q u i d  d e n s i t y ,  t h e  f lame s i z e  can be s u b s t a n t i a l  
such t h a t  volume e f f e c t  dominates .  Fur thermore  t h e  f u e l  vapor  is a c c ~ m u l a t e d  a t  t h e  
expense  of t h e  f i n i t e  d r o p l e t  mass. Indeed it is ea y t o  demons t r a t e  t h a t  t h e  amount of 
t h e  f u e l  vapor p r e s e n t ,  a s  g iven  by r e s u l t s  of  t h e  dP-Law, is of t h e  same o r d e r  a s  r h e  
d r o p l e t  mass. 
The e x i s t e q c e  of t h i s  accumula t ion  p r o c e s s  i m p l i e s  t h a t  mass c o n s e r v a t i o n  is a c t u a l l y  
v i o l a t e d  in d  -Law. Ra the r ,  o v e r a l l  mass c o n s e r v a t i o n  f o r  t h e  f u e l  vapor shou ld  r e a d ,  
G a s i f i c a t i o n  r a t e  a t  d r o p l e t  s u r f a c e  
- Consumption r a t e  a t  f l a m e  
+ A c c u m u l a t i o n / D e p l e t i o n  r a t e  i n  t h e  i n n e r  r e g i o n  
The last t e r m  is a b s e n t  i n  t h e  d2-Law. 
When t h e  a c c u m u l a t i o n  p r o c e s s  is i n c l u d e d  i n  t h e  f o r m u l a t i o n 6 ,  t h e n  t h e  e x p e r i m e n t a l l y  
o b s e r v e d  b e h a v i o r  o f  t f  is p r e d i c t e d .  The r e s u l t  t h a t  f f  d o e s  a p p r o a c h  a c o n s t a n t  
v a l u e  f o r  b u r n i n g  i n  h l g h  YO- e n v i r o n m e n t s  c a n  a l s o  be e x p l a i n e d  by its r e l a t i v e l y  
s m a l l e r  f l a m e  s i z e ,  which r e q u r i e s  less f u e l  v a p o i  f o r  a c c u m u l a t i o n .  
An i m p o r t a n t  p r a c t i c a l  i m p l i c a t i o n  o f  f u e l  v a p o r  a c c u m u l a t i o n  is t h a t  s i n c e  t h e  f u e l  
g a s i f i c a t i o n  r a t e  is n o t  e q u a l  t o  t h e  f u e l  c o n s u m p t i o n  r a t e ,  a d o p t i o n  o f  t h e  d2-Law i n  
s p r a y  model ing  may r e s u l t  i n  g r o s s l y  e r r o n e o u s  e s t i m a t e s  of  t h e  b u l k  c h e m i c a l  h e a t  r e l e a s e  
r a t e .  I n  p a r t i c u l a r ,  i n  a l o w - o x i d i z e r  e n v i r o n m e n t  some f u e l  v a p o r  is still  l e f t  b e h i n d  
upon c o m p l e t e  d r o p l e t  g a s i f i c a t i o n ,  a s  shown i n  F i g .  4.  
4 .  F i n i t e - r a t e  k i n e t i c s  a n d  t h e  f l a m e  s t r u c t u r e  
I t  is p e r h a p s  somewhat r e m a r k a b l e  t h a t  b e c a u s e  o f  t h e  b a s i c  d i f f u s i v e  n a t u r e  o f  d r o p l e t  
c o m b u s t i o n ,  much c a n  be l e a r n e d  by making t h e  f l a m e - s h e e t  a p p r o x i m a t i o n  w i t h o u t  h a v i n g  to 
c o n s i d e r  t h e  d e t a i l e d  r e a c t  i o n  k i n e t i c s .  T h e r e  a r e ,  however ,  c e r t a i n  phenomena i n  which  
t h e  c h e m i c a l  r e a c t i o n  r a t e  c a n  be o f  t h e  same o r d e r  a s  t h e  d i f f u s i o n  r a t e  ill p a r t s  o f  t h e  
f l o w  f i e l d .  They c a n  o n l y  be d e s c r i b e d  by a l l o w i n g  f o r  f i n i t e - r a t e  k i n e t i c s  and t h e r e b y  
r e s o l v i n g  t h e  f l a m e  s t r u c t u r e .  I m p o r t a n t  e x a m p l e s  a r e  t h e  d e t e r m i n a t i o n  of  t h e  i g n i t i o n /  
e x t i n c t  i o n  limits and t h e  c o m b u s t i o n  o f  m o n o p r o p e l l a n t  d r o p l e t s .  
To r e s o l v e  t h e  f l a m e  s t r u c t u r e ,  it is n e c e s s a r y  to s o l v e  Ea. ( 1 3 )  w i t h  t h e  r e a c t i o n  
term, which is g o v e r n e d  by t h e  Damk6hler number D and t h e  a c t i v a t i o n  e n e r g y  E, For  r e a c -  
t i o n s  o f  i n t e r e s t  t o  c o m b u s t i o n  E u s u a l l y  assumes  a l a r g e  v a l u e ,  o f  t h e  o r d e r  o f  20 to 100  
k c a l / m o l e .  Thus  t h e  A r r h e n i u s  f a c t o r  exp(-E/ROT) is a v e r y  s e n s i t i v e  f u n c t i o n  o f  t emper -  
a t u r e .  I t  assumes  t h e  maximum v a l u e  a t  t h e  l o c a t i o n  o f  t h e  maximum t e m p e r a t u r e  i n  t h e  f l o w  
f i e l d .  However, by moving s l i g h t l y  away from t h i s  l o c a t i o n ,  t h e  s l i g h t  d e c r e a s e  i n  t h e  
t e m p e r a t u r e  can  s i g n i f i c a n t l y  r e d u c e  t h e  magni tude  o f  t h e  A r r h e n i u s  f a c t o r  and t h e r e b y  
e f f e c t i v e l y  f r e e z e  t h e  c h e m i c a l  r e a c t  i o n .  
Thus t h e  f low f i e l d  can  be c o n s i d e r e d  t o  c o n s i s t  o f  a n a r r o w  r e a c t i o n  r e g i o n  s e p a r a t i n g  
two b r o a d  c h e m i c a l l y - f r o z e n  r e g i o n s  i n  which f u e l  and o x i d i z e r  d i f f u s e  toward  e a c h  o t h e r .  
F u r t h e r m o r e ,  s i n c e  t h e  g r a d i e n t s  of  t h e  f low p r o p e r t i e s  a r e  v e r y  s t e e p  w i t h i n  t h e  n a r r o w  
r e a c t  i o n  r e g i o n ,  d i f f u s i o n  d o m i n a t e s  o v e r  c o n v e c t  i o n  and t h e r e f o r e  b a l a n c e s  t h e  r e a c t  i o n  
te rm.  On t h e  o t h e r  hand i n  t h e  f r o z e n  r e g i o n s  d i f f u s i o n  b a l a n c e s  c o n v e c t i o n .  F i n a l l y ,  
s i n c e  r e a c t i o n  p r o c e e d s  a t  a f i n i t e  r a t e ,  t h e  r e a c t a n t s  c a n n o t  be c o a p l e t e l y  consumed 
w i t h i n  t h e  f l a m e  and t h e r e f o r e  may l e a k  t h r o u g h  i t .  T h i s  l e a k a g e  r e o r e s e n t s  i n c o m p l e t e  
f u e l  u t i l i z a t i o n  and i n  s e v e r e  c a s e s  c a n  l e a d  to e x t i n c t i o n .  The g e n e r a l  t e m p e r a t u r e  and 
c o n c e n t r a t i o n  p r o f i l e s  a r e  shown i n  F i g .  2b. 
A s ~ l u t i o n  o f  E q .  ( 1 3 )  u s u a l l y  y i e l d s  an S-shaped m u l t i - v a l u e d  c u r v e  when a r e l e v a n t  
p a r a m e t e r ,  s a y  6, is p l o t t e d  v e r s u s  D ( F i g .  5 ) .  T h i s  S - c u r v e  c a n  be i n t e r p r e t e d  a s  f o l l o w s .  
For  D = 0 ,  t h e  f l o w  is c h e m i c a l l y  f r o z e n  e v e r y w h e r e  and we r e t r i e v e  t h e  p u r e  v a p o r i z a -  
t i o n  s t a t e .  By g r a d u a l l y  i n c r e a s i n g  D a l o n g  t h e  lower  b r a n c h ,  weak c h e m i c a l  r e a c t i o n  is 
p o s s i b l e  l e a d i n g  to s l i a h t  i n c r e a s e s  i n  i. However, w i t h  c o n t i n u o u s  i n c r e a s e  i n  D a v a l u e  
D I  w i l l  be r e a c h e d  beyond which t h e  o n l y  p o s s i b l e  s o l u t i o n  l ies on t h e  upper  b r a n c h .  
Thus  a t  DI t h e  s y s t e m  c h a n g e s  a b r u p t l y  from t h e  lower t o  t h e  u p p e r  b r a n c h ,  which r e p r e -  
s e n t s  a l l  t h e  p o s s i b l e  b u r n i n g  s t a t e s .  I n  p a r t i c u l a r  a s  D + - we r e t r i e v e  t h e  f l a m e - s h e e t  
s o l u t i o n .  T h e r e f o r e  t h i s  lower  t u r n i n g  p o i n t  c a n  be i d e n t i f i e d  a s  t h e  i g n i t i o n  s t a t e  and  
DI a n  i g n i t i o n  ~ a m k o h l e r  number. S i m i l a r l y  i f  we c o n t i n u o u s l y  d e c r e a s e  D a l o n g  t h e  u p p e r  
b r a n c h ,  t h e n  beyond DE s t e a d y  b u r n i n g  c e a s e s  to be p o s s i b l e  and o n l y  t h e  lower  b r a n c h  h a s  
s o l u t i o n s .  T h e r e f o r e  t h e  u p p e r  t u r n i n g  p o i n t  c a n  be i d e n t i f i e d  a s  t h e  e x t i n c t i o n  s t a t e  and 
DE a n  e x t i n c t  i o n  Damkohler number. 
P h y s i c a l l y ,  t h e  n o n - e x i s t e n c e  of  s o l u t i o n s  i m p l i e s  t h a t  t h e  c h e m i c a l  r e a c t i o n  r a t e  can-  
n o t  b a l a n c e  t h e  h e a t  t r a n s p o r t  r a t e .  Thus  f o r  t h e  lower  b r a n c h ,  beyond DI, t h e  c h e m i c a l  
h e a t  is g e n e r a t e d  s o  f a s t  i n  t h e  r e a c t i o n  r e g i o n  close t o  t h e  h o t ,  o x i d i z i n g ,  a m b i a n c e  t h a t  
Z. t h e y  c a n n o t  be t r a n s p o r t e d  away i n  a s t e a d y  manner .  T h i s  l e a d s  to a n  i n c r e a s e  i n  t h e  r e a c -  
t i o n  zone  t e m p e r a t u r e  and t h e r e b y  f u r t h e r  i n c r e a s e  i n  t h e  r e a c t i o n  r a t e ,  c u l m i n a t i n g  i n  t h e  
runaway e v e n t  o f  i g n i t i o n .  T h i s  feed-back  mechanism p r o c e e d s  e x t r e m e l y  r a p i d l y  b e c a u s e  o f  
t h e  h i g h l y  t e m p e r a t u r e - s e n s i t i v e  A r r h e n i u s  k i n e t i c s .  
, S i m i l a r l y ,  f o r  t h e  u p p e r  b r a n c h ,  t h e  e f f e c t s  o f  t h e  f i n i t e  r e a c t i o n  r a t e  a r e  t h a t  t h e  
f!ame is b r o a d e n e d  and b o t h  f u e l  and o x i d i z e r  c a n  now l e a k  t h r o u g h  t h e  f l a m e  zone .  T h u s  
w i t h  e x c a s s i v e  l e a k a g e  t h e  c h e m i c a l  h e a t  r e l e a s e  c a n n o t  k e e p  up w i t h  t h e  h e a t  t r a n s p o r t e d  
away from the flame zone, leading to a precipitous drop in the flame temperature and 
thereby extinction. 
Equation (1 3) has been formally solvsd ,!sing the new1 y-developed technique of large 
activation energy asymptotic technique. r The diffusive-reactive and diffusive-con- 
vective regions are separately solved and matched, using the ratio of the thermal energy in 
the reaction region to the activation energy as the small parameter of expansion. The 
S-curve is reproduced and explicit expressions derived for the ignition and extinction 
states. These criteria are useful in assessing the combustibility of a given droplet- 
oxidizer system. 
Finite-rate kinetics is also essential in the study of monopropellant droplet combus- 
tion. Unlike conventional hydrocarbon fuels which burn through diffusion flames, a mono- 
propellant contains both fuel and oxidizer. Thus after gasification the outwardly-trans- 
ported gas is a premixed combustible, which will eventually burn as a premixed flame. 
While a detailed discussion of the structure of premixed flames is outside the scope of 
this paper, it m y  be noted that studies4 have shown that for large droplets the burning 
resembles that of one-dimensional premixed flame, with 
d(ds) 
- constant , 
dt 
while for small droplets the hrning resembles that of the conventional fuel droplet, with 
d(dZ) 
- constant . 
dt 
5. Proplet dynamics 
The heat and mass transfer processes of the spherically-symmetric droplet combustion 
discussed so far are closely influenced by the droplet dynamics, and vice versa. As 
mentioned previously, while increasing non-radial convect ion generally increases the 
gas-phase transport rates and thereby the burning rate, there exists an upper limit in the 
convection intensity at which the flame can be blown off, that is extinguished. Various 
semi-empirical corr lations have been proposed for the burning rate augmentation due to 
convection, such as f 
where KS.,, is the spherically-symmetric result. Systematic theoretical and experimental 
investigation on the blow-off of the droplet flame have also p e n  conducted. In particular 
criteria governing the blow-off limits have been determined. ' 
Comb~stion can influence the droplet drag and therefore its dynamics in talree essential 
ways. The outward mass flux at the droplet surface reduces friction drag but increases 
pressure drag because of early separation. The net result is as yet unclear. The exis- 
tence of the interfacial velocity, especially after the droplet has been substantially 
heated up, may delay separation and hence reduce both the friction and pressure drag. 
Finally, the significant elevation of the temperature in both the gas and liquid phases, 
and the increase in the gas density because of the presence of the high-molecular-weight 
fuel vapor, can all greatly influence the fluid properties and therefore the drag coeffi- 
cient. The above factors have not been systematically investigated. 
:n the section on multicomponent fuels we shall further show that the existence of 
internal mot ion may qualitatively influence the combust ion characteristics of multicom- 
ponent droplets. 
6. Near- and super-critical combustion 
Because of the enhanced cumbustion efficiency and intensity under high pressure, 
internal combustion engines operate under elevated pressures frequently in excess of the 
thermodynamic critical pressure of the liquid fuel. For example, while the critical pres- 
sures of diesel fuels are of the order of 20 atm, th.1 ptessure within diesel engines can 
range from 40 atm at the end of the compression stroke to twice that value at the peak com- 
bustion pressure. While these values seem to indicate that the droplet should undergo 
supercrit ical combustion early in its lifetime, considerations of the f fnite droplet 
heating rate and the dissolution of the permanent gases, which can raise the critical 
pressures of the fuel to the range of 40 to 60 atm, render it p~ssible that the droplet 
actually attains criticality after it is mostly vaporized. 
A t  e l e v a t e d  p r e s s u r e s  v a r i o u s  a s p e c t s  of low-pressure  d r o p l e t  combustion need to be 
r e v i s e d .  The e l e v a t i o n  of t h e  l i q u i d  b o i l i n g  p0ir.t l e n g t h e n s  t h e  d r o p l e t  h e a t i n g  p e r i o d  
and the reby  its l i f e t i m e .  The o v e r a l l  chemical  r e a c t i o n  r a t e  g e n e r a l l y  i n c r e a s e s  wi th  
p r e s s u r e ,  hence making e x t i n c t i o n  more d i f f i c u l t  bu t  f a v o r i n g  t h e  fo rma t ion  of such p o l -  
l u t a n t s  a s  NOx and s o o t .  A s  t h e  c r i t i c a l  s t a t e  is approached,  gas-phase c o m p r e s s i b i l i t y  
becomes impor t an t ,  wh i l e  t h e  reduced s u r f a c e  t e n s i o n  enhances  i n t e r n a l  c i r c u l a t i o n  and 
f a v o r s  d r o p l e t  de fo rma t ion  and breakup.  The gas-phase q u a s i - s t e a d y  assumpt ion b r e a k s  down 
a s  t h e  g a s  and l i q u i d  d e n s i t i e s  become comparable.  F i n a l l y ,  a t  t h e  c r i t i c a l  s t a t e  t h e  d i s -  
t i n c t i o n  between g a s  and l i q u i d  v a n i s h e s  and t h e  phenomena of i n t e r e s t  c e a s e  t o  belong t o  
t h e  a r e a  o f  d r o p l e t  combustion.  
7. Multicomponent d r o p l e t  combust ion  
Huch of t h e  e a r l i e r  s t u d i e s  on d r o p l e t  combustion used pure  f u e l s .  Bowever, r e c e n t  
developments i n  eng ine  d e s i g n  and f u e l  f o r m u l a t i o n  i n d i c a t e  t h a t  mult icomponent e f f e c t s  
w i l l  become p r o g r e s s i v e l y  more impor t an t  i n  t h e  u t i l i z a t i o n  of l i q u i d  f u e l s .  Combustion 
p r o c e s s e s  w i t h i n  e n g i n e s  w i l l  be more t i q h t l y  c o n t r o l l e d  t o  f u r t h e r  improve e f f i c i e n c y  and 
r educe  emis s ions .  The s y n t h e t i c  f u e l s  d e r i v e d  from c o a l ,  t a r  sand,  and o i l  s h a l e  w i l l  have 
more complex composi t ion  a s  w e l l  a s  h i g h e r  and wider b o i l i n g  p o i n t  ranges .  There  a l s o  
e x i s t s  c m s i d e r a b l e  i n t e r e s t  i n  t h e  u t i l i z a t i o n  of such hybr id  f u e l s  a s  w a t e r / o i l  emul- 
s i o n s ,  a l c o h o l / o i l  s o l u t i o n s  and emuls ions ,  and c o a l - o i l  m i x t u r e s .  The widely  d i f f e r e n t  
p h y s i c a l  and chemical  p r o p e r t i e s  of  t h e  c o n s t i t u e n t s  of t h e s e  hybr id  f u e l s  n e c e s s i t a t e s  
c o n s i d e r a t i o n  of mult icomponent e f f e c t s  i n  an e s s e n t i a l  way. 
To unders tand he te rogeneous  m:~l t icomponent  f u e l  combustion,  e i t h e r  a s  a  d r o p l e t  o r  i n  
some o t h e r  forms (e.g.  pool b u r r i n g : ,  t h e  fo l lowing  t h r e e  f a c t o r s  have t o  be c o n s i d e r e d .  
( i )  The r e l a t i v e  c o n c e n t r a t i o n s  and v o l a t i l i t i e s  of t h e  l i q u i d  c o n s t i t u e n t s ,  a s  would be 
expec ted .  
( i i )  The m i s c i b i l i t y  of t h e  l i q u i d  c o n s t i t u e n t s .  T h i s  c o n t r o l s  t h e  phase change cha rac -  
t e r i s t i c s .  For example t h e  p a r t i a l  vapor pr \ -ssure  of a  m i s c i b l e  f u e l  b lend can  be 
g r e a t l y  modif ied  when it is e m u l s i f i e d  wi th  ebm a s m a l l  q u a n t i t y  of wa te r  and 
changes  i n t o  an i r t~misc ib le  mix tu re .  
( i i i )  The i n t e n s i t y  of motion w i t h i n  t h e  l i q u i d .  T h i s  . ' n f luences  t h e  r a t e  w i th  which t h e  
l i q u i d  components can be brought  t o  t h e  s u ~ f a c e  a t  which g a s i f i c a t i o n  t a k e s  p l a c e .  
The t h i r d  p o i n t  r e q u i r e s  f u r t h e r  a m p l i f i c a t i o n .  F i r s t ,  it is obv ious  t h a t  no m a t t e r  how 
v o l a t i l e  a  l i q u i d  e lement  is, it cannot  g a s i f y  u n l e s s  it is exposed a t  t h e  d r o p l e t  s u r f a c e  
e i t h e r  through t h e  p a s s i v e  mode of s u r f a c e  r e g r e s s i o n ,  or t h e  a c t i v e  modes of d i f f u s i o n  and 
i n t e r n a l  c i r c u l a t i o n .  However, l i q u i d - p h a s e  mass d i f f u s i o n  is an ex t r eme ly  slow p r o c e s s :  
i t s  r a t e  beinr; one t o  two o r d e r s  s lower  than t h a t  of s u r f a c e  r e g r e s s i o n .  T h e r e f o r e  wi th  i t  
be ing  t h e  dominant a c t i v e  mode of t r a n s p o r t ,  it is r e a s o n a b l e  t o  e x p e c t  t h a t  both t h e  vo la -  
t i l e  and n o n - v o l a t i l e  l i q u i d  e l emen t s  i.1 t h e  c o r e  of t h e  d r o p l e t  w i l l  be ' t rapped* d u r i n g  
most of t h e  d r o p l e t  l i f e t i a e .  Under t h i s  s i t u a t i o n  t h e  r e l a t i v e  v o l a t i l i t i e s  of t h e  i n d i -  
v i d u a l  components o b v i o u s l y  cannot  be t h e  dominat inq  f a c t o r s  i n  e f f e c t i n g  g a s i f i c a t i o n .  On 
t h e  o t h e r  hand, i n  t h e  p re sence  of  i n t e r n a l  c i r c u l a t i o n ,  l i q u i d - p h a s e  mass t r a n s p o r t  is 
f a c i l i t a t e d  such t h a t  t h e  r e l a t i v e  v o l a t i l i t i e s  exert much s t r o n g e r  i n f l u e n c e  on t h e  i n d i -  
v i d u a l  g a s i f i c a t i o n  r a t e s .  
Thus t h e  combustion c h a r a c t e r i s t i c s  of a  mult icomponent d r o p l e t  can be d i s c u s s e d  i n  t h e  
two ext reme r a t -  o f  i n t e r n a l  mixing,  namely ( a )  a  d i f f u s i o n  l i m i t  i n  which t h e r e  is no 
motion w i t h i n  t h e  d r o p l e t  i n t e r i o r  such t h a t  d i f f u s i o n  is t h e  on ly  a c t i v e  t r a n s p o r t  mode, 
and (b) a  (somewhat a r t i f i c i a l )  d i s t i l l a t i o n  l i m i t  i n  which it is assumed t h a t  mixing 
o c c u r s  s o  f a s t  t h a t  t h e  s t a t e s  w i t h i n  t h e  d r o p l e t  i n t e r i o r  a r e  p e r p e t u a l l y  un i fo rmized .  
Let  us f i r s t  d i s c u s s  t h e  combustion of m i s c i b l e  f u e l  b l e n d s  i n  t h e s e  two limits. 
Because of d i f f u s i o n a l  r e s i s t a n c e ,  it is r e a s o n a b l e  t o  e x p e c t  t h a t  t h e  compos i t ion  o f  
t h e  d r o p l e t  i nne r  c o r e  is p r a c t i c a l l y  no t  i n f l u e n c e d  by t h e  s u r f a c e  g a s i f i c a t i o n  and t h e r e -  
f o r e  remains  c l o s e  t o  its i n i t i a l  v a l u e .  However, s i n c e  t h e  v o l a t i l e  component has  a  r e l a -  
t i v e l y  lower c o n c e n t r a t i o n  a t  t h e  s u r f a c e ,  t h  e re t h e r e  must e x i s t  a t h i n  s u r f a c e  l a y e r  
through which t h e  composi t ion  r a p i d l y  changes  "*", a s  shown i n  Fig.  6. Fur thermore ,  [ o v e r a l l  itass c o n s e r v a t i o n  r e q u i r e s  t h a t  t h e  f r a c t i o n a l  g a s i f i c a t i o n  r a t e  of t h e  i t h  s p e c i e s  
k muat be equa l  t o  i ts  i n i t i a l  mass f r a c t i o n .  T h e r e f o r e  it is r e a s o n a b l e  t o  e x p e c t  t h a t  
i a f t e r  t h e  i n i t i a l  d r o p l e t  h e a t i n g  p e r i o d ,  a  d  -Law behav io r  shou ld  p r e v a i l  f o r  t h e  d r o p l e t  
s i z e  h i s t o r y ,  a s  shown in  Fig .  7 .  
The d i f f u s i o n a l  s t r a t i f i c a t i o n  of t h e  c o n c e n t r a t i o n  can l e a d  to tP3 o c c u r r e n c e  of an 
I i n t e r e s t i n g  d i s r u p t i v e  combustion phenomenon termed micro-explos ion.  I t  i e  reasoned t h a t  
s i n c e  t h e  d r o p l e t  s u r f a c e  has  a  h i g h e r  c o n c e n t r a t i o n  of t h e  n o n - v o l a t i l e ,  h i q h - b o i l i n g -  
p o i n t ,  component, and s i n c e  t h e  d r o p l e t  t empera tu re  is c o n t r o l l e d  by its compos i t ion  a t  t h e  
surface, therefore the droplet can be heated to a high temperature. However, the droplet 
inner core is concentrated with the volatile, low-boiling-point, component. It is there- 
fore possible that the inner core mixture can be heated to its limit of superheat and 
homogeneously nucleates. The subsequent internal pressure build-up is tremendous and 
causes the droplet to explode violently. 
It has also k e n  predicted that micro-explosion can occur only for an optimum range of 
mixture concentration; the non-volatile component is needed to drive up the dr~plet~ffqper- 
ature while the volatile component is needed to facilitate homogeneous nucleation. 
Furthermore, since the boiling point increases significantly with pressure while the homo- 
geneous nucleation temperature is extremely insensitive tqjpressure variations, at leart 
for pressures not close to critical, it is also suggested that increasing pressure 
enhances the occurrence of micro-exploeion. This is an attractive consideration for appli- 
cation in internal combustion engines. 
The occurreTge of micro-explosion and its compositional dependence have been experimen- 
tally verified , although the pressure dependence has not been experimentally investi- 
gated. 
The possible occurrence of micro-explosion offers interesting potential in the flexibil- 
ity with fuel atomization. That is, fine atomization need not be the primary concern with 
designing the spraying process. In fact, it may be advantageous to have somewhat larger 
droplets which possess sufficient inertial for penetration into the combustor interior in 
order to achieve optimum charge distribution. Upon penetration, rapid gasification can 
then be effected through micro-explosion. 
In the distillation limit1' the perpetual uniformization of the droplet composition 
implies that the volatility-differentials should be the controlling factor. The gasifi- 
cation of the components should occur approximately sequentially according to their rela- 
ti e volatilities. Thus for components with sufficiently different volatilities a plot of 
dsY versus time should yield approximately linear segments of different slopes separated 
by sharp transition periods, during which the droplet temperature increases (Fig. 7). Such 
behavior has been experimentally verified. The droplet lifetime may or may not exceed that 
of the diffusion limit. It is also obvious that in the absence of diffusional stratifica- 
tion micro-explosion will not occur in this limit. Thus enhanced mixing, say in the form 
of internal circulation generated by external convection, tends to inhibit micro-explosion. 
It may also belgoted that the distillation limit is an artificial one. Recently more 
rigorous analyses allowing for internal circulation show that the distillation limit can 
never be approached and that diffusional stratificaton prevails even ucdcr intense external 
convection. On the other hand experiments on droplet combustion subjected to either 
natural and,'or orced convection do show distillation-like behavior even with mild convec- 
tive intensity.' As of now no satisfactory explanation exists for this disagreement. 
Next we discuss the combustion of water-in-oil (W/O) emulsions, which have been tested 
in a varigty of combustors including the diesel engine, t!~e gas turbine, and furnaces and 
boilers. The results generally indicate a reduction in soot and NOx emissions while 
those of CO an8 unburned hydrocarbons are somewhat increased. Change in the combustor 
efficiency on the basis of oil consumption is less clear; slight improvements and degrada- 
tion have been reported depending on th+ state and type of the combustor, the testing pro- 
cedure, and the properties of the emulsions used. 
The main differences between an W/O emulsion and a miscible fuel blend is ghat the water 
micro-droplets do not diffuse and that the immiscibility property can signif icantly inf lu- 
ence the phase equilibrium relation at the droplet surface. For example under equilibricm 
vaporization, which implicitly requires a distillation mode of internal transport, each 
immiscible component will vaporize independent of the presence and quantity of the other 
component. This implies that the boiling point of the emulsion is limited by the lower of 
the boiling points of these components. Thus the attainable temperature and the associated 
vapor pressure of a high-boiling-point oil can be greatly suppressed by adding only a m a l l  
quantity of water. Micro-explosion obviously is not possi)tll On the other hand, in the 
absence of significant internal motion, it has been found that micro-explosion again 
occurs and is actually more violent than that for a miacible fuel blend. This is reasona- 
ble because of the large amount of the superheated maas available within the water micro- 
droplets. 
Finally we discuss the combustion of coal-oil-mixtures (COM), which offera a promis:ng 
technology for coal utilization b.i mixing finely crushed coal in oil and ther, directly burn 
the coal-oil mixture in such stationary burners as furnaces and boilers. The concept is 
attractive in that it enables the direct substitution of oil by coal, that the crushing and 
mixing processes involved in its preparation are more economical than the energy-expensive 
coal-liquefact ion and gasif icatian processes, and that the mixture is st ill puapable and 
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hence can be readily used in the conventional oil-fired combustors with minimum hardware 
modification. 
The combustion characteristics of COH droplets again depend intimately on the extent of 
internal circulation. Internal bubbling and disruptive combustion should be facilitated 
because, with coal particles serving as potential heteroqeneous nucleation sites, the 
droplet doe8 not need to reach the high temperature required to initiate homogeneous 
nucleation. However, the intensity of explosion will bc milder because af the reduced 
amount of superheat available. 
Experimentally, sporadic, mild fragmentat ions have been obserytd for a suspended 
coal/diesel droplet burning in the quiescent, normal atmosphere. The fragmentation 
becomes explosive with the aaaition of less than 58 water. However, these fraga~entations 
can be completely suppressed by increasing the extent of external convectior~ produced 
either by upward blowing of hot gas or simply letting the COM droplet fall tnrough a hot 
furnace. Therefore in the absence of fragmentation, all the coal particles oriqinqily 
present in the COM droplet are concentrated into a large coal particle agglomerate , which 
requires a long burning time and is expected to be a serious problem with COM utilization 
in combustors with short residence times. 
8. Droplet interaction 
In the practical situation within a spray, any given droplet is surrounded by and 
therefore interacts with the rest of the droplet ensemble. Since the sharacteriatic 
droplet separation distance can be of the same order as the flame size , the intensity of 
interaction can be quite strong. In particular, for sufficiently short separation 
distances, the droplets will burn as a merged flame icstead of individually. 
To study interaction effects, it is necessary to solve Eqs. (3) and (lo), together with 
the momentum conservation equation, for the three-dimensional flow configuration. If we 
make the thin-f lame approximat ion and also ass1:me weak convect ion, then the analysis 
simplifies to that of the Laplace Equation, ~ $ ~ w Q i c h  many solution pt.ocedures exist. In 
the presence of convection, special solutioils - have also been obtained. 
Experimentally it has been tgat interaction reduces the droplet burning 
rate becauae of the competition for oxygen. d -Law behavior obviously does not hold 
because of droplet regression and therefore the continuous variation of the droplet surface 
separation distance. The presence of buoyancy, however, can significantly increase the 
burning rqte 2$ecause of the synergist ically-enhanced convective transport between 
droplets. - 
The case of strongly coilvective situation is of special interest because of the 
influence of wake regiol?~ on neighboring droplets Another area c,f active research on 
droplet interaction ip the Leidenfrost  heno omen on'^, in which the droplet gasifies over a 
hot surface and exhibits a non-monotonic behavior in its lifetime with increasing surface 
temperature. 
9. Concluding remarks 
Presently the fundamental mechanism governing low-pressure, spherically-symmetric, 
single-component droplet combustion can be considered to he reasonably well understood. 
However, quantitative prediction of the burning characteristics is still inadequate, 
primarily as a result of transport property variations. This becomes serious during 
Intense burning because the elevated flame temperature not only causes dissociation, but 
also introduces greater temperature and compositional variations in the transport 
properties. It would be GE interest t.o conduct a numerical simulation of such a process, 
using realistic transport properties but simplified react ion schemes, and compare the 
predictions with the existing experimental data. Caution should be exercised in assessing 
the initial conditions which affect the droplet heating and fuel vapor accumulation 
procesees. 
The dynamics of a vaporizing droplet, with various intensities of interfacial mass flux, 
and the coupled problem of droplet vaporization under external convection, have not been 
adequately explored. Systematic studies assuming low, intermediate, and moderately high 
Reynolds number flows are all needed. 
A detailed study of the droplet internal motion and transfer processes could also 
resolve the issue that while theoretical analysis on convective multicomponent droplet 
combust ion shows non-uniform droplet concentrat ion persists throughout the droplet 
lifetime, experimental results seem to indicate a batch distillation mode with the 
concentrat ion perpetually uniformized. 
The phenomenon of micro-explos ion has  p o t e n t i a l  t o  improve cha rge  p r e p a r a t i o n  and 
d e s e r v e s  f u r t h e r  s t u d y .  For m i s c i b l e  f u e l  b l ends  t h e  dependence o f  micro-explor ion  on t h e  
f u e l  c o n p a s i t i o n  and i n t e r n a l  motion is s e n s i t i v e  and shou ld  be c h a r a c t e r i z e d .  For W/O 
emuls ions ,  emuls ion  s t a b i l i t y ,  t h e  optimum water d r o p l e t  s i z e s ,  and t h e  e f  f e c t  of  p r e s s u r e  
a r e  t h e  impor t an t  problems.  
High-pressure  n e a r - c r i t i c a l  and r u p e r - c c i t i c a l  combustion ir a f e r t i l e  a r e a  o f  
r e s e a r c h .  The pr imary  q u e s t i o n  h e r e  is whether  t h e  d r o p l e t s  can  r each  c r i t i c a l i t y  b e f o r e  
t h e y  have been s u b s t a n t i a l l y  g a s i f i e d .  Many of t h e  a r r u m p t i o n s  i n  laodeling l o w - p r e ~ s u r e  
d r o p l e t  combustion break down nea r  t h e  c r i t i c a l  s t a t e .  The a t t a i n m e n t  of mic ro -exp los ion  
and c o a l - p a r t  i c lc  aqglomerat  i o n  a l s o  depends on whether c r i t i c a l i t y  is reached b e f o r e  t h e s e  
e v e n t s  t a k e  p l a c e .  
I n  view of t h e  r e c e n t  i n t e r e s t  t o  conduct  combustion e x p e r i m e n t s  i n  t h e  g r a v i t y - f r e *  
Space-Lab envi ronment ,  a c a n d i d a t e  exper iment  is t h a t  of t h e  combust i on  and micro-explos  i o n  
of mul t  icomponent d r o p l e t s .  T h i s  expe r imen t  cannot  be e a r i l y  and p e r f e c t l y  conducted  on 
e a r t h  us ing  c o n v e n t i o n a l  t echn iques .  For example t h e  s u s p e n s i o n  t e c h n i q u e  canno t  be used 
because t h e  suspens ion  f i b e r s  can s e r v e  a s  he t e rogeneour  n u c l e a t i o n  sites t o  induce  a r t i -  
f i c i a l  micro-explos ion.  F r e e l y - f a l l i n g  d r o p l e t s  e x p e r i e n c e  f o r c e d  convec t ion  and t h e r e f a r e  
i n t e r n a l  c i r c u l a t i o n ,  whose i n t e n s i t y  a l s o  c o n t i n u o u s l y  v a r i e s  because  of t h e  changes  i n  
t h e  d r o p l e t  v e l o c i t y  and s i z e .  F i n a l l y ,  t h e  p re sence  of n a t u r a l  convec t ion  a l s o  induces  
i n t e r n a l  motion.  Thus on ly  in  a g r a v i t y - f r e e  environment can  a s t a t i o n a r y  and convec t ion -  
f r e e  exper iment  i n v o l v i n g  an unsuspended d r o p l e t  be conducted .  
Recent  advances  i n  computa t iona l  t e c h n i q u e s  a l s o  a l low t h e  p o s s i b i l i t y  of s t u d y i n g  cer- 
t a i n  a s p e c t s  of  d r o p l e t  combustion which a r e  n o t  e a s i l y  amenable to a n a l y t i c a l  s o l u t i o n s .  
One example is t h e  e f f e c t s  due t o  v a r i a b l e  t r a n s p o r t  p r o p e r t y  v a l u e s  a s  j u s t  mentioned.  
The i n f l u e n c e  is e s p e c i a l l y  s t r o n g  i n  t h e  l i q u i d  phase.  For c o n v e c t i v e  combustion numeri- 
c a l  s o l u t i o n  is a l s o  u s e f u l  because  of t h e  l ack  of s p h e r i c a l  symmetry, t h e  p r e s e n c e  o f  t h e  
complex f lows ,  and t h e  f a c t  t h a t  r e l e v a n t  Reynolds numbers f r e q u e n t l y  a r e  i n  t h e  a n a l y t i -  
c a l l y  d i f f i c u l t  range  of 1 t o  100. During h igh p r e s s u r e  combustion much of t h e  convan- 
t i o n a l  assumpt ions  d e s c r i b i n g  d r o p l e t  combust ion  break down (e.g.  gas-phase q u a s i -  
s t e a d i n e s s  and c o m p r e s s i b i l i t y )  such t h a t  numer ica l  s o l u t i o n s  a g a i n  may be neces ra ry .  
F i n a l l y ,  s t u d i e s  on d r o p l e t  i n t e r a c t i o n  may a l s o  f i n d  numer ica l  approach u s e f u l  because  o f  
t h e  l ack  of symmetry i n  t h e  problem. 
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A numerical study of drop-on-demand ink jets 
International Business b!achines Corporation, Research Laboratory, 
5600 Cottle Road, San Jose, California 95193 
Abstract 
A discussion is given of ongoing work related to development and utilization of a numerical model for 
treating the fluid dynamics of ink jets. The model embodies the complete nonlinear, time dependent, 
axi-symmetric equations in finite difference form. An earlier work treated continuous jets in which periodic 
boundary conditions allowed study of local capillary instability to drop formation in a moving reference 
frame. The present study includes the jet nozzle geometry with no-slip boundary conditions and the existence 
of a contact circle. The contact circle is allowed scme freedom of movement, but wetting of exterior surfaces 
has not yet been addressed. The principal objective in current numerical experiments is to determine what 
pressure history. in conjunction with surface forces, will lead to clean drop formation. 
I. Introduction 
Recent experimental fluid drop studies related to ink jet printer design have provided an extensive input 
to guide development of a comprehensivc numerical model for treating surface tension driven flows. As a 
consequence, a full nonlinear model now provides feedback of fundamental interest regarding the appropriate 
interaction of forces for drop formation. The system of numerical programs is lengthy and complex but seems 
adaptable to many problems involving drops and bubbles. 
In a previous study we considered the so-called "continuous jet", where equally spaced drops are produced 
in a continuous stream.I An "intinite jet" model, assuming periodic boundary conditions for a single drop 
region, provided information on drop stream control through suitable harmonic disturbances. Of general 
interest beyond practical matters of ink jets is that these numerical solutions gave the complete intervening 
behavior between Rayleigh's inviscidcapillary jet2 (initial solution) and Lamb's oscillating drop after 
breakup3 (final solution). 
The present study has the added complication of flow from a nozzle, controlled by a pressure history 
intended for the release of a single drop. A contact circle is now involved with the uncertainty of what 
constitutes a rigorous treatment of such a boundary. Further uncertainty exists regarding the pressure history. 
produced by a transducer, since the small scale of the jet precludes measurement of even peak pressures. 
Fortunately the parameter R/W (Reynolds number / Weber number) is in a range that is amenable to numerical 
approximation, and it therefore seems possible that numerical experimentation will shed light on the existing 
uncertainties. 
Currently, the numerical programs are operational with contact circle treatment such that no wetting is 
permitted, as ir generally the case with analytic treatment of pendant drops. Motion of the contact circle 
occurs when negative pressures (relative to ambient) are applied at the nozzle entrance and fluid is drawn 
inward from the free surface. Currently, a square wave history of uniform pressure at the nozzle inlet is 
employed to drive the jet. A positive pulse sufficient to produce the experimental drop size is followed by a 
negative pulse which serves to initiate detachment of a drop. The negative pulse is terminated when the net 
impulse returns to zero. At this stage, surface tension must carry the contraction to final detachment of the 
drop. The objective of the work is to establish quantitatively the conditions which provide optimum drop 
characteristics for high resolution printing. 
In the folloving, we outline the nuwrical method which does not differ appreciably from reference 1. We 
then discuss a series of results which have thue far been confined to parameters of interest in ink jet 
hardware devrlopraent. Concluding remarks point up those aspects of the work where nuwrical solution has 
provided practical insight into the behavior of the flows. 
11. Numerical Method 
The geometry wr consider is easily visualized from an examination of output graphics of Fig. 1. A nozzle 
section of unit radius with inlet on the left is assumed to be connected to a cylindrical chamber with radius 
large compared to the nozzle. In Fig. 1 the nozzle oection is five units in length. (Note that tick marks on 
plot axes define finite difference mesh distances). Only a small additional annular region is needed in the 
geometry since drops generally will be limited to sizes on the order of the nozzle diameter and wettirg of the 
outlet facing is not currently permitted. Axi-symmetry is asrumed and hence the calculation region involver 
only the uppar half of the views in the output graphics. The lover half is added for esthetic purpoaer in the 
plotting programs. 
The initial rolution is impulsive with a prescribed uniform presrure at the circular cross section of the 
inlet. At the initial instant (t-0) the outlet meniscus ir flurh with the nozzle facing, this being the 
equilibrium configuration in the abrmce of wetting. Taking the ambiant presrure ar zero at thin free rurface 
w begin with a linear axial prerrure gradient in the nozzle rection. The flow velocities are initially rero. 
The calculation proceeds by explicit t i m  differencar with all ruccaedinp time rteps following the r a m  
prercription which we will now outline for a firrt step, 
Because we here use a vorticity rtreamfunction formulation our firrt aim is to provide appropriate 
boundary conditions for the latter. Thir ir rather complex rince indeed none of the boundaries except the 
axis of aymmetry can be treated rimply erpecially rince wd want a time varying preasure at the inlet and also 
rish to provide for entrance flow from a chamber. de begin in a somewhat roundabout way by computing the 
relocity field8 through the momentum equations. In axi-symmetric form these equations are 
Herr u is the axial velocity (z direction) and v ie the radial velocity (r direction). P is the pressure, p 
is the fluid density and v the fluid vircosity. We choose to express the diffusion terms as vorticity 
gradients because the vorti. ' * v  (w) ie always av~ilable to simplity the calculation. However, we currently 
ere expressing the diff-:qio:. I the rrial v-locity equation in terms of u because accuracy in the nozzle 
boundary layer seems to requi it. 
A small forward integratiol~ in  ti^^ 3f (1) leads to flow because of the pressure gradient in the nozzle. 
Now by integrating the first of (1) over a fluld (control) volume of the nozzle we may obtain the uniform 
streamfunction value at the nozzle boundary relative to a zero streamline at the axis. That is, the tine 
derivative of :\e streamfunction Q at the nozzle surface becomes 
wiere we have deleted terms that do not contribute. In (2) L and R refer to left and right cross sections of 
the cylindrical control volume which initially includes the entire fluid region. z is the length of the 
nozzle and ro its radiuo. 
We can, of C O U ~ . ~ ~ ,  have the control volume continue to be all of the fluid region even when a drop is 
forming but then (2) becomes a moze difficult expression. Also. if the free surface draws inward the control 
voluse, as expressed in (2). must be shortened by revising zo and excluding some of the fluid near the outer 
edge of the outlet. 
Thus iar we still do not know the boundary conditiocs for Q at the entrance of the nozzle or at the free 
surface. For the latter we integrate the expressions 
2 - - rv and 2 - ru 
singly or in combination, beginning at the axis of symmetry outw~.: to - surface. This provides for Q at 
points on the surface at roughly mesh length distances. It is nxasaary. however, to define the free surface 
as a set of particles generally 5 to 10 per mesh distance. At there rurface particles Q is given through 
interpolation among those given above and the value previously obtained at the nozzle boundary. 
Finally, twu conditions are provided at the inlet. If flow is inward we simulate flow from a large 
chamber by req~iring uniform inflow. This effectively requires the boundary layer at the nozzle surface to 
begin at the inlet. With Q already known at the nozzle boundary, a mean velocity u may be obtained using the 
second of (3) for the entire inlet cross section. Reversing the procedure we obtain Q st inlet mesh points. 
Q is not linear in the axis-symretric case. 
For reverse flow we arrume that flow into the chamber will be the same as in the immediately adjacent 
region inside the nozzlc or 
there. 
At thin point ua are not yet ready to solve internal rtrearufunction values, we need yet to know the 
vorticity in the interior. Uring the time dependent equation 
- 
I.. 
we increment the vorticity forvard in time an we had done the velocitien. Thin if of courae waninglenn for 
the first time step because the vorticity field in null. At the necond time ntep and all following vorticity 
will derive from the no-alip nozzle 8urface and to a lerner extant from the free nurface. 
Internal ntreamfunction valuan are now obtained by simultanaoua solution at a11 net points of the equation 
This is followed by resetting the velocities using ( 3 )  and the after thought determination of vorticity at the 
nozzle surface using 
The redundancy of the above may be questioned but our objective thus far is to provide for more option8 on 
how solution is to be carried out both for convenience and accuracy. Solution of ( 5 )  is of necenrity by 
iteration rather than direct because of the time varying fluid region. Convergence is of course enhanced if 
in the course of getting surface streamfunction values through (3) one fills in internal points. The 
difference in the final outcome from ( 5 )  relates to truncation errare in (11, particularly in the nonlinear 
terms. One in fact would find that strict use of (3) only would leave in doubt what value to give the 
streamfunction at the nozzle surface because each integration upward along 2-constant lines would give a 
different error. 
With the streamfunction given st "Lagrangian" free surface points we m y  evaluate the normal and 
tangential velocities there. That is 
u T -'t r r l  and u - - A $  rl r 
where T is tangential and rl is normal. The second of these is readily obtained from particle Q values, ttie 
first through a nearest approach method relntive to selected interior points followed by interpolation. We 
require surface points or particles to carry with them coordinate information, local are lengths and angles 
(relative to the axis of symwtry). Using the angle we may obtain u and v for the particles through a 
rotathwl transforpution. 
Updating the surface configuration with 
we proceed to determine new local arc lengths along the surface ~ n d  new angles. Thus 
and 
-1 pr. 
a - tan 6r . 
It is now easy to obtain surface pressures. Relative to ambient "zero" pressure they are given by 
there a is the nurface tension coefficient. The first term on the rlght expresser the destabilizing curvature 
ound the axis of symmetry, the aecond, the rtabilizing curvature in the r-r plane and the laat term the 
kcensure contribution from local deformation. For the last term we again une a closest appr-3ch method for 
evaluation relative to selected interior points. However, a local continuity exprersion 
could probably be ured. 
At thir rtage we may iterate a Poiaron'r equation for the prereure. That ir 
vherr 
The boundary condition for the prarsure ir known everyvhere except at the nozzle surface where the condition 
on the derivative ir 
C is required at only interior pointr. 
Obtaining the vorticity at the free rurface has been somewhat of a problem. In terms of rurface 
quantities we write 
Unfortunately In a stationary reference frame this is subject to large errors because in a spherical drop (for 
example) large numbers must effectively cancel to produce a saall real vorticity. To overcome this we define 
velocities relative to a mean for each contiguous part of the fluid so that (14) is evaluated in terms of 
disturbance quantities. 
Scaling to permit nondimensional calculation is the same as with the earlier capillary instability 
problem.1 The reference length ir the nozzle radius ro. The reference velocity is the capillary wave 
velocity 
giving a time scale 
This lead8 to use of the ringle permeter, Reynolds number over Ueber number 
Thus the above equations 8-8 made diwnrionless by replacing v by W/R wherever it appears and replacing a by 
1.0. 
111. Results 
- During the developwnt of the numerical progrm there war constant reference to experimental work that war 
being conducted in the developmant of ink jet hardvare.4 Unfortunately becaure of the e m 1 1  size of the jet 
k. the crucial mearurewnt of driving prereure could not be made. Lacking thir knowledge, along vith uncrtrtainty 
I concerning the numerical program itrelf, mmde convergence to a eucceroful mathod very difficult. A failure to 
obtain a rolution comparable to experimnt could m a n  being outride the range of pressure values appropriate 
for drop forortion or could w a n  there vas a fundamental problem in the numerical program. The program ir 
qriite complex and the runninp tiwr ere by no w a n e  short. Unlike experiaenta which can be conducted in rapid 
ruccereion to achieve a certain operating behavior, the numerical experiment8 took too much time for u n y  
w o w  ~ueroeo. Now, harnver, we are quite close to experiment and the model has shovn evidence of belap 
adequate. We vill prrhepe never knov the exact character of the prereure that drives the jet but once having 
achieved ngreemnt in jet charecterirti:r, here damnatrated in a quantitesive virual form, ve are in a 
porition to underrtand most propartier of interert in the flowr, Even now, howver, one murt be mindful of 
limitationr of the approximate rolution rince unlimited grid rerolution ir of courre imporrible. 
To illurtrate thr numerical rolutionr we have choren a care which giver the most interesting overal? 
rerultr achieved by the ti- of thir writing. Figurer 1, 2 and 3 rhow r requrnce of four solutionr each in 
conrecutive tiwr for R/w-5. The prerrure hirtory is one which baginr vith a ruction (negative prerrure) 
followed by r poritive prerrure and then a ne8ative prerrure again. The recond ne~ative prerrure tarminater 
when the net impulre ir taro. While not necerrary, a very small raridual poritive prerrure rather than taro 
war maintained for the remainder of the running time of this care. The rqurre wave prersure at the inlrt and 
timer (both in nondimenrional unitr) are rr in Table 1. 
Table 1 
The nondimenrional times for the plotr illustrated are given in Table 2. 
Table 2 
Fig. Time Plot Interval Q QMAX W I N  Plot Interval P PPtAX PMIN 
In a11 figures the streamfunction is plotted as solid lines. Negative streamlines include tick marks. This 
is ~uniferted as tick marked lines for flow to the left (reverse flov in the nozzle) where the boundary layer 
vorticlty is predominantly negative. The vorticity vector (positive) is outward in upper half plane and 
inwrrd in the lo~er half. The center line is the streamline Q-0 as diccursed previously. Where this line 
appears it is a solid line without tick mrrkr. There are also tick narkr on the rolid boundaries of the 
nozzle but since these are rectilinear they are distinguishable from rtreamlines. Ar mentioned before, the 
tick mark spacing on the rectilinear liner a h w  the grid spaci~q. Thir is only roughly true on curved 
rtreamlines. 
Prerrure "isobars" are plotted ar darhed liner with rhorter drrher for negative preerurer. The zero 
presrure line alro has lon& darher. 
Lne can use the above information and Table 2 to determine contour velurr throughout the plotr. In some 
places this ir difficult but k n w i w  the maximum and minimum valurs helpr and greater detail is probably of 
little ure. Because of limited plotting area, say in the contracted neck of the jet, the irobars are 
difficult to dirtin8uirh ar negative or poritive. They are of courre poritive there becaure of the high 
rurface prerrure. Alro it rhould be noted that in the axi-rymnatric care rtreualiner are not uniformly rpaced 
for a uniform flow velocity. Thir ir the reason for the gap in rtreanlines along the central axla where a 
tube of flow involver little t r w  flov becaurr itr crorr r e c t i o ~ l  area ir mall, yet the flow velocity may be 
high. 
Beginning vith Fig. 1 and referring to Table 1 we note that the time is in the period wherr the inlet 
prarrure ir poritive but flow ir rtill into the chamber becaure of fluid inertia from the initirl ruction 
prriod. Thr left moat ibobar at the inlrt ir +8O (ree Table 2) while the lovert prerrure ir at the concave 
wnircur rurface and ir -2.9. Ar a r e f ~ r ~ n c e  it ir of interert that, in nondimenriorul unitr. a drop of unit 
radiur har r rurfacr prerrure of +2.0, One unit of prerrure being being provided by each component of the 
rurface teorion. Here in the firrt plot the rteble component of the rurface tenrion ir ruch ar to restore the 
flurh rtatur of the menircur at the free of the nozrle. Acting along with tho poritive inlet prarrure the 
flow direction ir roon revarred. 
In the rrcond plot of Fig. 1 the toroidal circulation at the inlet ir becaure of fl \ .  bending inward from 
tha rimulated large chamber preceding the nozrle. The prerrure ir negative at points jurt inward from the 
circulation where the flow rate ir high while at the center line the doformation caurer a prerrurr excrading 
the inlet prerrure. The menircur rurfaer har a prerrure near unity. 
In the next plot a drop ir forming tlirough forward motion even though the inlet prearura ha8 been 
revarred. Note the rhort darhed liner of prerrure (negative) and a zero pressure in the contracted rrgion of 
the incipient drop. Again the inlet toroidal circulation is rtill producins a prrrrure lower than the applied 
inlet presrure but now more negative then the -60 unite there. Tha circulation ir in the procerr of rpreading 
and dieing out. 
In the lart plot of Fig. 1 only rrmnantr af the inlet circulation renuins and a reparation rtreamline now 
divider flow forward in the drop with predominantly reverred flow in tho nozzle. Note that reverred flow 
begins in the boundary layer of the nozzle. At the time of rhe lart plot of Fig. 1 the prerrure cycle ir 
part. The remaining motion of the jet is parrive except fer the minor influence of the rmall poritive (unit 
prerrure) hereafter present at the inlet. The highest preraure ir at tha forward most point of the jet and ir 
a result of local defornutionr only. 
In Fig. 2 the progrerr of the jet is observed at four succaeding stager. In the firrt of there there is 
evidence of local reverse circulation at the manincur region tanding to remove the concave curvature. Thia 
and the continuing flow into the chamber are becauae ~f the rtabilizing surface trnrion in thir region. At 
the same time the destabilizing rurface tension component ir cauring higher prerrurer at the contraction 
although at this stage contraction ir dominated simply by maor depletion due to the forward and backward flow. 
There procesrer continue to the time of the 1;st plot of Fig. 2 where the rurface tension prarcure at the 
contraction is btzoming an influence on local uehavior. The menircur region har been pushed outward to be 
convex partly brbaure of the local high presrure and partly from ir~ertial motion from the earlier regtoring 
pressure. Also the taper of the connecting rhank to the drop ie no longer linear. Thir further indicator the 
influence of the surface tension prerrure it the contraction. 
In Fip. 3 we continue toward drop break off m d  include two plots following breakoff. Note that 8 
restoring presrure of the menircur portion drives fluid into the chamber to a rmall extent ro that the outward 
bulge ir diminished tetween the first and second plot of Fig. 3. Alro we note that a recond contraction ir 
occurring just behind the drop. 
Drop break off was here preret to occur when only one mesh dirtance (1120 of che nozzle diameter) 
remained. At this point the mechanic# of the numerical program requires a zero radiur and local angler 
consistent with a break. The break is arrumed to be locally rpherical ro that the two component8 of rurface 
tension are the ram. This eliminater the singularity of the unrtable component which taker on tile value of 
the etabilizing component. 
Two separate problem8 are solved simultaneourly after breakup. The menircur converger here to a rpherical 
rurface of unit radius becaure of the reridual unit prerrure at the inlat. The drop portion of the jet 
proceed8 toward a state where a drop plur a satellite exirt becaure of the contraction behinJ the nuin drop. 
IV. Concluding Comentr 
We are intereatad here in rutmariring thorc thing8 learned from the numerich1 model thur far. In some 
case9 the information war partially known from experiment and nutterr were clarified andlor confirmed by the 
model. In other carer the informstion from the model gave inright thur far unobtainable experimentally, 
1. The peak presrure magnitude8 for drivinl the jet are now obtairublr. There, of course, depend on nozzla 
lorrer but can br fairly well estimated for an ieitial trial calculation. 
2.  The prerrure history to drive the jet is nearly a rymnetric one for clean drop formation with a net zero 
impulre for a ringle drop. The negative phase of the prerrure hirtory ir errmtia!. to drop break off in 
the range of parameterr here rtudied. 
3 .  Uniform prerrure at the inlet crorr raction and ignorrd wetting of the outer facing of the norzlr are 
teesonable rimplifying rrrumptionr that do not affect cornpariron with experiment. 
4. In the rang8 of parmeterr here rtudied, the mentrcur ir very overdamped 88 ir the drop. Experimental 
menircur orcillationr preruarbly relate to chmber or chamber to nozzlr tranrition charrcterirticr. The 
latter can be rtudied with the prerent modal. 
5 .  The flow fialdr throughout the hirtory of drop generation m y  be arulyzed in alrort complete detail from 
the numerical rarultr and, intanul flowr, ueually not virible exprrimntallp, may here be rtudied. 
1. P r m ,  J. E., "Finit* Differanem Computatia of the Capillary Jet, Free Surface Problm," Lncturr %tar 
in  lrhylricr ,4L, 188-193, seventh I n t a m t i n n a l  Confersnce an Humrical Methodm i n  P l u i d  Dyn- i t . ,  
Springer-Vcrlag, Berlin 1981. 
2. Rmyltigh, .I. W ,  S , ,  The Tbaarp o f  Swnd,Vol. 2. p .  351, Dwar, 1945. 
2. Lamb, H., Hydrudynmicm, p .  t50, Dover. 1 9 4 5 .  
4. Lee, F. C.,  H i L l a ,  R .  :?.: Calkr, F,E., "Drop-on-Dcmnd Ink Jet Printing at  High Print Rates and Hikh 
Reeolutioa," to be publiahtd. 
Figure I .  Computer graphical output for nur~cr i~ml  ro lu t ion  of j a r  drop fofmltlm. Stt 'tabkt 2. 
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Abrtrrct 
Electrohydrodyanmic (EHD) excitation of liquid jet8 offerr an alternative to 
piezoelectric excitation without the complex frequency reaponre caured by piezoelectric 
and mchanical reronances. In an EHD exciter, an electrode near the nozzle applier an 
alternating Coulomb force to the jet surface, generating a dirturbance which grow8 until a 
drop breaks off dcwnrtream. This interaction can be modelled quite well by a linear, long 
wave model of the jet together with a cylindrical electric field. The breakup length, 
mearured on a 33 pm jet, agree8 quite well with that predicted by the theory, and 
increases with the aquare of the applied voltage, a# expected. In addition, the frequency 
responre ir very smooth, with pronounced nulls occurring only at frequencier related to 
the time which the jet rpendr inride the exciter. 
Introductioq 
Mort of the existing ink jet printers bared on jet breakup uoe acoustic excitation of 
the jet to introduce the dirturbance which eventually grow8 to form ink drops. With a 
ringle jet, this method works very well, rince the breakup point can be controlled through 
a feedback loop which alters the amplitude of the excitation. The extenrion of this 
technique to multiple jet print9rs prerentr rome difficulties, however, tinct the jet8 
interact with the acou8t?~ waver rat up in the exciter, causing variations in the breakup 
length. 
Excitation baaed on electrostatic forcer appears to offer more promire for multiple jet 
prinkerr, rince the excitation ir applied via electroder which are placed downatrean of 
the nozzle, allowing individual control of individual jete. Although droplet production 
by electric excitation ham been known for some time, there haa been no work reported which 
offerr a theoretical model of thin procerr, or which dewribes r y r t e ~ t i c  warureaentr of 
the brerkup length with EHD excitation. The present paper ir intended to fill this gap. 
A Simple Theory oi E B  Excitation 
- 
A detailad analyrir of the EHD exciter ham been undertaken, and will be prerented 
e l e w e  . In the course of that work, a simple model war developed, which will be ured 
here to describe the exciter ured in the experirntr. The geometry of the jet in defined 
by Figure 1, which shows a liquid jet entering an electrode. The jet hrr a radiur R, and 
roves with a velocity no. 
Figure 1 
A Liquid jet entering an electrode 
Figure 2 
Electric prerrure in the rtep exciter 
z 
If. 
Thin particular electrode i r  rhown aa a cylinder, but it can have any rhapo, rince the 
theory arruner only that the electr ic  field a t  the rurface of the jet can k calculated. 
2 Theoretically, the jet i r  nodelled by the long wave apptoriut ion , in which the 
dirturbsnce is arrumed to bo much longer than the jet radiu8, and The axial velocity and 
prerrure are arrumed to be conrtant acro3r any section of the jet,  With there ' 
arrumptionr, the aronenttcc-, &;idation for motion i n  the axial directio,r can b. written a8 
while Conrervation of Mar8 for a round jet giver 
The pressure i n  the cDosclntum equation conri-ts of contribution8 from the rurface 
tenrion of the jet and a180 from the electr ic  field a t  i t .  rurface. 
The Inertial L i m i t  
--- -
The surface tension term i s  well known i n  the fluid wchanicr of jetr t  it leadr to 
growth of the dirturt,ance into drops. Inqide the exciter, which i l  usually only a 
fraction of a wavelengt',? long, the droplet growth is r - ry  small, 80 tlra effects of rurface 
tension w i l l  be negltkcted here. m.e electr ic  prerrure can be most earily obtained by 
u s i n g  the Maxwell s t rerr  tensor a t  the rurtace of the jet. Since the jet i r  arrumed t o  be 
a gaod e l ~ c t r i c a l  condustor, the electr ic  field w i l l  be ngrmal to the rurface of the jet,  
which implier that no electr ic  mhear forcer can be exerted . The only e l rc t r ica l  force 
corresponds to a (negative) pressure, given i n  terar of the field 8' rength a t  the jet 
surface as 
For example, if the electrode surrounding the jet i s  assumed to  bet a circular cylinder of 
radiur b, a t  a voltage V(x,t),  then the normal electr ic  field a t  the n:rrface of the jet 
w i l l  be 
so that the e l t c t r i c  pressure is given by 
Linearization 
------ 
In m r t  of the growth region the amplitude of the waver I8  usually quite rmall, uo that 
the equation8 may be further rimplified by linearization. I f  we define 
and neglect a11 second order terar,  the equatlonr of motion for r u r i  6,.3tutSances on the jet reduce to 
There equations have k e n  written in terms of the convective derivative of the surface 
displacement, defined by 
In the inertial approximation, the use of this surface velocity simplifies the resulting 
equations. 
m e  electric pressure depends on the electric field at the surface of the jet, and this 
field will usually change as the jet expands and contracts. Thus perturbattons in radius 
will lead to perturbations in the electric pressure, which in turn depend on the detailed 
structure of the field near the jet. Like the surface tension term, the perturbation 
electric field mainly influences the growth rate of the droplet disturbance. Its effect 
is usually much less than that of the surface tension, so it will also be neglected, as 
the sdrface tension was. The equation of the jet then becomes 
The linear response of the jet will generally be expressed in terms of its response to 
s sinusoidal pressure variation. For each term in the Fourier series, the driving 
pressure is most conveniently written i , ~  terms of compl~v amplitudes as 
The response to this drive can litewiss be written as 
so that the equation of motion for the exciter (Equation 12) reduces to an ordinary 
differential equation for the complex amplitude of the radial velocity 
There are several ways to solvc this equation, but since we will be dealing with 
singular spatial functions such as the impulse and step, the easiest solution is that 
which uses the Laplace transform in x. With the de-inition of the Laplace transform as 
and 
the equatian can he transformed into 
a 2 -  (iw + UOs) 6 '  = - 2p 
which can be inverted to find the response as soon as the spatial distribution of electric 
pressure is known. 
Constant Pressure Ebtciter 
The simplest practical exciter is a cylindrical electrode of length R . The entire 
exciter is driven from a single voltage source, for example V +V sin(w t) , so that the 
same pressure is applied throughout. For this exciter, p has th8 sbatial form shown in 
Figure 2. with a time varying magnitude of 
2 
p ( t )  = - - [iV: - $1 + 2vlv2 s i n  wt + 2 sin 2.t 
2a2 p n 2 h / a )  I 
This pressure has compon*nts at DC, o, and a t  Zw, but since the equation is linear, each 
component can be treated separately. For the component at w, the electric pressure has 
the form 
where V is the effective (RMS) value of the voltage, which in this case is 2VoV1. Por 
this excP€br, the Laplace transform of the drive is 
giving the radial velocity at the exit as 
The response has an impulse (A) in velocity beause the jet quickly contracts as it 
enters the exciter and expands as it leaves. These impulses have no effect downstream, 
since they vanish as soon as the jet has passed the entrance or exit. For practical 
purposes, then, the velocity of the jet at the exit of the exciter can be written as 
The velocity hae an exponential delay tern, which can be analyzed more conveniently by 
extracting a factor corresponding to the center of the exciter, using the relation 
iwe ~ W P  
- -  - -  
= e  
wL 1 - e  21 s i n  - 2 
The velocity response then has the magnitude 
rwp 
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Figure 3 
Exciter output versus length 
Figure 4 
Force variation within the exciter 
which is shown in Fiqure 3 as a function of exciter length. 
The nulls and peaks which occur in the response are caused by the alternation of 
electric pressure while the jet is inside the exciter. If the pressure is sinusoidal, as 
shorn in Figure la, the net impulse given to the jet over one period of excitation will be 
zero, since the jet 1s influenced by equal and opposite half cycles. Thus if the jet is 
within the exciter for a whole period of excitation, (i.e., the exciter is one wavelength 
long), the response will show a null. On the other hand, there will be a peak for lengths 
which are one half wavelength long. While this effect is easy to see from Figure la, some 
care must be used in interpreting such diagcams, since they may suggest erroneous nulls, 
depending on the choice of phase at the inlet. For example, if the sinusoidal force were 
chosen to be a cosine, as in Figure 4b, it would be easy to infer that the null would 
occur when the exciter is only one half wavelength long. This 1s not true, because the 
coaine is one special cho-cr from a11 of the phases which occur during a conpl-ete cycle. 
Because of the peaks and nulls in the frequency response, the output of the exciter can 
not be increasefl indefinitely simply by increasing the length of the exciting electrodes. 
Instead, an optimum length, which may be fairly small by ma:roscopic standaras, must be 
selected to achieve maxiaum output. This explains why the electrodes used in earlier work 
on EFII, excitation were usually not very efficient. 
The approximate surface displacement far downstrerm is given by 1 
s 
where 
: The breakup length can be determined by extrapolating the downstream response to the point 
of breakup, tg to give the breakup length equation, 
Thus the breakup length can be calculated as soon as the exciter output is known. 
Rxpcr iacnts 
Apparatus 
Several experiments were performed in order to test the predictions of the BHD exciter 
theory. The nozzle and associated app3ratus were mounted on a specially designed frame 
which allowed adjustment and positioning suitable for tge experiments. The fluid used in 
moat of these experiments had a density of 1030 kg/m and a surface tension of 39 W/r. 
The jet formed by the nozzle had a radius of 16.5 um. Its velocity was determined by 
measuring the wavelength of the disturbance at a known frequency. 
The exciter electrodes used in most of these experiments consisted of steel plates of 
various nominal thicknesses (3-7 mil, or 75-175 urn) through which holes were drilled. The 
holes ranged in nominal diameter from 3-7 mils (75-175 urn). nicroscopic examination of 
the electrodes revealed that the holes were essentially straight sided, although 
occasional burrs could be seen. 
Since the e:ectrodes consisted of a single piece of metal, they had to be in position 
before the jet was turned on to avoid splashing and electrical shorting between exciter 
and ground. As a compromise between speed and complexity, we first located the 
approximate axis of the jet by focussing a microscope on the noxxle orifice along the 
nozzle axis. The electrode, mounted on a three axis nicroaanipulator, was then roved into 
position so that the desired exciter hole appeared to be on the nozzle axis, as seen 
through the micros cop^^. The microscope was then removed to the side, where the jet and 
hole would both be visible at an oblique angle, and the jet turned on. The original 
electrode placement was usually within a few mils of the desired placement, could be 
quickly adjusted to center the electrode and allow the jet to stream through unhindered. 
The jet was then turned off to allow the electode to be cleaned by wiping with 
absorbant paper towels. Upon restarting, the jet always went through the hole cleanly, 
without sprashing or blocking, even for the 3 mil hole, once the initial centering 
procedure had k e n  carried out. In most cases, the jet would restart cleanly even if the 
electrode had not been wiped clean. 
Several arrangements were used to provide different voltage levels. An operational 
amplifier could be connected directly to the electrodes, giving voltage up to 150V. In 
order to increase the voltage, the output of the operational amplifier was often connected 
to either a wide band or a narrow band transformer. The secondary winding of the 
transformer furnished higher AC voltages than the amplifier, and additional increases in 
the effective voltage could be achieved by connecting thr secondary in series with a M: 
power supply. With this arrangement, peak voltages up to 880V were obtained. This 
voltage was not limited by breakdown in the exciter, but by the available power supplies 
and amplifiers. 
In carrying out the'experiments, the jet was turned on and the voltages ad$usted to the 
desired value. The position of the breakup was then measured by a micrometer waich roved 
a long focal length microscope to the breakup point while the phaqe of the viewing strobe 
was slowly rolled. The breakup position can be measured very precisely (+lo um) with this 
technique if the jet is quiet. At very long breakup lengths ( > I  m), the natural breakup 
of the jet caused the breakup point t3 vary erratically. Lateral movement of the 
electrode varied the breakup point, probably by increasing the electric field strength at 
the surface of the jet. This effect was used to center the jet before each measurement, 
since the point of minimum excitation should correaponcl to a centered jet. 
Frequency Response 
M e  simple theory presented above predicts maxima and minima in the frequency response 
of the exciters. In order to test these predictions, frequency sweeps were performed on a 
number of exciters. The easiest feature of the response to check is the null which occurs 
when the frequency corresponds to an entire wavelength of the disturbance inside the jet 
at any time. Figure 5 depicts the frequency response for an electode which is 7 mils (178 
pm) thick. 
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Figure 5 
Frequency response for a 7 mil exciter 
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Figure 6 
Same thickness, but 8 mil theory 
For this length, the null is expected at 108 kHz. Since this nail occurs near the maximum 
growth rate of the jet, it could be ohserved experimentally by varying the frequency to 
produce the longest apparent hreakup length. This null frequency (shown in Figure 5.3 by 
an arrow) is lower than expected from theory by approximately 15%. Reasonable variations 
in the fringing length and jet velocity could not accolnt for the discrepancy, but 
increasing the effective length of the exciter from 7 to 6 mils gave better agreement, as 
shown in Figure 6. This extension in length might be justified by the presence of burrs 
at either end of the hole, since such burrs were often observed in microscopic examination 
of the holes. bnother possibility is the effect of fringing in extending the effective 
length of the electrode beyond the physical limits of the conductor. 
This exciLor exhibits the predicted null in the frequency response, but does not test 
the exciter at the thickness which is expected to jive the shortest breakup length. Since 
short breakup length is desired in practical printers, the frequency response of a shorter 
(3 mil or 76 )am) electrode was also measured. The results of this measurement, along the 
the predictions of the theories, are shown in Figure 7. 
J*t:~t 4s !n t h e  earlier measurements, the theory predicts both the magnitude and the 
shape of the frequency response quite well (t0.2 mm or 108) whether the fringing fields 
art? included or not, although the Cringing approximatton seems to give better results at 
the shortest breakup lengths. '5 appreciate this agreement, it should be kept in mind 
that the theory, which rests on the fundamental eq~ations of electrostatics and fluid 
mechanics, contains no adjustab?c parameters. The breakup length is predicted only in 
terms of geometrical measurem.*nts, applied voltage, and material properties. 
Voltage response 
Compared to acoustic excitation, EHD excitation is often relatively weak, so #:hat the 
magnitude of the drive is extremely important in practice. The theory presented above 
predicts that the excitation pressure is proportionti1 to the square of the effective 
voltage, so that a relatively large increase in the excitation may be! obtained by 
increasing the voltage at which the exciter operains. This prediction was tested 
experimentally by varing both the AC and DC voltage levels over a wide range, and 
measur inq the breakup length. 
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Figure 7 
Frequency response for a 3 mil thickness 
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Figure 8 
Breakup length versus effective voltage 
Since the breakup length depends logarithmically on the excitation, a plot of breakup 
length against the logarithm of the effective voltage should give a straight line. 
Experimental values of 3reakup length are plotted in this way in Figure 8, along with the 
predictions of the simpe theoretical model. Both the magnitude and slope of the breakup 
length follow the predictions well, although the slope of the line appears to be somewhat 
flatter than expected. These results give us some confidence in extrapolating the design 
to even higher voltages to achieve a shorter breakup length if necessary, although these 
lengths are already comparable to those used in acoustic excitation. 
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The stress syr tem genera ted  by an e l e c t r o m a g n e t i c  f i e l d  i n  a suspension of drop8 
I s t a n b u l  Teknik t f n i v e r s i t e s i ,  Makina F a k c l t e s i ,  Giimii$suyu, I s t a n b u l ,  Turkey 
A b s t r a c t  
Th i s  paper  d e a l s  wiLh t h e  c a l c u l a t i o n  of t h e  stress genera ted  i n  a  suspens ion  of  d rops  
i n  t h e  r r e s e n c e  of  a  uniform e l e c t r i c  f i e l d  and a  pure  s t r a i n i n g  motion, t i . : ing i n t o  account  
t h a t  t h e  magnetohydrodynamic e f f e c t s  a r e  dominant. It  is  found t h a t  t h e  stress genera ted  i n  
t h e  suspension depends on t h e  d i r e c t i o n  o f  t h e  a l p l i e d  e l e c t r i c  f i e l d ,  t h e  d i e l e c t r i c  con- 
s t a n t s ,  t h e  v i s c o s i t y  c o e f f i c i e n t s ,  t h e  c o n d u c t i v i t i e s  and t h e  p e r m e a b i l i t i e s  o f  f l u i d s  i n -  
s i d e  and o u t s i d e  t h e  d r o l s .  The express ion  o f  t h e  p a r t i c l e  stress shows t h a t  f o r  f l u i d s w h i c h  
a r e  good conductorc, and poor d i e l e c t r i c s ,  e s p e c i a l l y  f o r  l a r g e r  d rops ,  magnetohydrodynamic 
e f f e c t s  t end  t o  reduce t h e  dependence on t h e  d i r e c t i o n  of  t h e  a p p l i e d  e l e c t r i c  f i e l d .  
The s t u d y  of a  f low system i n  b.hich t h e  e l e c t r i c  f j e l d  and t h e  v e l o c i t y  f i e l d  e f f e c t  
each o t h e r  i s  c a l l e d  electroh!rdrodynamics. The a p p l i c a t i o n s  of  e lect rohydrodynamics  a r e  
numereous: c ryogen ic  f l u i d  management i n  t h e  ze ro-grav i ty  environment o t  space ,  format ion and 
coelecence o f  s o l i d  and l i q u i d  p a r t i c l e s ,  e l ec t roaasdynamic  high v o l t a g e  and power g e n e r a t i o n  
i n s u l a t i o n  r e s e a r c h ,  physicochemical hydrodynamic, h e a t ,  mass and momentum t r a n s f e r ,  e l e c t r o -  
f l u i d  dynamics of  b i o l o g i c a l  sys tems,  and a tmospher ic  and c loud p l y s i c ~ . l - ~  I n  n a t u r e  and 
i n d u s t r y  w e  a r e  q u i t e  o f t e n  concerned w i t h  t h e  p r o p e r t i e s  of a  f l u i d  i n  which smal l  p a r t i c l e s  
a r e  suspended and c a r r i e d  about  by t h e  motion of  t h e  ambient f l u i d .  I f  t h e  average d i s t a n c e  
betweer t h e  p a r t i c l e s  is  smal l  compared w i t h  t h e  c h a r a c t e r i s t i c  l e n g t h  o f  t h e  motion c f  t h e  
suspens ion ,  one c i n  r e g a r d  t h e  suspension a s  a  homogeneous f l u i d .  The problem is t o  determi-  
n e  t h e  r h e o l o g i c a l  p r o p e r t i e s  of  t h i s  e q u i v a l e n t  f l u i d  from t h e  knowledge of  t h e  p r o p e r t i e s  
of  t h e  ambient f l u i d .  The macroscopic p r o p e r t i e s  of t h e  suspension w i l l  be  r e f e r r e d  t o  a s  
bu lk  p r o p e r t i e s .  When t h e  suspension i s  d i l u t e ,  t h e  suspending f l u i d  Newtonian t h e  p a r t i c l e s  
r i g i d  spheres ,  and t h e  p a r t i c l e  Reynolds number s u f f i c i e n t l y  s m a l l ,  t h e  suspens ion  can be 
d e s c r i b e d  i n  bulk  a s  a  Newtonian f l u i d  w i t h  an e f f e c t i v e  v i s c o s i t y  " * =  v (1+2 .5  c ) ,  provided 
o n l y  t h a t  t h e  p a r t i c l e s  a r e  n o t  s u b j e c t e d  t o  an e x t e r n a l l y  a p p l i e d  f o r c e  o r  couple .  For  t h e  
more g e n e r a l  c a s e ,  t h e  non- i so t rop ic  s t r u c t u r e  of the  suspension u s u a l l y  r e s u l t s  i n  a  n o n -  
Newtonian form f o r  t h e  bulk s t r e s s  t e n ~ o r . ~  The fo rmula t ion  of t h e  problem of determining 
t h e  s t r e s s  i n  a  suspension of p a r t i c l e s  is n o t  s t r a i g h t - f o r w a r d ,  p a r t l y  due t o  t h e  f a c t  t h a t  
t h e  bulk stress i n  a  suspension i s  n o t  obvious .  Bulk stress and o t h e r  bulk  p r o p e r t i e s  a r e  
d e f i n e d  i n  terms of  ensemble averages  of  t h e  a c t u a l  q u a n t i t i e s .  T h i s  is  shown by ~ a t c h e l o r ~  
t o  be e q u i v a l e n t  t o  d e f i n i n g  b ~ l k  p r o p e r t i e s  i n  terms of volume averages  provided t h a t  t h e  
averaging volume is chosen t o  c o n t a i n  many p a r t i c l e s  and is such t h a t  t h e  s t a t i s t . ? a l  proper-  
t i e s  of t h e  suspcnsion a r e  uniform over  it. 
I n  t h e  c a s e  of a  d i l u t e  suspension,  which means t h a t  t h e  flow near  any one p a r t i c l e  is 
independent of  a l l  t h e  o t h e r  p a r t i c l e s ,  t h e  c o n t r i b u t i o n s  t o  t h e  bulk stress from t h e  v a r i -  
ous  p a r t i c l e s  a r e  l i n e a r l y  a d d i t i v e .  The c o n t r i b u t i o n s  may be c l a s s i f i e d  i n  t h r e e  groups: : 
The f i r s t  is a  p u r e l y  i s r t r o p i c  c o n t r i b u t i o n ,  t h e  second i s  t h e  c o n t r i b u t i o n  of t h e  dev ia to -  
r i c  stress and t h e  t h i r d  r e p r e s e n t s  t h e  c o n t r i b u t i o n  t o  t h e  bulk s t r e s s  due t o  t h e  presence 
of  the  p a r t i c l e s .  The s t r e s s  i n  t h i r d  type  of  contribution is termed a s  " p a r t i c l e  s t r e s s "  
and o n l y  t h e  d e v i a t o r i c  p a r t  of i t  is s i g n i f i c a n t .  
Non-Newtonian behavior  of a  suspens ion  can occur  i n  g e n e r a l  i n  t h e  fo l lowing  cases: '  ( i) 
Non-sgher ical  p a r t i c l e s  can cause  some d i r e c t i o n a l  proper tie^.^'^ (ii) The e f f e c t  of  weak 
Brovnian m ~ t i o n . ~  (iii) The e f f e c t  of a  couple  cn a  p a r t i c l e  isto r o t a t e  and t o  g e n e r a t e  an 
ant isymmetr ic  p a r t  of t h e  p a r t i c l e  s t r e s s  t e n s o r . R  I ( i v )  The e f f e c t  of  t h e  shape of a  de- 
formable p a r ~ i c l e  g i v e s  r i s e  t o  non- l inear  s t r e s s . l l ( v )  Sur face  t e n s i o n  a t  t h e  boundary of 
a  f l u i d  p a r t i c l e  o r  e l a s t i c i t y  of a  s o l i d  p a r t i c l e  can  cause  time-dependent e f f e c t s  and t h e  
suspension e x h i b i t s  v i s c o - e l a s t i c  p r o p e r t i e s .  l 1  , I 2  ( v i )  I n  t h e  c a s e  of  auf f  i c i e n t l y  l a r g e  
s i z e ,  t h e  i n e r t i a  f o r c e s  cannot  be n e g l e c t e d  i n  t h e  r e l a t i v e  motion near  one p a r t i c l e  and 
t h e  p a r t i c l e  s t r e s s  dellends non- l inea r ly  on t h e  bulk v e l o c i t y  g r a d i e n t . 1 3  
In  t h i s  paper an express ion  is found f o r  t b e  r a r t i c l e  s t r e s s  t e n s o r  of  a  suspension of  
d rops  i n  an e l e c t r i c  f i e l d .  I t  i s  assumed t h a t  t h e  suspension is d i l u t e ,  suspending f l u i d  
Newtonian, t h e  d r o p s  spheres  and t h e  p a r t i c l e  Reynolds number s u f f i c i e n t l y  s m h l l .  The e x p l i -  
c i t  form of t h e  stress tensor  depends on t h e  e l e c t r o m a g n e t i c  p r o p e r t i e s  of  t h e  d rops  and 
t h e i r  surroundingn I t h e r e f o r e ,  t h e  f low due t o  a s i n g l e  d rop  i s  needed i n  de te rmin ing  t h e  
p a r t i c l e  stress of a  sur .pens ion.  For  t h i s  r e a s o n ,  c o n l i d e r a t i o n  i s  g i v e n  f i r s t  to tL:c f low 
due  t o  a  d r o p  i n  t h e  p r e s e n c e  o f  an  electric f i e l d  i n  a  p u r e  s t r a i n i n g  mot ion .  
Exper imenta l ly  and t h e o r e t i c a l l y  it h a s  been shown by ~ a ~ l o r ? ~  i h a t  a  c i r c u l a t i o n  c a n  
occul. i n  a  d r o p  and i ts s u r r o u n d i n g  i n  t h e  p r e s e n c e  o f  a  uni form electr ic  f i e l d .  T h i s  f l o w  
f i e l d  set up is due  t o  t h e  s u r f a c e  c h a r g e  and t h e  t a n g e n t i a l  e lectr ic  f i e l d  strebs o v e r  t h e  
s u r f a c e  of t h e  d rop .  The f low f i e l d  o u t s i d e  t h e  d r o p  g i v e n  ir114 i s  v e r y  s i m i l a r  t o  a  sys t em 
i n  wk:ich t h e  f i e l d  c a r r i e s  a  uni form c u r r e n t .  15116 In such a  cese the flew f i e l d  i s  produced b y  
t h e  r ~ t a t i o n a l  Lorentz  f o r c e  due  t o  t h e  d i s t o r t e d  electric c u r r e n t  and t h e  a s s o c i a t e d  mag- 
n e t i c  f i e l d .  Fo r  f l u i d s  which a r e  poor c o n d u c t o r s  t h e  magn.>tic e f f e c t s  a r e  n e g l i g i b l e 1  and 
f o r  f l u i d s  which a r e  good c o n d u c t o r s  and y o r  d i e l e c t r i c s ,  3r f o r  l a r g e r  d r o p s  t h e  magneto- 
hydrodyarnic e f f e c t  may b e  dominant.  l 7  
F o l l o d i n g  t h e  g e n e r a l  a rguments  g i v e n  i n 1  a and l 9  n 2  t h e  p r e s s u r e  and t h e  v e l o c i t y  i n  
t h e  f l u i d  o u t s i d e  tlie d r o p  and i n s i d e  t h e  d r o r  which ? s  embedded i n  a  p u r e  s t r a i n i n g  mot ion  
a r e  de t e rmined .  S i n c e  t h e  gove rn ing  e q u a t i o n s  a r e  l i r i e a r  i n  t e rms  o f  v e l o c i t y  and t h e  elec- 
t r i c  f i e l d ,  t h e  e f f e c t s  i n  t h e  c a s e s  o f  a  d r o ; ~  i n  an  e l e c t r i c  f i e l d  i n  t h e  absence  o f  a p u r e  
s t r a i n i n g  mot ion  and a  d r o p  i n  a  p u r e  s t r a i n i n g  motion w i t h o u t  an electric f i e l d  can  b e  su -  
perimposed.  
S i n c e  i t  i s  assumed t h a t  t h e  s u s r e n s i o n  is  d i l u t e ,  t h e  f l o w  nea r  one  d r o p  is i n d e ~ e n d e n t  
o f  o t h e r  d r o r s  and co w e  may u s e  t h e  r e s u l t r  o b t a i n e d  f o r  one  d r o ~  t o  e - r a l u a t e  t h e  i n t e g r a l  
i n  t h e  p a r t i c l e  s t r c s s .  The e x p r e s s i o n  o f  t h e  p a r t i c l e  stress h a s  two terms, one  w i t h  an anp- 
l ied  e l e c t r i c  f i e l d  and t h e  o t h e r  w i t h o u t  e lectr ic  f i e l d .  The term which depends  on  e lec tLic  
f i e l d  [ r e s e n t s  a  d i r e c t i o n a l  e f f e c t :  and t i l l s  makes t h e  s u s p e n s i o n  a  non-Newtonian f l u i d .  
T h i s  shows t h a t  t h e  s u s p e n s i o n  o f  d r o p s  i n  an  e lectr ic  f i e l d  canno t  be  r e r r e s e n t e d  by a  v i s -  
c o s i t y  t h a t  is independent  o f  t h e  r a t e - o f - s t r a i n .  The v i s c o s i t y  depends  on  t h e  c l i r e c t i o n  o f  
t h e  a p p l i e d  e l e c t r i c  f i e l d .  
The f i r s t  term of t h e  p a r t i c l e  stress shows t h e  e f f e c c  i n  t h e  absence  o f  an a p p l i e d  elec- 
t r i c  f i e l d ,  and t h e  second term d e n o t e s  t h e  a d d i t i o n a l  e f f e c t  due  t o  t h e  a p p l i e d  e l e c t r i c  
f i e l d .  The second term c o n t a i n s  two p a r t s :  one  is  due t o  t h e  absence  o f  t h e  magne t i c  e f f e c t  
i n  t h e  f l u i d  o u t s i d e  t h e  d r o p  and t h e  o t h e r  i s  due  t o  t h e  p r e s e n c e  o f  t h e  magne t i c  e f f e c t .  
When t h e  magnetohydr?dynamic e f f e c t  i s  a b s e n t ,  t h e  e x p r e s s i o n  o f  t h e  p a r t i c l e  stress r e d u c e s  
t o  t h a t  o f  g i v e n   in.^' 
The e x p r e s s i o n  o f  t h e  b u l k  stress 
In  o r d e r  t o  e s t a b l i s h  t h e  r e l a t i o n  o f  t h e  hu lk  stress t o  t h e  v e l o c i t y  and stress d i s t r i -  
b u t i o n s  i n  t h e  f l u i d  n e a r  i n d i v i d u a l  p a r t i c l e s ,  t h e  e x p r e s s i o n  f o r  t h e  b u l k  stress i n  t h e  
s u s r e n s i o n  a s  a volume i n t e g r a l  is used.  The ave rage  volume V i s  chosen t o  c o n t a i n  many par-  
t i c l e s  and i s  such t h a t  t h e  s t a t i s t i c a l  p r o r e r t i e s  o f  t h e  s u s p e n s i o n  a r e  un i fo rm o v e r  it. 
The hydromechanica l  bu lk  stress i n  t h e  s u s r e n s i o n  is 
s i n c e  t k e  e f f e c t  o f  i n e r t i a  f o r c e s  i n  t h e  r e l a t i v e  motion n e a r  a  1 - a r t i c l e  is  n e g l e c t e d .  The 
Maxhell bu lk  stress t e n s o r  may be  d e f i n e d  i n  a  s l m i l a r  manner. The bu lk  v e l o c i t y , q r a d i e n t  is 
g iven  by 
where q, and u i  a r e  t h e  a c t u a l  v a l u e s  of t h e  hydromechanica l  stress and v e l o c i t y  a t  any 
p o i n t  x i n  t h e  suspens ion ,  whether  i t  be  i n  t h e  ambient  f l u i d  o r  i n s i d e  a  p a r t i c l e .  The s u r -  
f a c e  and t h e  volume o f  a  t y y i c a l  p a r t i c l e  i n  V w i l l  de deno ted  by At, and Vo r e s p e c t i v e l y .  
Assuming t h a t  t h e  ambient  f l u i d  i s  Newtonian w i t h  t h e  v i s c o s i t y p  t h e  hydromechanica l  
hu lk  stress may b e  w r i t t e n  a s  
where t h e  rummation i s  c v e r  a l l  t h e  p a r t i c l e s  i n  V. The bulk  v e l o c i t y  g r a d i e n t  becomes 
where n is  an  outward  u n i t  normal t o  Ao. N e g l e c t i n g  i n e r t i a  e f f e c t s ,  t h e  f o l l o w i n g  can be 
w r i t t e n  : 
With t h e  a d d i t i o n  ( 2 )  and ( 3 1 ,  t h e  e x p r e s s i o n  (1) becomes 
The volume b - f  V. is  whol ly  o c c u r i e d  by ambient  f l u i d  and t h e  volume Vo must  b e  r e g a r d e d  a s  
i n c l u d i n g  t h e  i n t e r f a c i a l  l a y e r  ; arrd t h e  s u r f a c e  A 3  w i l l  be  r e g a r d e d  as a  s u r f a c e  j u s t  o u t -  
s i d e  cf t h e  i n t e r f a c i a l  l a y e r .  The f i r s t  t e rm i n  t ; ,e  e x ~ r e s s i o n  f o r  14' i n  ( 4 )  i s  a  p u r e l y  
i s o t r o p i c  c o n t r i b u t i o n ,  t h e  second i s  t h e  d e v i a t o r i c  stress and t h e  e h t r d  r e p r e s e n t s  t h e  
c o n t r i b u t i o n  t o  t h e  bu lk  stress due t o  t h e  p r e s e n c e  o c  t h e  p a r t i c l e s .  The t h i r d  term i n  (4 )  
is c a l l e d  t h e  " p a r t i c l e  s t r e s s "  and is deno ted  w i t h  'fl . V 
I t  is  assumed t h a t  t h e  suspens ion  o f  r a r t i c l e s  i s  f o r c e - f r e e  and c o u p l e - f r e e .  S i n c e  t h e  
e x e r t i o n  ci' a  c o u p l e  on t h e   articles by e x t e r n a l  means g e n e r a t e s  an  a n t i s y m m e t r i c  c o n t r i b u -  
t i o n s  tc, r h e  b u l k  stress, t h e  b u l k  stress i n  t h e  absence  o f  a  c o u p l e  e x e r t e d  on p a r t i c l e s  
t h u s  becomes a  s m e t r i c a l  t e p c o r .  
When t h e  r a t i o  o f  t h e  c o n v e c t i o n  o f  c h a r g e  t o  t h e  conduc t ion  c u r r e n t ,  which is  r e f e r r e d  
to a r  t h e  electric Reynolds number, is much s m a l l e r  t h a n  u n i t y ,  t h e  i n f l u e n c e  o f  t i le  e lectr ic  
s t r e s se~  on t h e  f l u i d  i s  i n c l u d e d  i n  t h e  model,  b u t  t h e r e  is  no reci;?roc!al e f f e c t  o f  t h e  mot i -  
on  on t h e  f i e l d s .  A s i m i l a r  s i t i l a t i o n  f o r  t h e  magne t i c  f i e? -d  can  bc c o n s i d e r e d  x i t i i  no e f f e c t  
o f  t h e  n o t i o n  on t h e  magne t i c  f i e l d  8 and t h e  e lectr ic  c u r r e n t  d e n s i t y  i s  t h u s  g i v e n  by i ts  
e l e c t r o s t a t i c  form. For t h i s  r e a s o n ,  i n  t h i s  paFer ,  i n  v i ew o f  t h e  absence  o f  t h e  r e c i p r o c a l  
e f f e c t  of  t h e  motion on t h e  e l e c t r o m a g n e t i c  f i e l d ,  t h e  h y d r o l ~ e c h a n i c a l  b u l k  stress i n  t h e  
s u s p e n s i o -  is c o n s i d e r e d  a l o n e .  
Governing e q u a t i o n s  
The magne t i c  i n d u c t i o n  i n  t h e  f l u i d  i n  and o u t  o f  t h e  d r o p  is n o t  n e g l i q i b l e  because  a£ 
dynamic c u r r e n t s  a r e  n o t  s m a l l  enough. I t  i s  assumed t h a t  t n e  i n f l u e n c e  o f  t h e  e l e c t r i c  stres- 
ses o n  t h e  f l u i d  is i n c l u d e d  i n  t h e  model, b u t  t h e r e  i s  no r e c i p r o c a l  e f f e c t  o f  t h e  mot i cn  on 
t h e  f i e l d s .  T h e r e f o r e ,  t h e  a p p r o ~ r i a t e  laws o f  e l e c t r o d y n a m i c s  a r e  e s s e n t i a l l y  t h o s e  o f  elec- 
t r o s t a t i c s  f o r  t h e  electric f i e l d  and t h e  e lectr lc  c u r r e n t  d e n s i t y ,  e x c e p t  f o r  t h e  magne t i c  
i n d u c t i o n  f i e l d .  Under t h e  c o n d i t i o n s  c o r ~ s i d e r e d  h e r e ,  t h e  gove rn ing  ec:uations o f  e l e c t r a h y -  
drodynamics a r  2" : 
where E , i s  t h e  e l e c t r i c  f i e l d  i n t e n s i t y ,  J t h e  e lectr ic  c u r r e n t  d e n s i t y ,  R the magnetic 
f i e l d ,  G t h e  e l e c t r i c  c o n d u c t i v i t y ,  u  t h e  v e l o c i t y ,  p t h e  p r e s s u r e ,  )r t h e  v i s c o s ; l t y ,  % 
t h e  permeahil i t : . .  Throughout t h e  paFer  MKS u ~ i t f  a r e  used .  Because o f  t h e  absence  o f  f l u i d  
mot ions  t h e  t e r n  #YUI H i n  ( 7 )  and t h e  termGX tunH) a i n  ( 1 0 )  a r e  o m i t t e d .  
The boundary c o n d i t i o n s  t o  be  a p p l i e d  a t  t h e  i n t e r f a c e  o f  a d r o p  i n  an e l e c t r i c  f i e l d  are 
t h e  f o l l o w i n g Z Z  
I ,  
where d is t h e  v i scous  stress, t and h a r e  t h e  electric p a r t  and magnetic p a r t  o f  t h e  I, 
Maxwell s t r e s s  t e n s o r ,  r e c p e c t i v e l y  I and { A )  denotes  t h e  jump o f  A a c r o s s  t h e  i n t e r f a c e .  
T i s  t h e  s u r f a c e  t e n s i o n ,  and R 1  and R2 irre t h e  r a d i i  o f  c u r v a t u r e  o f  t h e  s u r f a c e  t t h e s e  1, 
r a d i i  a r e  taken a s  p o s i t i v e  when t h e  correspondina c e n t e r  o f  c u r v a t u r e  lies on t h e  s i d e  o f  
t h e  i n t e r f a c e  t o  which n p o i n t s .  
I 
Under t h e  c o n d i t i o n s  considered here ,  t h e  e l e c t r i c  f i e l d  E and H and t h e  v e l o c i t y  
f i e l d  u  can be d e t e r ~ l n e d  independent ly  by e m a t i o n s  ( 5 ) - ( 1 1 )  and t h t n ,  they  can be r e l a t e d  
by t h e  boundary condi t -ons  (12) - (17)  . I ;  
A drop  i n  an e l e c t r i c  f i e l d  I 
We cons ider  a  drop o r  W l e ,  assuining t h a t  i t s  shape is b p h e r i c a l  w i t h  r a d i u s  a .  The 
d i s t a n c e  between e l e c t r o d e s  and t h e  drop measures t o  many r a d i i  t h u s  causing t h e  e l e c t r i c  
f ' 
f 
f i e l d  f a r  from t h e  d rap  t o  be uniform. An a p p r o p r i a t e  s p h e r i c a l  p o l a r  c o o r d i n a t e s  a r e  d e f i -  I , . 
ned with  t h e  o r i g i n  a t  t h e  c e n t e r  of t h e  drop and t h e  symmetry a x i s  i n  t h e  d i r e c t i o n  o f  t h e  
app l ied  f i e l d .  There a r e  four  boundary c o n d i t i o n s  f o r  t h e  electric f i e l d  i n t e n s i t y  : (i)  E , ~ 
i s  f i n i t e  i n s i d e  t h e  drop I (ii) t h e  t a n g e n t i a l  component of t h e  electric f i e l d  is cont inuous 
a c r o s s  t h e  s u r f a c e  of t h e  d r o p ;  (iii) t h e r e  is no s u r f a c e  c u r r e n t ,  and ( i v )  E tends t o  E a s  
1x1 t e n d s  t o  i n f i n i t y .  Sub jec t  t o  t h e s e  boundary c o n d i t i o n s ,  equa t ions  (5 )  - 0 1 ,  (12) an8  (13)  : j 
g i v e  f o r  t h e  e l e c t r i c  f i e l d  o u t s i d e  t h e  drop , . 
where rr  1x1 , and f o r  that.  i n s i d e  t h e  drop 
- 
where QL=/C . A symbol with  a  bar  is used f o r  t h e  q u a n t i t i e s  o f  t h e  medium i n s i d e  t h e  drop :. 
and a symbol without  a  b a r  is used f o r  those  of t h e  medium o u t s i d e  t h e  drop.  The express 'on 
i n  equat ion (19) shows t h a t  t h e  e l e c t r i c  f i e l d  i n s i d e  t h e  drop is uniform. 
Since t h e r e  is no a p p l i e d  magnetic f i e l d ,  e a u a t i o n s  (8 )  and (9 )  g i v e  f o r  t h e  magnetic 
f i e l d  o u t s i d e  t h e  drop 
and f o r  t h a t  i n s i d e  t h e  drop 
The c i r c u l a t i o n  i n  and round t h e  drop is  r e s p o n s i b l e  f o r  t h e  e l e c t r i c  s u r f a c e  f o r c e  den- 
s i t y  and t h e  n a g n e t i c  f o r c e  d e n s i t y  which a r e  r e l a t e d  t o  t h e  Maxwell stress t e n s o r .  Expres- 
s i o n  of  t and h over t h e  surfac!e of t h e  drop a r e  needed. The t a ~ g a n t i a l  and normal rnmpo- 
n e n t  d i f f e r e n c e s o f  t a c r o s s  t h e  s u r f a c e  of t h e  drop a r e  
3 
where ( 0 * g f i  is  t h e  r a t i o  o f  t h e  p e n n i t t i v i t i e a .  The t a n g e n t i a l  and nonnal component d i f f e -  
rences  o f  h a c r o s s  t h e  s u r f a c e  of t h e  d rop  a r e  
The flow considered i n  t h i s  p a p e r , i s  governed by equa t ions  (101 and (11). The boundary 
c o n d i t i o n s  f o r  t h e  v e l o c i t y  a r e :  (1) g is f i n i t e  i n s i d e  t h e  d rop  and tends  t o  ze ro  a s  1x1 
t ends  t o  i n f i n i t y  I ( i f )  u.n 0 and u.n O a t  t h e  i n t e r f a c e  I (111) t h e  t a n g e n t i a l  c a p o -  
nent  of t h e  v e l o c i t y  a c r o s s  t h e  d rop  is  cont inuous r ( i v )  t a n g e n t i a l  e l e c t r i c  stress and 
t a n g e n t i a l  magnetic stress an4 t a n g e n t i a l  v i s c o u s  stress a r u  i n  ba l snce  a t  t h e  i n t e r f a c e .  
Following t h e  g e n e r a l  arguments given i n l e  and lg  t h e  p r e s s u r e  and t h e  v e l o c i t y  i n  t h e  
f l u i d  o u t s i d e  t h e  drop2 can be w r i t t e n  a s  
ui b~ Xi + bij X) g(r )+  bki 9 x 1  h(r) 
where 
4 l - E ~  E e i  bci = b j i  hi SE:~  8 
and t h e  ex~ressic.:?r f o r  R,Q,f,g and h a r e  given i n  t h e  appeadix. Uoing t b e  same reasoning a s  
f o r  o u t s i d e  t h e  drop,  t h e  p r e s s u r e  and t h e  v e l o c i t y  i n s i d e  t h e  d rop23  can b e  w r i t t e n  a s  
- - - -  
where t h e  exprecs ion  f o r  R,Q,f ,g  and a r e  given i n  t h e  appendix. 
The balance of t h e  normal s t r e s s e s  on t h e  i n t e r f a c e  of t h e  d rop  is given by equa t ion  (17) .  
Since it is assumed t h a t  t h e  i n t e r f a c e  o f  t h e  d r o r  is  t o  be s p h e r i c a l  t h e  l a s t  term i n  equa- 
t i o n  (17) is  r e ~ . l a c e J  by -2T/a. In  o r d e r  t o  f i n d  o u t  whether t h e  d r o p  w i l l  become o b l a t e  o r  
p r o l a t e  under c o n d i t i o n s  where equa t ion  (17) is n o t  q u i t 3  s a t ? s f i e d ,  t h e  Taylor  technique1'  
is en~ployed and i t  ir.: assumed t h o t  a s t r e s s  ~cor'B[=fi[E en) /E: J is a r p l i e d  normally t o  t h e  
s u r f a c e  o f  t h e  drop,  which i s  necessary t o  keep it s p k e r i c a l .  Replacing T i n  t h e  modified 
form of equa t ion  (17)  it is found t h a t  
where Y-p/F . The o x r r e s c i o n  of  Fo has  been given i n 1 ?  (an a r i t h m e t i r  e r r o r  i n  ec,uation (30) 
in17  is c o r r e c t e d ,  and 44 is  r e i l a c e d  by 1 4 ) .  The equilibrium geometry dekendr on Fo , namely 
t h e  f u n c t i o n a l  r e l a t i o n  which is given by a , ~ , v , x , T , 3  and a .  For a d e t a i l e d  d i s c u s s i o n  the 
reader  may. be r e f e r r e d  to .  
A drop i n  an electric f i e l d  i n  a pure  s t r a i n i n g  motion 
S ince  t h e  governing et!uations a r e  l i n e a r  i n  termc o f  t h e  v e l o c i t )  rnd electric i i e l d ,  t h e  
e f fec : t s  i n  t h e  c a r e  o f  a d ro i  i n  an electric f i u l d  b i t h o u t  a l i n e a r  v e l o c i t y  a t  i n f i n i t y  ana 
t h a t  of  a d rop  embedded i n  a r u r e  s t r a i n i n g  motion i n  the a ~ s e n c e  o f  a uniform electric f i  ., 
a t  i n f i n i t y  can LK c u p e r i m l ~ s e d .  F o l l o r i n g  the g e n e r a l  arQrarent8 g iven  i n  t h e  p r e ~ i 0 ~ ~  p a b &  
graph t h e  p r e s s u r e  and t h e  v e l o c i t y  i n  t h e  f l u i d  o u t s i d e  t h e  drop can be n i t t e n  a s  
and inside the drop as 
where k , Q , f , g , h , E , G , ? , G , L , ~ , ~ , ~ , i , f i  are given in the appendix. Although a similar dincunnion 
to that given in the previous paragraph for the shape of the drop can be done, this in bekond 
the scope of this Faper. 
The particle stress in a dilute suspension 
By the expression dilute suspension it is meant that the flow near one particle ir Inde- 
pendent of all the other particles. However, a simple model'" illustrates how eurprioingly 
close the spheres are for concentrations which are numerically quite small. The relation (4) 
shows that for a dilute suspension the different particles in the volume V 9f nus~ennion make 
linearly additive contributions to the particle stress and the particle stress obtained under 
these conditions is correct to the order of c (where c is the csncentration of particles by 
volume). Thus, the results obtained in the previous section may be used to evaluate the third 
term in equation (4). However, sone nec*ssary modifications nlust be made. The velocity, pres- 
sure and stress in the fluid will be *zitten as 
where e is a constant and ui , p' , are the disturbance quantitie. renu1tir.g f: >m the 
presence of the particle. The particle ttkesr becomes 
since only the deviatorfc part of the particle stress is significant, the term-?$ 
milar terms are omitted. 
% and si- 
Inserting ecuation~ (26) and (27) in equations (30) and ueirlg the well-known identities 
in khich the integration is carried over the surface of a sphere of radiuz a, the following 
equation is obtained 
in this equation 
S i n c e  o n l y  d e v i a t o r i c  p a r t  o f  t h e  p a r t i c l e  strerr is s i g n i f i c a n t ,  c;? i s o t r o p i c  term i n  t h e  
e x p r e s s i o n  f o r  t h e  p a r t i c l e  strers is n o t  cona1de:ed. I f  h g o e s  to z e r o  e q u a t i o n  (31 )  r edu-  
ces tc, t h a t  g i v e n  i n . 2 1  The f i r s t  term of  t h e  p a r t i c l e  stress, g i v e n  by e q u a t i o n  (311 ,  rhowr 
t h e  ~ t f e c t  i n  t h e  absence  o f  an  a p p l i e d  electric f i e l d ,  and t h e  second term d e n o t e s  t h e  a d d i -  
t i o . ; a l  e f f e c t  due  t o  t h e  a p p l i e d  electric f i e l d .  The 8econd term o f  t h e  p a r t i c l e  stres8 con- 
t a i n s  two p a r t s  : one  is  due  t o  t h e  absence  o f  t h e  magne t i c  e f f e c t  i n  t h e  f l u i d  o u t a i d e  t h e  
d r o p  and t h e  o t h e r  is due  t o  t h e  p r e s e n c e  o f  t h e  magne t i c  e f f e c t .  S i n c e  i t  is arrumed t h a t  
t h e  f l u i d  o u t s i d e  t h e  d r o p  i r  more c o n d u c t i v e  t h a n  i n s i d e  t h e  d r o p ,  t h e  c o n d u c t i v i t y  r a t i o a  
i r  vc*ry much s m a l l e r  t h a n  u n i t y ,  and t h e  flu!d o u t s i d e  t h e  d r o p  is poor  d i e l e c t r i c  i n  compa- 
r i c o n  t o  t h a t  i n s i d e  t h e  d rop ,  t h e  d i e l e c t r i c  : a t l o  6 is  v e r y  much s v a l l e r  t h a n  u n i t y , ,  t h e n  
o > Q  and t h e  magne t i c  e f f e c t  h o r k s  t o  r educe  t h e  d e y n d e n c e  o f  t h e  ? a r t i c l e  stress on t h e  
d i r e c t i o n  o f  t h e  a r p l i e d  e l e c t r i c  f i e l d .  
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An a n n u l a r  j e t  f l o w  o f  l i q u i d  s u r r o u n d i n g  a  f l o w  o f  g a s  a t  i t s  c o r e  i s  e x t r e m e l y  
u n s t a b l e .  A x i s y m m e t r i o  o s c i l l a t i o n s  a r i s e  s p o n t a n e o u s l y ,  a n d  g r o w  w i t h  a u o h  r a p i d i t y  a l o n g  
S h e  a x i a l  d i m e n s i o n  t h a t  a  p i n c h - o f f  o f  t h e  l i q u i d  a n d  a n  e n o a p s u l a t i o n  o f  t h e  c o r e  g a s  
o c c u r s  w i t h i n  a s  f e w  as  f o u r  J e t  d i a e e t e r s .  T h e  s h e l l s  w h i o h  r e s u l t  t h e r e b y  m a y  b e  
d e s o r i b e d  a3  t h i c k - w a l l  b u b b l e s ,  f o r  w h i c h  v a n  d e r  U a a l s  t o r o e s  a r e  u n i m p o r t a n t .  A 
d e s c r i p t i o n  i s  g i v e n  h e r e  o f  t h e  f l u i d  d y n a m i o  p r o o e s s e s  by  w h i o h  t h e  s h e l l s  a re  f o r m e d ,  a n d  
o f  m e a n s  f o r  p r e s e r v i n g  a n d  p r o m o t i n g  t h e  g e o m e t r i c a l  s y m m e t r y  o f  t h e  p r o d u o t .  The  f o r m i n g  
o f  m e t a l l i c  s h e l l s  i s  m e n t i o n e d .  
The i n v e s t i g a t i o n  d e s c r i b e d  h e r e  f o l l o w s  f r o m  c o n s i d e r a t i o n s  p u t  f o r w a r d  by Mas r s .  T. G. 
Vang  a n d  D. D. E l l e m a n  o f  t h i s  L a b o r a t o r y  f o r  t h e  p r o d u c t i o n  o f  r i g i d ,  i m p e r m e a b l e  s h e l l s  
f o r  v a r i o u s  a p p l i c a t i o n s .  T h e y  h a d  n o t e d  d u r i n g  ze ro -G f l i g h t s  o f  t h e  NASA KC-135 a i r c r a f t  
t h a t  f r e e - f l o a t i n g  d r o p s  o f  w a t e r  c o n t a i n i n g  a  g a s e o u s  b u b b l e  s p o n t a n o o u s l y  a s s u m . t o  a 
s p h e r i c a l  a n d  c o n c e n t r i c  f o r m ,  s u g g e s t i n g  t h a t  i f  t h e  l i q u i d  w e r e  t o  s o l i d i f y  i n  s u o h  s t a t e  
t h e r e  m i g h t  r e s u l t  a p r o d u c t  o f  s o m e  u t i l i t y .  They p r o p o s e d  a m e a n s  f o r  t h e  m a s s - p r o d u c t i o n  
o f  l i q u i d  s h e l l s  w i t h i n  t h e  l a b o r a t o r y ,  b a s e d  u p o n  t h e  p e r i o d i c  o u t t i n g - o f f  o f  l e n g t h s  o f  a 
g a s - a o r e  l i q u i d  j e t ,  w i t h  c o n c u r r e n t  s e a l i n g  o f  t h e  f r e e  e n d 8  b y  a n y  o f  s e v e r a l  m e t h o d s  
w h i o h  s e e m e d  p r o m i s i n g .  T h i s  a u t h o r * s  e a r l i e s t  a t t e m p t  t o  g e n e r a t e  a s u i t a b l e  j e t  f l o w  f o r  
e v a l u a t i n g  t h e  t e c h n i q u e  r e v e a l e d  i m m e d i a t e l y  t h a t  t h e  h o l l o w  j e t  w a s  s u f r i o i e n t l y  u n s t a b l e  
t h a t  t h e  f o r m a t i o n  o f  s h e l l s  n e e d e d  n o  i n d u c e m e n t .  
F i g .  1  i l l u s t r a t e s  t h i s .  T h e  u p p e r  f i g u r e  t h e r e  p e r t a i n s  t o  a 4.0-mm j e t  o r  w a t e r  w h i o h  
a c c e l e r a t e d  d o w n w a r d  u n d e r  a o t i o n  o f  g r a v i t y .  The  t h r e e  c o m p o n e n t  p h o t c g r a p h s  w e r e  o b t a i n e d  
a t  s t a t i o n s  s e p a r a t e d  a x i a l l y  by 1.0 m e a o h ,  s o  t h a t  t h e  o b s e r v a t i o n  e x t s n d e a  o v e r  2.0 a, o r  
m o r e  t h a n  5 0 0  d i a m e t e r s .  T h e  f l o w  w i t h i n  t h e  n o z z l e  w a s  i n t e n t i o n a l l y  r e n d e r e d  s l i g h t l y  
p e r i o d i c  i n  o r d e r  t o  s t i m u l a t e  t h e  w a v e  g r o w t h  e v  d e n t  a t  t h e  s e c o n d  a n d  t n i r d  s t a t i o n s  o n  
a c c o u n t  o f  t h e  w e l l - k n o w n  R a y l e i g h  i n ~ t a b i 1 i t . y . ~  An i m p o r t a n t  f e a t u r e  o f  t h e  R a y l e i g h  
a n a l y s i s ,  a n d  o f  a n  e x p e r i m e n t  s u o h  a s  t h i s ,  i s  t h a t  d i s t u r b a n c e s  e x t e n d i n g  o v e r  a  w i d e  
r a n g e  o f  wave  n u m b e r s  a r e  u n s t a b l e ,  a n d  t h a t  t h e  g r o w t h  o f  e v e n  t h e  m o s t  u n s t a b l e  o f  t h e s e  
is  q u i t e  s l o w ,  r e q u i r i n g  h u n d r e d s  o f  d i a m e t e r s  f o r  p i n o h - o f f  u n d e r  t h e  p r e s e n t  o o n d i t i o n s .  
No s i n g l e  w a v e  n u m b e r  i s  f a v o r e d  t o  t h e  e x c l u s i o n  o f  a l l  o t h e r s .  By o o n t r a s t ,  t h e  l o w e r  
f i g u r e  s h o w s  t h e  s a m e  n o z z l e ,  e x o e p t  t h a t  a o o a x i a l  f l o w  o f  a i r  h a d  b e e n  p r o v i d e a  a t  t n e  
o e n t e r  o f  t h e  j e t .  A g a i n ,  t h e r e  e x i s t e d  a n  a x i a l  g r o w t h  o f  a x i s y m m e t r i c  w a v e s ,  b u t  t h e s e  
g r e w  t o  s u o h  m a g n i t u d e  t h a t  p i n c h - o f f ,  a o o o m p a n i e d  by e n c a p s u l a t i o n  o f  t h e  c o r e  g a s ,  i s  t o  
b e  o b s e r v e d  a t  a  s t a t i o n  a p p r o x i m a t e l y  f o u r  d i a m e t e r s  f r o m  t h e  n o z z l e .  M o s t  i m p o r t a n t l y ,  n o  
p e r t u r b a t i o n  w a s  s u p p l i e d  i n  t h i s  o a s e ,  y e t  t h e  f r e q u e n a y  s t a b i l i t y  o f  t h e  c y o l i c  p r o c e s s  
was e x o e e d i n g l y  u n i f o r s ,  r e s u l t i n g  i n  a  c o r r e s p o n d i n g  u n i f o r m i t y  i n  m a s s  o f  t h e  i n d i v i d u a l  
s h e l l  s p e a i m e n s .  I t  i s  t h e  f o r m a t i o n  o f  t h e s e  w h i o h  i s  t h e  s u b j e c t  o r  t h e  s t u d y  t o  b e  
d e s c r i b e d .  
The  w o r k  h a s  b e e n  m o t i v a t e d  j o i n t l y  by  s o i e n t i f i o  i n t e r e s t  i n  t h e  f l u i d  m o t i o n ,  a n d  by  
t h e  p o t e n t i a l  u t i l i t y  o f  a  m e t h o d  f o r  t h e  m a s s - p r o d u c t i o n  o f  r i g i d  s h e l l s  o f  h i g h  q u a l i t y .  
One a p p l i o a t i o n  f o r  t h e s e  o o n c e r n s  f u s i o n  t a r g e t  t e c h n o l o g y .  T h e r e ,  i t  i s  s o u g h t  t o  p r o d u o e  
m e t a l l i c  s h e l l s  o f  h i g h  p r e c i s i o n  a n d  s t r e n g t h ,  a n d  p r e f e r a b l y  c o m p o s e d  o f  a  metal o f  h i g h  
a v e r a g e  a t o m i o  number .  I 4 e n d r i o k s 2  h a s  d e s c r i b e d  s o m e  o f  t h e  t r u l y  r e m a r k a b l e  a o o o m p l i s h m e n t s  
o f  a p r o g r a m  f o r  t h e  m a n u f a o t u r e  o f  m u l t i - l a y e r  t a r g e t  s b e l l s .  
E x p e r i m e n t s  h a v e  b e e n  c a r r i e d  o u t  e m p l o y i n g  a  n u m b e r  o f  d i f f e r e n t  n o z z l e s  a n d  o p e r a t i n g  
f l u i d s .  P i g .  2  s h o w s ,  o n  t h e  l e f t ,  t h e  g e n e r a l  o o n f i g u r a t i o n  o f  a  t y p i o a l  n o z z l e ,  o t h e r  
d e s i g n s  h a v i n g  d i f f e r e d  f r o m  t h i s  p r i n o i p a l l y  w i t h  r e g a r d  t o  d i m e n s i o n s  a n d  t o  m e c h a n i o a l  
d e t a i l s  o f  a l i g n m e n t .  T y p i o a l  f l o w  s e t t i n g s  f o r  t h i s  n o z r l e  a r e  i n o l u d e d .  O t h e r  n o r r l e s  
i n o o r p o r a t e d  n o r r l e  e x i t  d i a m e t e r s  o f  0.3, 0.66, a n d  2.0 mm. The p r i n c i p a l  f e a t u r e s  are t h e  
c e n t r a l  t u b e  t h r o u g h  w h i o h  t h e  g a s  s u p p l y  is  i n t r o d u c e d ,  t h e  o o n t o u r  o f  t h e  i n t e r i o r  s u r f a o e  
o f  t h e  l i q u i d - f l o w  c h a n n e l ,  a n d  t h e  p a s r a g e w a y  o f  l i q u i d  f l o w  d e f i n e d  b y  t h e  o l e a r a n o e  
b e t w e e n  t h e  8.8 t u b e  a n d  n o r s l o  a p e r t u r e .  The  p e r f o r m a n o r  w a a  r e l a t i v e l y  i n s e n r i t i v e  t o  t h e  
g a r - t u b e  w a l l  t h i o k n e a s  a n d  t o  t h e  a x i a l  p o s i t i o n  o f  t h e  g a s - t u b e  t e r m i n a l  e n d ,  b u t  r a d i a l  
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a l i g n m e n t  w a s  m o d e r a t e d l y  i m p o r t a n t .  On t h e  r i g h t  i s  s h o w n  t h e  s m a l l e s t  n o z r l e  t e s t e d ,  a  
m i l l i m e t e r  s c a l e  b e i n g  i n c l u d e d .  W a t e r  a n d  g l y o e r i n  s e r v e d  a s  t h e  w o r k i n g  l i q u i d s  i n  
p e r f o r m a n o e  tests ,  a n d  l i q u i d  meta ls  were a l s o  u s e d  a s  n o t e d  l a t e r .  T e s t  g a s s e s  i n o l u d a d  
a o m p r e s s e d  a i r ,  h e l i u m ,  n i t r o g e n  a n d  F r e o n - 1 2 .  L i q u i d  f l o w  r e g u l a t i o n  was a o o o m p l i s h a d  
t h r o u g h  a d j u s t m e n t  o f  t h e  f r e e - s u r f a o e  e l e v a t i o n ,  o r  by  g a s - p r e s s u r i z a t i o n  o f  t h e  r e s a r v o l r .  
The r e q u i r e d  p r e s s u r e  w a s  e q u a l  t o  t h e  sum o f  t h e  p r e s s u r e  d r o p  t h r o u g h  t h e  n o z z l e  d u e  t o  
v l s o o s i t y ,  p l u s  t h e  B e r n o u l l i  t e r m .  G a s  f l o w  o o n t r o l  w a s  a a o o m p l i s h e d  by p r o v i d i n g  a f i n e  
c a p i l l a r y  t u b e  a h e a d  o f  t h e  g a s  s u p p l y  t u b e  i n  o r d e r  t o  r a i s e  t h e  s u p p l y  p r e s s u r e  t o  a  v a l u e  
e a s i l y  m e a s u r e d  a n d  r e g u l a t e d .  
G a s  f l o w  r a t e s  w e r e  d e t e r m i n e d  by m e a s u r e m e n t  o f  t h e  p r e s s u r e  i m p o s e a  u p o n  t h e  c a p i l l a r y  
r e s i s t o r ,  t h e  f l o w  t h r o u g h  w h i c h  i n  t u r n  h a d  b e e n  c a l i b r a t e d  a g a i n s t  a  w e t  t e s t  meter. 
L i q u i d  f l o w  r a t e s  w e r e  m e a s u r e d  by  c a p t u r i n g  t h e  s t r e a m  o f  s h e l l s  i n  a g r a d u a t e d  o y l i n d e r  
f o r  a  p r e c i s e  d u r a t i o n .  The f r e q u e n o y  o f  s h e l l  p r o d u c t i o n  w a s  d e t e r m i n e d  s t r o b o s o o p i o a l l y  
o r  by m e a s u r e m e n t  o f  t h e  f r e q u e n o y  o f  l i g h t - b e a m  i n t e r r u p t i o n .  S h e l l  d i a m e t e r s  w e r e  m e a s u r e d  
o p t i c a l l y  u n d e r  s t r o b o s c o p i c  i l l u m i n a t i o n  u s i n g  a  t r a v e r s i n g - m o u n t  t e l e s a o p e .  H e a t  t r a n s f e r  
t o  f r e e l y - f a l l i n g  s h e l l s  w a s  d e t e r m i n e d  by  m e a s u r i n g  t h e  t e m p e r a t u r e  d i f f e r e n o e  b e t w s e n  t h a t  
o f  h e a t e d  w a t e r  w i t h i n  t h e  r e s e r v o i r  a n d  t h a t  o f  s h e l l s  c a p t u r e d  a t  v a r i o u s  d i s t a n o e s  b e l o w  
t h e  n o z z l e  e x i t .  
B o t h  t h e  g a s  a n d  t h e  l i q u i d  i s s u e d  f r o m  t h e  n o z z l e  i n  s t e a d y  m o t i o n ,  b u t ,  b e c a u s e  o f  
i n s t a b i l i t y ,  t h e  f l o w  b e c a m e  s t r o n g l y  p e r i o d i c  w i t h i n  a s h o r t  d i s t a n c e  f r o m  t h e  n o z z l e  
e x i t .  P i g .  3  s h o w s  f o u r  p h a s e s  o f  t h e  c y c l i c  m o t i o n  t h r o u g h  w h i c h  s h e l l s  w e r e  f o r m e d .  T h e r e ,  
t h e  v e l o c i t y  o f  t h e  g a s  was t h r e e  t imes  t h a t  o f  t h e  l i q u i d .  I t  i s  i m p o r t a n t  t o  r e o o g n i z e  
t h a t  t h e  v o l u m e  f l o w  r a t e  o f  t h e  g a s  t h e r e f o r e  e x c e e d e d ,  b y  t h e  s a m e  f a c t o r ,  t h e  r a t e  a t  
w h i c h  new v o l u m e  w a s  g e n e r a t e d  w i t h i n  t h e  h o l l o w  c o r e  by  t h e  d o w n w a r d  f l o w  o f  l i q u i d .  The 
f i r s t  f r a m e  d e p i c t s  t h e  f r e e - s u r f a c e  c o n f i g u r a t i o n  a t  t h e  i n s t a n t  a t  w h i c h  t h e  l i q u i d  h a d  
s e a l e d  t h e  c o r e .  On a c c o u n t  o f  t h e  l a r g e r  v o l u m e  r a t e  o f  t h e  g a s ,  t h e  g a s  o f  n e o e s s i t y  
p r o d u c e d  a  r a d i a l  d i s p l a c e m e n t  o f  t h e  c y l i n d r i c a l  s u r f a c e  o f  t h e  l i q u i d ,  a s  i n  t h e  s e c o n d  
f r a m e .  The b u l b o u s  f e a t u r e  bec, .me p r o g r e s s i v e l y  l a r g e r  a n d  m o r e  s p h e r i o a l ,  a n d  was a t  t h e  
s a m e  t i m e  c o n v e c t e d  d o w n w a r d  o n  a  n e c k  o f  l i q u i d  e m e r g i n g  f r o m  t h e  n o z z l e ,  a s  i n  t h e  t h i r d  
a n d  f o u r t h  f r a m e s .  The n e c k  t h e n  c o l l a p s e d  u n d e r  a c t i o n  o f  s u r f a c e  t e n s i o n ,  o o m p l e t i n g  t h e  
f o r m a t i o n  o f  a  g a s - f i l l e d  n o d u l e .  S u c c e s s i v e  n o d u l e s  o f  e n c a p s u l a t e d  g a s  p r o d u c e d  i n  t h i s  
m a n n e r  w e r e  t e m p o r a r i l y  i n t e r c o n n e c t e d  by a  f i l a m e n t  o f  l i q u i d  w h i c h  b r o k e  s u b s e q u e n t l y ,  
s e t t i n g  f r e e  t h e  i n d i v i d u a l  s h e l l s .  None o f  t h e  f i l l  g a s  e s c a p e d .  
A n o t a b l e  f e a t u r e  o f  t h i s  a c t i o n  i s  t h a t  t h e  f r e q u e n c y  s t a b i l i t y  o f  t h e  p r o o e s s ,  
e s t i m a t e d  b y  s t r o b o s c o p i c  o b s e r v a t i o n ,  a p p e a r e d  t o  e x o e e d  o n e  p a r t  i n  1 0 3 .  T h e  m o t i o n  w a s  
s u f f i c i e n t l y  d e f i n i t e  t h a t  a n  a t t e m p t  t o  a l t e r  t h e  f r e q u e n c y  by s i n t i s o i d a l  p e r t u r b a t i o n  o f  
t h e  f i l l  g a s  w a s  u n s u c c e s s f u l .  M o r e o v e r ,  e v e n  t h e  d e t a i l s  o f  t h e  b r e a k a g e  o r  t h e  f i l a m e n t  
w e r e  s t a t i o n a r y ;  i n s t a n t a n e o u s  o s c i l l a t i o n  w a v e f o r m s  i n d u c e d  u p o n  t h e  t h e  s h e l l s  b y  t h e  
e n e r g y  r e l e a s e ,  e v i d e n t  i n  f i g u r e s  d e s c r i b e d  b e l o w ,  r e m a i n e d  c o n s t a n t  i n  a p p e a r a n c e  when  
v i e w e a  i n  s t r o b o s c o p i c  l i g h t ,  a n d  t h e  e j e c t i o n  o f  s a t e l l i t e  d r o p l e t s ,  w h e n e v e r  p r e s e n t ,  w a s  
s i m i l a r l y  c o n s t a n t .  The m o t i o n  w a s  h i g h l y  d e t e r m i n i s t i c .  
No a n a l y s i s  a d e q u a t e  t o  e x p l a i n  t h e  s h e l l  f o r m a t i o n  p r o o e s s  i s  known t o  b e  a v a i l a b l e  a t  
p r e s e n t .  D. W e i h s  o f  T e o h n i o n ,  H a i f a ,  I s r a e l  ( p r i v a t e  c o m m u n i c a t i o n )  h a s  p e r f o r m e d  a  
l i n e a r i z e d ,  p a r a l l e l - f l o w ,  a n a l y s i s  o f  a  h o l l o w  j e t  a n d  s h o w n  t h a t ,  a s  i n  R a y l e l g h  
i n s t a b i l i t y ,  a  r a n g e  o f  w a v e  l e n g t h s  i s  u n s t a b l e .  T h i s  r e s u l t  i s  i n  o o n t r a s t  w i t h  t h e  
p r e s e n t  o b s e r v a t i o n  t h a t  a s i n g l e  f r e q u e n o y  o f  o s c i l l a t i o n  i s  d o m i n a n t .  Evidently, a  
n u m e r i c a l  a n a l y s i s  s u o h  a s  t h a t  d e s a r i b e d  by  ~ r o m m ~  w i l l  be  r e q u i r e d .  
It may b e  a p p r o p r i a t e  h e r e  t o  c o n s i d e r  t h e  r e l a t i v e  i m p o r t a n o r  o f  v a r i o u s  f o r o e s ,  a n d  t o  
p r e s e n t  a n  a n a l y s i s  o f  a  l i m i t i n g  c a s e .  The f o r c e s  a n d  s t r e s s e s  t o  k e  o o n s i d e r e d  i n c l u d e  
t h e  f o l l o w i n g :  
Dynamic  p r e s s u r e  o f  t h e  g a s ,  p g v g P ' *  
Dynamic p r e s s u r e  o f  t h e  l i q u i d ,  p v 1 2 / 2  
V i s o o u s  s t r e s s  o f  t h e  l i q u i d ,  plvl/r 
C a p i l l a r y  p r e s s u r e ,  d / r ,  
H y d r o s t 8 t i c  p r e s s u r e ,  p1G'r 
Here, p d e n o t e s  d e n s i t y ,  V d e n o t e s  v e l o o i t y , p  d e n o t e s  v i s o o s i t y ,  6 d e n o t e s  i n t e r f a o i a l  
t e n s i o n ,  Q i s  g r a v i t y ,  a n d  r l a  t h e  j e t  r a d i u s .  S u b s o r i p t s  g a n d  1 d e n o t e  g a s  a n d  l i q u i d .  A 
number  o f  t h e s e  s t r e a a e s  a r e  g e n e r a l l y  o r  o o n d i t i o n a l l y  u n i m p o r t a n t ,  a s  w i l l  b e  shown. On 
t h e  b a s i s  o f  t h e  f o r m a t i o n  o y o l e  o f  P i g .  3,  t h e  f o r o e s  w h i o h  seem t o  b e  p r e d o m i n a n t  a r e  
t h o s e  o f  o a p i l l a r y  p r e s s u r e  a n d  o f  l i q u i d  d y n s m i o  p r e s s u r e ,  a n d  e v e n  t h e  l a t t a r  may  b e  
r e g a r d e d  a s  o f  a e o o n d s r y  m a g n i t u d e  b e o a u s e  t h e  p r 4 . n o i p a l  o o m p o n e n t  o f  m o t i o n  a m o u n t s  t o  a  
u n i f o r m  t r s n a l a t i o n  o f  t h e  l i q u i d .  The m o t i o n s  w i t h  r e s p e o t  t o  t h i s  a v e r a g e  o n e  g i v e  f o r m  t o  
t h e  a y o l e ,  b u t  d o  n o t  i n d u o e  s u b s t a n t i a l  p r e s s u r e s .  
The  m o s t  i m p o r t a n t  f o r o e s  a r e  e v i d e n t l y  t h o s e  d u e  t o  o a p i l l a r y  p r e s s u r e .  A o o o r d i n g l y ,  a  
s t a t i o  a n a l y s i s  h a s  b e e n  m a d e  a n d  f o u n d  t o  p r o v i d e  a  u s e f u l  p r e d i o t i o n  o f  t h e  s h e l l  
d i a m e t e r  a n d  o f  t h e  f o r m a t i o n  f r e q u e n o y .  F i g .  9 s h o w s  a n  i d o a l i s a t i o n  or' t n e  o o n f i g u r a t i o n  
p r e s e n t  i n  t h e  t h i r d  f r a m e  o f  F i g .  3, o o n s i s t i n g  o f  a  o y l i n d r i o a l  n e c k  j o i n e d  t o  a s p h e r i o a l  
b u l b .  T h e  r e a s o n  t h a t  t h e  s p h e r i o a l  a n d  o y l i n d r i o a l  r e g i o n s  r e m a i n  d i s t l n o t  i s  d e s o r i b e d  
be low.  The p r e a s u r e  r e q u i r e d  t o  s u p p o r t  t h e  o y l i n d e r  a g a i n s t  o o l l a p s e  i s  g i v e n  by 
w h e r e  p  a n d  r o  a r e  t h e  p r e s s u r e  w i t h i n ,  a n d  t h e  a v e r a g e  r a d i u s  or '  t h e  o y l i n d e r .  T h e  
f a o t o r ,  3, a o o o u n t s  f o r  t h e  p r e s e n o e  o f  t h e  i n t e r i o r  a n d  e x t e r i o r  s u r f a o e s .  T h e  
o o r r a s p o n d i n g  p r e s s u r e  f o r  t h e  s p h e r e  i s  
The  h i g h e r  f a c t o r  h e r e  r e s u l t s  f r o m  t h e  compound o u r v a t u r e  o f  t h e  s p h e r i o a l  s u r f a o e .  It i s  
t o  be  n o t e d  t h a t  ro  i s  i n d e p e n d e n t  o f  t i m e ,  w h e r e a s  r s  i s  a n  i n o r e a s i n g  f u n o t i o n  o f  time. A s  
t h e  s p h e r e  f i l l s ,  t h e  p r e s s u r e  t h e r e i n  f a l l s ,  a n d  when t h e  r a d i u s  a t t a i n s  a v a l u e  t w i c e  t a a t  
o f  t h e  c y l i n d e r  t h e  p r e s s u r e  b e c o m e s  l e s s  t h a n  t h a t  r e q u i r e d  t o  p r e v e n t  o o l l a p s e  o f  t h e  
o y l i n d e r .  T h e r e f o r e ,  a o o o r d i n g  t o  t h i s  a n a l y s i s ,  when t h e  s p h e r e  a t t a i n s  a  d i a m e t e r  t w i c e  
t h a t  o f  t h e  j e t ,  i t s  g r o w t h  w i l l  be  t e r m i n a t e d  by a  s e a l i n g - o f f  o f  t h e  o o r e .  The f r e q u e n o y  
o f  f o r m a t i o n  may t h e n  Da e s t i m a t e d  i n  t e r m s  o f  t h e  p r e v a i l i n g  g a s  f l o w  r a t e  a n d  t h e  v o l u m e  
o f  e a o h  s h e l l .  I t  is t o  be  n o t e d  t h a t  a l t h o u g h  t h e  i n s t a b i l i t y  a n d  s h e l l  f o r m a t i o n  p r o o e s s  
a r e  s u r f a o e - t e n s i o n - d r i v e n ,  t h i s  p a r a m e t e r  d o e s  n o t  a p p e a r  i n  t h e  e x p r e s s i o n  f o r  t h e  
e x p e o t e d  d i a m e t e r .  
T h i s  p r e d i o t i o n  o f  d i a m e t e r  w a s  t e s t e d  t h r o u g h  m e a s u r e m a n t  o f  t h e  s h e l l  d i a m e t e r  a n d  
f o r m a t i o n  f r e q u e n o y  a s  a  f u n o t i o n  o f  f l o w  r a t e .  F ig .  5 p r e s e n t s  t h i s  r e s u l t  i n  d i m e n s i o n a l  
u n i t s .  T h e r e ,  t h e  m e a s u r e d  d i a m e t e r  may b e  c o m p a r e d  w i t n  t h e  v a l u e  e x p e o t e d  f r o m  s t a t i o  
a n a l y s i s ,  s h o w n  a s  a  h o r i z o n t a l  l i n e .  E s t i m a t e s  o f  t h e  i n t e r i o r  a n d  e x t e r i o r  r a d i i  o f  t h e  
s u r f a o e a  w e r e  i n c o r p o r a t e d  i n  f o r m i n e  t h e  l a t t e r  v a l u e ,  r a t h e r  t h a n  t h e  a v e r a g e .  T h e  
m e a s u r e d  s h e l l  d i a m e t e r s  e x o e e d  t h e  p r e d i c t e d  v a l u e  by a p p r o x i m a t e l y  1 0  p e r c e n t ,  a n d  d o  n o t  
f u l l y  v e r i f y  t h e  e x p e o t e d  o o n s t a n o y  i n  d i a m e t e r .  N e v e r t h e l e s s ,  t h e  s t a t 1 0  a n a l y s i s  a p p e a r s  
t o  h a v e  some  m e r i t .  A l s o  shown i s  t h e  f o r m a t i o n  f r e q u e n o y ,  w h i o h  p o s s e s s e s  a  o n e - t h i r d  p o w e r  
d e p e n d e n o e  upon  t i r e  f l o w  r a t e .  One i m p o r t a n t  c o n s e q u e n o e  o f  t h e  f r e q u e n c y  v a r i a t i o n  i s  t h a t  
a  m e a s u r e  o f  o o n t r o l  may be  g a i n e d  o v e r  t h e  w a l l  t h i c k n e s s  o f  t h e  s h e l l s  o n  a c c o u n t  o f  t h e  
o o n s t a n o y  o f  t h e  l l q u i d  f l o w  r a t e .  F u r t h e r  c o n t r o l  i s  t o  b e  h a d  t h r o u g h  a d j u s t m e n t  o f  t h e  
d i m e n s i o n  o f  t h e  a n n u l a r  p a s s a g e w a y  o f  l i q u i d  f l o w .  
Dynamic  f o r o e s  w e r e  r e s p o n i b l e  f o r  p r e s e r v i n g  t h e  d e m a r k a t i o n  b e t w e e n  t h e  s p h e r i o a l  a n d  
o y l i n d r i c a t i o n  r e g i o n s  o f  t h e  f l o w ,  s i n o e  t h i s  r o u l d  n o t  h a v e  b e e n  m a i n t a i n e d  s t a t l o a l l y .  I t  
i s  b e l i e v e d  t h a t  t h e  a b r u p t  o h a n g e  i n  s u r f a o e  o u r q J a t u r e  p r o p a g a t e d  i n  w a v e - l i k e  m a n n e r  
u p w a r d  a g a i n s t  t h e  d o w n f l o w  o f  t h e  j e t ,  b u t  w i t h  a r e l o o i t y  l e s s  t h a n  t h a t  o f  t h e  l i q u i d .  An 
e s t i m a t e  o f  t h e  w a v e  s p e e d  h a s  b e e n  made by o o n s i d e r i n g  t h e  l i q u i d  t o  o o n s t i t u t e  a  membrane ,  
w i t h  t r a n s , v $ l s e  o u r v a t u r e  b e i n g  n e g l e o t e d .  T h e  w a v e  s p e e d ,  V w o u l d  b e  g i v e n  b y  
, w h e r e 6 i s  t h e  t h i o k n e s s  o f  t h e  l a y e r ,  a s  i n  F i g .  8: T h e  r a t i o  o f  l i q u i d  
t o  t h i s  v e l o o i t y  i s  t h e n  
a  number  f o u n d  t o  e x o e e d  u n i t y  s u b s t a n t i a l l y  i n  a l l  s u o o e s s f u l  t e s t s ,  t h e r e b y  i n d i o a t i n g  
t h a t  a  n a u p a r s o n i o .  j e t  v e l o o i t y  i s  r e q u i r e d  f o r  m a i n t a i n i n g  t h e  s p h e r i o a l  a n d  o y l i n d r i o a l  
r e g i o n s  a s  d i s t i n o t .  F o r  t h e  o a s e  o f  s m a l l  l i q u i d  v e l o o i t i e s  t h e  b u b b l e  r e m a i n e d  a t t a o h e d  t o  
t h e  n o s r l e  a n d  g r e w  t o  a d i a m e t e r  s e v e r a l  times t h a t  o f  t h e  o r i f i o e  b e f o r e  b u r s t i n g .  

t h i n n i n g  o f  t h e  w a l l ,  a n d  t e r m i n a t i n g  i n  r u p t u r o .  T h i s  t y p e  o f  d i s t o r t i o n  a n d  f a i l u r e  w e r e  
p a r t i o u l a r l y  s e v e r e  f o r  l a r  e s h e l l s ,  f o r  w h i o h  t h e  d i m e n s i o n l e s s  p a r a m e t e r  o h a r a o t e r i r i n g  
P 1 d g r a v i t a t i o n a l  e f f e o t s ,  Or /6, w a s  a l s o  l a r g o .  
C o n t r o l  o v e r  t h i s  p r o b l e m  w a s  g a i n e d  by  o o n o t r u o t i n g  a d r o p  t o w e r  i n  t h o  f o r m  o r  a  
v o r t i o a l  w i n d  t u n n e l  o o n f i g u r e d  s u o h  t h a t  t h e  a i r f l o w  w i t h i n  i t  a o o e l e r a t e d  d o w n w a r d  w i t h  a  
1.0-0 v a l u e .  W i t h  p r o p e r  p l a o e m e n t  o f  a  s h e l l  g o n e r a t o r  t h e r e i n ,  t h e  s p e o i m e n s  e x p e r i o n o o a  
n o  r o l a t i v e  a i r  v e l o o i t y ,  a n d  n o  d o o e n t e r i n g  f o r o e .  F i g .  9 s h o w s  a  7.0-mm H20 s h e l l  
p h o t o g r a p h e d  i n  f r e e - f a l l  i n  t h i s  t u n n e l  a t  a  l o o a t i o n  2.0 m b e l o w  t h o  n o r z l e .  The  e x t e r i o r  
a u r f a o e e  o f  t h e  s h e l l s  w e r e  f o u n d  t o  b e  s p h e r i o a l  t o  w i t h i n  o n e  p e r o e n t .  T h e  w h i t e  l i n e  
a p p e a r i n g  w i t h i n  t h e  i n a g e  o i r o u m f e r e n o e  i n  P i g .  9 was d e t e r m i n e d  t h r o u g h  u s e  o r  a  r a y -  
t r a o i n g  p r o g r a m  t o  r e p r e s e n t  t h e  l o o a t i o n  o f  t h e  i n t e r i o r  s u r f a c e  o f  t h o  s h e l l .  T h e  w a l l  
t h i o k n e s s  w a s  t h e r e b y  i n d i o a t e d  t o  a m o u n t  t o  t e n  p e r o e n t  o f  t h e  r a d i u s  a n d  t o  be u n i r o r m  t o  
w i t h i n  t e n  p e r o e n t .  I n  t h e  a b s e n o e  o f  t h o  d o w n f l o w ,  t h e  s h e l l s  r u p t u r e d  b e f o r e  r e c r o h i n g  t h i s  
s t a t i o n  o f  o b s e r v a t i o n .  As a  m e a n s  f o r  d e t e r m i n i n g  w h e t h e r  t h e  r e d u o t i o n  i n  r e l a t i v e  a i r r l o w  
w o u l d  p r e v e n t  t h e  f r e e z i n g  o f  m o l t e n  m e t a l  s p e o i m e n s ,  m e a s u r e m e n t s  w e r e  m a d e  o f  t h e  
t e m p e r a t u r e - l o s s  o f  h o t  w a t e r  a h e l l s .  The h e a t  t r a n s f e r  r a t e  w a s  f o u n d  t o  e x h i b i t  a f a i r l y  
s h a r p  m i n i m u m  w h e n  t h e  a i r f l o w  a o o e l e r a t i o n  w a s  a d j u s t e d  t o  a  1.0-0 v a l u e ,  b u t  t o  r e t a i n  
m o r e  t h a n  h a l f  t h e  r a t e  p r e v a i l i n g  w h e n  t h e  m i s m a t o h  was s u b s t a n t i a l .  A l t n o u g h  
s o l i d i f i o a t i o n  o f  m e t a l  s p e o i m e n s  h a s  n o t  b e e n  a t t e m p t e d  h e r e ,  d i f f i o u l t y  o n  a o o o u n t  o f  t h e  
m a g n i t u d e  o f  t h e  h e a t  t r a n s f e r  i s  n o t  e x p e o t e d  f o r  t h e  0880 o f  m o d e r a t e  s h e l l  s i z e s .  
A s e o o n d  a s p e o t  o f  s h e l l  s y m m e t r i z a t i o n  o o n o e r n e d  t h e  p r o m o t i o n  .L? c e n t e r i n g  by m e a n s  o f  
s h e l l  v i b r a t i o n .  r h e o r e t i o  1 a n d  e x p e r i m e n t a l  s t u d i e s  o n  s h e l l  d y n a m i o s  a r e  g i v e n  by  0 S a f f r o n ,  E l l e m a n ,  a n d  Rh im . I n o l u d e d  t h e r e  a r e  n u m e r i o a l  r e s u l t s  f o r  s h e l l  v i b r a t i o n  
f r e q u e n c i e s  f o r  t h e  o a s e  o f  i n v i s o i d  l i q u i d s ,  t o g e t h e r  w i t h  e x p e r i m e n t a l  r e s u l t s  s h o w i n g  
t h a t  s u o h  v i b r a t i o n  h a s  t h e  b e n e f i o i a l  e f f e c t  o f  i n d u o i n g  a  o e n t e r i n g  o f  t h e  i n  o r i o r  
s u r f a o e  w i t h  r e s p e o t  t o  t h e  e x t e r i o r  one.  1 0  Lee,  Feng,  P l l e m a n ,  a n d  Yang  a n d  Youngk ahow 
t h a t  t h e  o e n t e r i n g  f o r o e  a t t a i n a b l e  b y  m e a n s  o f  f o r c e d  o s u i l l a t i o n  i s  v e r y  s t r o n g .  T h e  
p r e s e n t  s t u d i e s  d o  n o t  y e t  i n c l u d e  r e s u l t s  o n  o o n t e r i n g  b y  s t i m u l a t e d  o s o i l l a t 1 o n ,  b u t  a n  
o b s e r v a t i o n  o f  p o s s i b l e  i n t e r e s t  w a s  m a d e  f o r  t h e  o a s e  i n  w h l o h  s u r f a o t a n t  w a s  a d d e d  t o  
w a t e r .  A s  m e n t i o n e d ,  t h e  i n i t i a l  l e v e l  o f  s h e l l  o s o i l l a t i o n  i n d u o e d  by  b r e a k a g e  o f  t h e  
l i q u i d  f i l a m e n t  w a s  g r e a t l y  d i m i n i s h e d  t h e n ,  a n d  v i b r a t i o n  w a s  n o t  d e t e o t a b l e  by  e y e  a t  
s t a t i o n s  a  few o e n t i m e t e r s  b e l o w  t h e  n o z z l e .  N e v e r t h e l e s s ,  t h e  o e n t e r i n g  o f  t h e  s u r r a u e s  w a s  
j u d g e d  t o  e q u a l  t h a t  o f  t h e  d i s t i l l e d  w a t e r  o a s e .  
A s  i n d i c a t e d ,  m e t a l  s h e l l s  may  f i n d  a p p l i o a t i o n  i n  i n e r t i a l - o o n f i n e m e n t  f u s i o n  
t e o h n o l o g y .  S u o h  s h e l l s  m u s t  b e  d i m e n s i o n a l l y  p r e o i s o ,  s m o o t h ,  a n d  s t r o n g .  I t  h a s  b e e n  s h o w n  
h e r e  t h a t  t h e  h o l l o w - j e t  i n s t a b i l i t y  p r o d u o e s  s h e l l s  o f  g r e a t  d i m e n s i o n a l  u n i f o r m i t y ,  t n a t  
s u r f a o e  t e n s i o n  p r o d u o e d  s p h e r i o i t y ,  a n d  t h a t  l o r o e s  n o t  d i r e o t l y  i d e n t i f i e d  r e s u l t e d  i n  a  
o o n o e n t r i o i t y  o f  t h e  s u r f a o e .  Work  h a s  b e e n  i n i t i a t e d  o n  t h e  u s e  o f  l i q u i d  met s t o  f o r m  d: s h e l l s ,  a n d  v a r i o u s  a s p e o t s  o f  t h i s  h a v e  b e e n  d e s o r i b e d  by K e n d a l l ,  Lee ,  a n d  Wang . The m o s t  
s u o o e s s f u l  r e s u l t s  t o  d a t e  w e r e  o b t a i n e d  by Lee,  who u s e d  a  n o z z l e  s i m i l a r  t o  t a a t  s h o w n  i n  
F ig .  2. The m e t a l  e m p l o y e d  w a s  a n  a l l o y  o f  g o l d ,  l e a d ,  a n d  a n t i m o n y  w h i c h  may, w i t h  a d e q u a t e  
o o o l i n g  r a t e ,  b e  s o l i d i f i e d  i n  t h e  a m o r p h o u s  s t a t e .  C e r t a i n  p r o p e r t i e s  o f  t h i s  m e t a l ,  
i n o l u d i n g  t h a t  o f  s u r f a o e  s m o o t h n e s s ,  h a v e  b e e n  d e s c r i b e d  by Lee,  K e n d a l l ,  a n d  ~ o h n s o n ~ .  
F i g .  1 0  s h o w s  t w o  s h e l l  s p e o i m e n s  f o r m e d  o f  t h i s  m e t a l .  The r a d i o g r a p h  i n d i o a t e s  t a a t  t n e  
w a l l  t h i o k n e s s  u n i f o r m i t y  w a s  good. The w a l l  w a s  s u f f i o i e n t l y  t h i n  t h a t  t h e  a v e r a g e  d e n s i t y  
o f  t h i s  s p e o i m e n  w a s  l e s s  t h a n  t h a t  o f  w a t e r .  T h e  SBM p h o t o g r a p h  o n  t h e  r i g h t  s h o w s  r s h e l l  
w h i o h  w a s  b r o k e n  a t  t h e  t ime o f  r e o o v e r y ,  t h e r e b y  m a k i n g  v i a i b l o  t h e  w a l l  t h i c k n e s s  a n d  a  
p o r t i o n  o f  t h e  i n t e r i o r  s u r f a o e .  T h o  o o o l i n g  r a t e  i n  t h i s  e x p e r i m e n t  w a s  i n s u f r i o i e n t  t o  
a t t a i n  t h e  a m o r p h o u s  s t a t e ,  a n d  s u r f a o e  i m p e r f e c t i o n s  a r e  c l e a r l y  e v i d e n t  o n  t h a t  a o o o u n t .  
M o s t  l i q u i d  m e t a l  t e a t s  h a v e  i n v o l v e d  t i n  o r  l e a d ,  r a t h e r  t h a n  t h e  a l l o y ,  a n d  t a r s o  h a v e  
b e e n  f o u n d  t o  m o d e l  t h e  f l o w  o f  t h e  a l l o y  f a i r l y  w e l l .  T i n  s h e l l s  w i t h  d i a m e t e r s  b e t w e e n  
0.75 a n d  2.0 m m  h a v e  b e e n  p r o d u o e d .  A p r o b l o m  y e t  t o  b e  o i r o u m v e n t e d  o o n o o r a s  t h e  f o r m a t i o n  
d u r i n g  s o l i d i f i o a t i o n  o f  a n  e x t e r i o r  s u r f a o o  p r o t r u s i o n  a t  o a o t  o f  t h e  l o o a t i o n s  f r o m  w h i o h  
a  f i l a m e n t  o f  l i q u i d  h a d  b e o n  a t t a o h o d .  T h i s  d e f o o t  i r  a p p a r e n t l y  d u e  t o  m a t e r i a l  p r o p e r t i o r  
o r  t o  h e a t  t r a n a f o r ,  a n d  i n  n o t  o f  f l u i d - d y n a m i c  o r i g i n .  
T h i s  w o r k  r e p r o s o n t s  o n e  p h a a e  o f  r e r e a r o h  o a r r i e d  o u t  a t  t h e  J e t  P r o p u l s i o n  L a b o r a t o r y ,  
C a l i f o r n i a  Institute o f  T e o h n o l o g y ,  u n d e r  C o n t r a o t  WAS 7-100 o f  t h e  W a t i o n a l  A e r o n a u t i o s  a n d  
S p a o e  A d m i n i s t r a t i o n .  B. W. M i l e a  a n d  M. I. L u o e r o  p e r f o r m e d  m a n y  o f  t h e  o b s e r v a t i o n r  
r e p o r t e d  h e r e .  0.  8 .  T a n n a n t  f a b r i o a t e d  t h e  n o r r l e  o o m p o n o n t s .  J. R. O a t e w o o d  p r o v i d e d  
e x t r e m e l y  v a l u a b l e  a d v i c e  o n  m a t e r i a l 8  a n d  t e o h n i q u o r  f o r  t h e  m e t a l  s h e l l  e x p e r i m o n t r .  
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Pig. 1. Flow of water from a 4.0-m* nozz le ;  dropr are produced by Rsyleigh 
1 n s t r b i I i t p .  Photographs obtained ~ l t b  7.0-m sxiaE spacing (upper). 
Same condttlon except fop gaa f l o w  a t  Cora; ahells . r e  pruducd (lo~er). 
Fig. 2. Nozzle schematic, wf t b  t y p i c a l  f low oondi t f  onn indieatad (lsitl .  
Photogaph or e amall noeelc, diarssembld (right). 
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Fig. 3.  Shell formetion cycle. 
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Fig. 6. Flow of d i s t i l l e d  water from s 4 . 0 - m ~  nozzle (left); 
name w i t h  surfactant  (r ight) .  
Fig. 7. P l a r  of water  IF^ a P,Om nmxle  a t  Y r 1.03 a l s s e .  
YI/Y1 : 1 .b  ( l e f t ) .  h.2 i cantm) ,  am 12.6 (riot). 
High r e l w i t y  uater flov from a 3.0-ma r ~ z z l e ;  4.75 Wsec;  
v /vl = 3.0; close-up v i n  for two pharcs or m o : f ~  [ l e l t ,  
[ fsntcr)  ; di s tant  v i c v  !r ight ) .  
Fig. 9. 
7.0-mn dim. water shell w i t h  
surractant ; f n  rrse-fall. 
Fig. 10. Radlog~aph o f  ar: undmagd 1.5-rn gold a l l o y  shell ( l e f t ) ;  PEH photo- 
~ r a p h  of similar shell except portlon of  surract Is mi3sing ( r ight ) .  
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A b s t r a c t  
presented. 
Introduction 
In the most ;imple, s t r a i g n t  forward direct dr iven  case,  an 1LF target may be a simple 
ball on a stalk, tlber network, us film support as shown i n  Figure 1. In a more sompli- 
crted case the iuel 1 5  lnslde a hohlravm UeslBl~etl t r ~  c o n t a i n  t h e r m v k  x - r a y s  produced by 
lnteractlvn sf  ftie d r i v e r  beam with t h e  ou te r  s h e l l ,  l'o s i m p l i f y  the presrntaticrl ,  ~n 
the remainder of  t h i s  paper 1 w i l l  only dlscuss d i r e c t  urivvn ICF t a r g e t s .  
F i g u r e  1 .  Ba l i -on-Stu lh .  
The tabricetion of  laser  f u s ~ o n  t a r g e t s  presents a set o f  unique problems in material  
s c i e n c e ,  chemistry, physacs, o p t i c s  and microscopic mechanical techniques. As t a r g e t  
d e s i g n s  have e v o l v e d  from simple disks of p l a s t i c ,  metals or g l a s s  t o  multilayer spherl- 
c a l  shel ls ,  our techniques tor  g l a s s  sphere product ion, polymer and rnetaPllc layer 
depos~tion, m e c n a n i c a i  assembly and characterisbtlon have also evolved.  
Our e a r l y  m e t a l l i c  d i s l .  t a r g e t s  were p r e p a r e a  by means of t w o  primary techniques. 
Some of t h e  disks were deposited on t n l n  plastic films by evaporat ion through a small 
( 1 U O - 1 5 0  urn) hule  in a mask. others were made by a rookre c u t t e r  technique, punchlng  
t h e  d i s k s  from a t n l n  metal t o i l .  More r t r e n t l y  we hare maae d i s k s  by mashing ana 
etching a sillcon wafer to leave a flat topped,  c l r c u l i l r  se* o f  posts o n t o  : ~ h k c h  i s  
* Work performed under the auspices o &  the U.  5. Department o f  Lnergy by the Lnnrence 
Lrrermore N a t i o n a l  L a b o r a t o r y  under  contract number k-74U5-LhG-41. 
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evaporated a metal layer  of  correc t  thickness. The disks are then removed from t h e  top 
of the c l y l i n d r i c a l  posts by using a microscopic vacuum chuck. Disks bare also been 
made of a low d e n s i t y  ( = 0.05-0 .07  ga/cc)cellulose acetate llaam by s l i c a n g  from an 
extruded foam clinder. For use as  a iarget ,  a aisk is maunteu on edge on t h e  t i p  af a 
few micrometer diameter drawn glass  f i n e r  whose base f i t s  ia a h o l a e r  for i n s t r t l o n  i n t o  
the l a ser  target chamber. 
I C F  targets  consisting of hol low-spherical  g l a s s  shells have been used extens ive ly  a t  
many l abo ra to r i e s .  I n i t i a l l y  the s h e l l s  were obtained comnerlcakly i n  batches whlch 
were produced pr imar i ly  fo r  p l a s t i c  f i l l e r s  and o ther  industs~al u s e s .  Even w a t h  the 
reLaxed spec i fkca t ions  o f  early targets, i t  ua5 a d i f f i c u l t  ano time c6nsumlng task t o  
f ind  one u h i c h  mas good ellough t o  use. 
q u i t e  na tu r a l l y ,  t h e  manufacturers were not p a r t i c u l a r l y  i n t e r e s t e d  I n  surface q u a l i t y  
or uniformitj of th-  sphere malls .  To f i n d  a suitable target, wc o f t e n  Sorted through 
109-1011 g l a s s  she l l s !  Because o f  the ineff~clency of the sorting tech~:lques and 
lack of availability of spheres which met our stringent s p e c i f i c ~ t i o n s  even a f t e r  t a e  
s o r t i n g  process, we decided to make o u r  own h i g h  q u a l i t y  g l a s s  she l l s .  
A l i q u i d  drop method developed r t  Laurence Livermote N a t i o n a l  Laboratory (LLNL) h a s  
allowed us t o  improve the q u a l i t y  and y i e l d  of g l a s s  s h e l l s  u n t i l  we f ind  t h a t  Y O  t o  99 
out  o f  100 meet the ~ u c h  more severe requirements of todays t a r g e t s  in s tead  o f  t he  1 i n  
109 t o  l o l l  w h i c h  s a t i s f i e d  some o f  our e a r l i e r  less c r i t i c a l  needs. Te achieve 
such phenomenal y i e l d s ,  very unlform liquld aiops of an aqueous so lu t i on  o c  g l a s s  
forming chemicals are generated and inrsoduced i n t a  a v e r t l c a l  tube furnace a s  shown i n  
F igu re  2 .  
F igure  2 .  Liquid Droplet Microsphere Generator.  
Tne aqueous so lu t i on  of glass forming chemicals (e.g.  sod ium s i l i c ~ t e ,  borac a c i d ,  
sodium hydroxide, potassium hydroxiae, e t c . )  1 s  forced through an or i f i ce  to form a 
cyllnorical jet. A capillary wave lavnched onto t h e  jet by means o f  a piezo -e l ec t r i c  
transducer induces t h e  jet to break up into a series of unlfora drops .  The s o l v e n t  
(water)  i s  evaporated from the d r o ~ s  an a v e r t ~ c a l  column a t  about 350°C, leaving ory 
particles wLlch cont inue Into a h i g h e r  temperature region of the iurnace t o  form g las s  
spneres. Water o f  ~ l y d r a t l o n  and gdses evolved from t h e  chemicai constituents expand i n  
the m ~ l z e n  glass spheres and r'oimrn tne g l a s s  i n t o  v e r y  uniform nol lok s h e l l s .  I n s t e a a  o t  
a y i e l d  of one in 109 or  i ~ l l *  our process y i e l a s  t h e  99 out o f  10C w$ich meet t h e  
c r i t e r i a  f o r  target  use.  l h i s  means a surface uhich is smooth to 1UO,.\ and a w a l l  
th~ckncss w h i c h  docs nut vdry by more than 1% of i t s  average  va lue.  Surfnce tenslon o t  
the  glass In t h e  low viscosity state makes the l i q u l d  into essentially perfect spheres. 
The u n ~ t o r m i t y  ana reproduciblllty of the i n i t ~ a l  asoplets are  imporrant to the 
process from severdl  p o l n r s  o t  r l e w .  
Some of these are:  
1.  Equal mass of g l a s s  in  every s h e l l .  
2 .  Repeatabi l i ty  allows varlat ior l  of parameters t o  experimental ly  optimize t he  process. 
3. Reproducible l a j e c t i o n  i n t o  turnace. 
The drople t  process ~ l l o w s  us some opt lmizat  on o t  e  s l l g h t l y  d i f f e r e n t  rocess  fo r  R producing the g l a s s  spheres .  One of the  e a r l r e s t  procdsses t o r  producing ollow g l a s s  
spheres  c o m e r i c a l l y  lnvolved rntrouucing dry y a r t l c l e s  of mixed g l a s s  ma te r i a l s  i n t o  a  
gas flume. As the mater ia l  fused In the  flame, gases  evolved from the  components formed 
small bubbles whose wal l s  became t h i n  a s  expansion occurrea.  The l n t e r n a l  bubble wal l s  
perforated and a f t e r  a  few milliseconds or  Less, one relatively In t e rna l  l a rge  bubble 
was formeu of a l l  the  smaller  bubbles. The s l n g l e  bubble c o ~ i t l ~ r u e d  t o  expand and a  
hollow s h e l l  was formed. The g l a s s  flame was shor t  and t be  g l a s s  s h e l l s  cooled quickly 
on emerging from the  f laue  and were Al te ra l ly  scooped o f t  the  chamber f l oo r .  bagged and 
marketed in  la rge  quantities. 
Preparat ion o t  the  dry p a r t i c l e s  t o  be put In to  the  f lane  (or o tner  high temperature 
device,  e.g. v e r t l c a l  tube furnace)  var ied wlth p a r t i c u l a r  manutacturers.  The g l a s s  
forming mater ia l s  could be mixed i n t o  a  s l u r r y ,  d r i e d ,  pulverized, sieved and otherwise 
manipulated t o  gain some uniformity of s l z e .  Another method involved d isso lv ing  t he  
chemicals in  water (and of ten  included a  deromposible gas tormer such a s  urea)  and spray 
drying t o  form the dry p a r t i c l e s  which here then put i n t o  i tlame or furnace f o r  sphere 
production. 
The l i qu ld  drop generation tech::iqb.' it: lows us t o  produce f  l r s t  a  s e t  of unlform dry 
p a r t i c l e s  ulilch can s u b s e q u e ~ ~ t l )  be ~..croduced In to  a  furnace or flame for  'fusing and 
forming into g l a s s  s h e l l s .  Man? r a r l a t l o n s  of t he  baslc  theme a r e  poss lb le  and a r e  use-  
fu l  in spec l f l c  circumstances. 
The reasons for the al t iost  per fec t  centering of inner and outer  sur faces ,  i . e .  unitorm 
wall thlchness ,  dre  not completely c l e a r  for  any of these  tecnniques. The most probable 
mechanism 1s  tha t  va r l a t l ons  in  t he  temperature p r o t i l e  seen by the  g l a s s  s h e l l s  during 
the  fornlng process provlde variations in  i n t e r n a l  pressure rn the  s h e l l s  whlch tend t o  
pumy the walls  and Induce f loh in  t he  g l a s s  wltlch leads  t o  cen te r log .  That pressure 
variations a;iy liweed Lead t o  tt8e cen te r ing  mechanlslu, is subs tan t la te l l  t o  some ex ten t  
by the work o t  TJylor Wang, Dan t l l e a a n ,  and t h e i r  co l leagues  on bubble cen te r ing  In 
l i qu ld  s h e l l s .  
I t  should be polnted out t h a t  a l a rge  f r ac t l on  o t  the  f l y - a sh  trom la rge  coal  f l r e d  
power p l an t s  c o n s i s t s  of small ,  hollow glassy s h e l l s .  
txperimental r e s u l t s  indicate t h a t  for  s h e l l  s i z e s  up t o  about 3 mm,  gravitational and 
aerodynamicsl forces  do not appear t o  cause asplrer lci ty  o r  decen*crlng of Inner and 
outer  sur faces  in v e r t l c a l  tube furnace>.  Some ana lyses  pred lc t  problems from these 
forces  a t  even smaller s l z e s .  A poss ib le  explanat ion of the  absence of ~ r r e g u l a r l t l e s  
in the sphercs lndy be  t ha t  the spheres  r o t a t e  and, ~ n d e e d ,  may nrove up, down and s l d e -  
ways a s  well in the  tu rbuien t  atmosphere of the  turnace.  Our observat ions extend only 
t o  sphercs up t o  3 mm s i z e  range. Larger s h e l l s  may a l s o  not be disturbed 1.)  &spher ic -  
i t y  or  t lecentering. A t  t h i s  time we have no da ta  for  l a rger  s i z e s .  
After  the  sphercs a r e  c3 l l ec t ed  from the furnace,  they a r e  washed and i l l l e d  with a  
mlxture of deuterium and t r l t i u m  (DT). These gases  d i t f u s e  rapldly through the g l a s s  
wal ls  i f  the spheres a r e  a t  a temperature of a  few hundred degrees Cels lus  (e .g.  
35U0C). At lower temperatures the  gas w i l l  not d l f t u s e  bach out of the  spheres  over 
per iods of severa l  months t o  s eve ra l  years .  
Spheres whose wa?ls  vary In th ickness  by more than 1 -2 t  and whose su r t ace s  have peak- 
to -va l ley  roughness v e r i a t ~ o n s  of more than a  few hundred (100-300) Angstroms a r e  of  
l i t t l e  i n t e r e s t  for use a s  t a r g e t s .  l a r g e t s  vnlch a r e  slmpld bare b a l l s  can sometimes 
be lower quality spheres than our canonical 111gh q u a l l t y  s h e l l s .  
Other d i r e c t  dr lven t a r g e t s  a r e  a l s o  o t  I n t e r e s t  and requl re  o ther  techniques for  pro- 
d u c t ~ ~ .  \ : u l t i p l e  lay?r  coa t lngs  of var lous mvter la l s  must be npplled t o  the  su r t ace  of  
g r s  or  metal spheres  t o  produce a  complete t a r g e t .  ke must produce inetal s h e l l s  which 
have the same hlgh q u a l i t y  walls  and sur faces  a s  our present  g l a s s  s l rel ls .  The 
coa t lngs ,  which may be CH o r  C F  polymers, polymers with a  tew atomic percent o l  a  nigh 
a ton i c  number mater ia l  d l s t r l b u t e u  molecularly throughout the  polymer, or  l aye r s  of 
copper or beryllium or o ther  materials should be very high q u a l l t y .  Layer th ickness  
var ln t ion  and sur face  i r r e g u l a r l t l e s  should be kept t o  the  tew hundred t o  the thousand 
Angstrom range. 
Some of  our t a r g e t s  a r t  g la s s  shells coated w i t h  fluorocarbon polymers [like Teflon) 
or hydrocarban polymers (like polye thy lene)  or metall ic  l a y e r s  such a s  copper, g u l d ,  
s i l v e r  or platinum. After t h e  glass shells are f i l l e d  w i t h  W, the coatings are appl ied 
by sputtering, plasma activated palymerizatlon, cben~ical  vdpor deposition, electro- 
depos i t ion  or orher s u i t a b l e  processes. Specks of dust,  surface weathering, or other 
~ r r e g u l a r i t i e s  as s m a l l  a fen t e n s  o f  Angstroms initiate or seed i rregu lar  grouth 
pat terns  In the s a a t l n g s  d u r i n g  the deposition processes. UGS t h e  substrate spheres 
are wlrtually perfcct  and a b s o l u t e l y  c l e a n ,  i t  i s  v e r y  difticulr t o  produce h i g h  quality 
coated shells. Fzgure 3 shuws coat lng  irregularity r h i c h  originated or! a defect  or 
microscopic u i r t  speck on tnr sur face  of t ~ r :  g l a s s  sphere. 
Fipnurc 5. T h i c a  Wydrocarcou Coating Ucfect. 
n 
O f  course ,  ue must rnalt~tain t h e  surface  quaklty o t  tile coa-ings a t  the 1UO:I  swoath- 
mess l e v e l  f o r  t h i n  coatings ~ n d  at about I t  of  the  t h i c h n e s s  f u r  t h i c k  coat ings .  
To a v o i d  ~ n t r o d u c i n g  damage sites by contact ~ i t h  suppost iug  surfaces during t r le  
coat ing processes,  we havc devclopau a mulecuiar beam leritatlun ( M B L )  technology which 
uses  gas at very low pressurc fluring through a colllmatev hoie s t r u c t u r e .  The spheres  
are  placed dbove t h e  s t r u c t u r e  a n d  tire impact  ot t h e  rnolocJles on t h e  sphere5 t rans fer  
suff~cient ~no~~eentum to l e v i t a t e  a s t e e l  sptbere as  l arge  a s  a 5/8 i n c h  u i a n ~ a t c r .  The 
system 1 s  operatea at a pressure l o w  enough  t h a t  sputtering anu various beam coatlng 
processes can be dccompllshed. The l e v ~ t d t i o n  process 1s sufrlciently g e n t l e  trlat 
mult i s h e l l  assembl ies  i n  k t l ~ c h  inner sytteses a r e  suspanrlcd c o n c e n t r i c a l l y  by means of a 
t h ~ n  web I - ? U U i  thlck Formvar) car) be uvercoatea  t o  produce a seamless u u t r r  shell. A 
i e v i t a t c d  sphere 1s shown in t n e  MBL in Figure 4. 
Figure  4 .  Leva ta red  Spherical h i l e l l .  
i A second technique for  producing t h e  outer s h e l l  is that of assembling two bemishells around t h e  inner sphere (Figure 5 5 .  T~chniques tor making and assemblzng h e m ~ s n e l ~ s  
G;;;:y;,: p,qcz 
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I n t o  s p h e r i c a l  s l i e l l s  tilrve been developed t u  a r e l a t i v e l y  successful s t a t e .  Utilizing 
s lnp le -pu i r r t  diamond t ~ o l s  and h i  h p r c c l s i o n  air-uear111g s p i n o l e  Iuthes, *r: make 
maclr ~ n e d  hcmr stlells with 250-3UO f sur taco  L ~ n l s l r r s .  To avord a s s e m b l y  problems, we 
have  a l s o  marhlnerl s t e p  julnts i n t o  the edges ut tihe s l l r l i s  d s  sliuun i n  t l g u r e  b ,  The 
spheres are a s s e m b l e d  around L1.T t i  LlcJ, coated g l a s s  sttells t u  turin rrouble s l ~ e l l  targets. 
Figure 5 .  Ilnublu Shell, T a r g e t  Assembly Figure  b .  b u t  i n g  P o l p s r y r e a e  HenlisbelLs. 
A number of directly rlriuen t a r g e t s  i u r  fu tu re  I z ac tu r  a l r y l i c a t i o n s  require metdl 
se l l e r r s  ds c o n t d l n e r ' s  f o r  the UT t u c l .  Metal s p l i r i z s  ?uve been  prouuceu by a iiurnner o f  
t e c l i ~ i i q u e s  i n c l u r l ~ n g  annular j e t  tecntlkques Ze . g .  cupgos ,  kuous i i l ioy ,  t i n )  J I I U  D Y  
dzposltion on and l eac t r l~ ig  uut o f  spllertcal  n ~ a n u r ~ l s ,  and by iuacl~ine lapping niztrlous. 
I t  1 5  nut  a n t i c ~ y ; r t e c l  t i t a t  f u s i o n  targets * 1 1 1  t rcome less d i t t i c u l t  t o  prclduce or tnat  
tllc ~ r l t l c d l  pdrarneters k i l l  be relaxcu I n  t I ~ e  Ile,*r t u t u r e .  The t e c h n i q u e s  used t o  
c h a r a c t e r i z e  the t d r g e t s  k u p t i c a l  i n t e r t e r o m e t r y ,  t ~ c r u r a u l o g r a y h y ,  e l e c t s u n  and r o n  
mean1 t e c t ~ t ~ ~ q u c s )  a r e ,  In some cdsrs, rn  trle uevclupment s t a g e s .  A g r e a t  o e a l  u t  
research r e m a i n s  tu  be  aone j u s t  on measurement t echn iques .  
Some t a r g e t  rlesigns cuntdln u n r  or  nkorl: l a y e r s  oi solid Dl' f u e l .  Cuncep tua l ly ,  i n  a 
paper a e s l p n ,  such i d ) c r s  drc  easy t o  p u t  111 a t a r g e t .  E x p e r l m e e l t a l ' y  i t  may be very 
diff~culr to produce sucrl t d r g c t s .  Many u t  t h e  d e t a l l s  uk cxyogenhc targets  we llabc 
dohn culo. Huhever, there drr  s t l l l  many yrublrnls to  b e  sulved b e f o r e  high q u d l i z y  
crvogenic t a r g e t s  can be i r r a d i a t e u  i n  t t te  l a s e r  t d r g e t  cltam~bor, 
A t  each s t e p  o f  t h e  t a r g e t  f a b r i c a t i o n  process rt i s  in iperat lve  t o  have  accurdte data  
on tlie geonletry u f  trie splkerrs, t h e  c o a t i n g s ,  s u p p n r t ~ ~ , g  f i l u s ,  UT f i l l ,  t i e m ~ s h e l l s  and 
t h e  assemblecl t d r g e t .  To inahe a l l  these measurements we have developcrl a I l ~ g h l y  s o p l ~ r s -  
t i c a t c ~ l  s c t  oi c ~ i a r a c f e r i ~ a t l u n  systems a n d  a n a l y t i c a l  t e c h n i q u e s  and a p p a r a t u s .  
T r a n s p a r e n t  s h e l l s ,  h a l l s  and sur faces  a r e  measured t o  a few hundred Angstroms 
a c c u r a c y  u l t h  l a t e r a l  r e s o l u t i o n  of about Z m i c r o m e t e r s  or b e t t e r .  I 'ransmzsslun i n t e r -  
ferometry p rov ides  a n  excellent tool  for  characterizat~on of  t r a n s p a r e n t  syl ieres  and 
s h e l l s .  T u t a l  4 -  c h a r a c t e r l r a t i o n  of  a g l a s s  s h e l l  can t a k e  up t o  5 hours 1 k  done 
m a n u a l l y  loohinp ttirouph .In i n t e r f e r e n c e  microscope.  To rcducc tire t l r l ~ c  necessary tor a 
complete 4- cl i , i r . i s ter~;af  i o n  a f  a s p h e r e ,  we have ueveluped an automated s p h e r e  c l i a ra r -  
t e r i z a t t o n  systen~ wiiictl nleasures the sphere aild p l o t s  a contuur map tu a h e l ~ h t  dccuras): 
u: atruut 10U 9 w l f 0  a l a t e r a l  r e s ~ l u t l o n  0 1  about 2 rnlcrometers l n  about 5 minutes. 
For detalled su tace a n a l y s i s  anu  a n a l y t i c a l  s t u d i e s  de  r e l y  h e a v i l y  on Scanning 
Elec t ron  bilcroscopy dl10 Auger a i c r u p r o u e s .  Informat ion on chemlcrl cornposs t ion or sur  - 
f a c e s  a s  wel l  a s  on s u r f a c e  contours is t h u s  made available t o  r n a t e r ~ a l  sclent l s t s  who 
d r e  cwtlceribr*~i k it11 cudt lng ,  s p h e r e  tornration, and uther  m a t e r i a l s  ptob l :nls. 
Targets  f o r  eronom~cal energ ,  produc t ion  In the tuture a r e  y e t  t o  be l u l l y  dcvcloperr.  
HUWCWCt, i n  S U V B S B ~  areas  he have made s l p n l f  lcanr progress toward high r a t e ,  low c o s t  
product ion of r e d c t u r  C ~ ~ S S  t a r g c t h .  
Techniques tur p r u d u c ~ n q  f u l l y  cryogenic t a r g e t s  and  tor l e v l t a t l n g  anu transportlny 
t d r g e t s  o f  a l l  t ypes  !)due nrcn drvelopco. he a r e  cont lnunng our citurts turaru deter- 
m i n i n g  thr  building b i o c h s  lor J target Eactury [ f i g u r e  7 ) .  
Figure 7 .  Multikayrr Cryogenic Reactor Target Production. 
A s  new t a  zet d e s i g . 1 ~  are generated ana more powerful and energetic lasers are built, 
new t !rgets lus t  be produced. ke  are continuing t n e  research and aevelopment which wlll 
allow i ts  t o  r e s p o n d  t o  the continuing chal lenges i n  the f i e l d  of target fabrication in 
~ n e r t i . 1 1  coc f  lnement fusion. 
A s  further experiments a r e  dane w i t h  more energetic and pou+rful dr iver  beams, our 
unaerstandin; o f  t a r g e t  designs should imprave and our target  fabrication tasks w i l l  
cnange - -  but they are not llkely t o  become easier! 
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Colliding droplets: A short film presentation* 
C. D. Hendricks 
University of California, Lawrence Livermore National Laboratory 
P. 0 .  Box 5508, Livermore, California 94550 
Abstract 
A series of experiments vere performed in which liquid droplets were caused to 
collide. Impact velocities to several meters per second and droplet diameters up to 600 
micrometers were used. The impact parameters in the collisions vary from zero to 
greater than the sum of the droplet radii. Photographs of the collisions were taken 
with a high speed framing camera in order to study the impacts and subsequent behavior 
of the droplets. The experiments will be discussed and a short mo*~ie film presentation 
of some of the impacts will be shown. 
A series of experiments was set up to studv collisions of liquid drops with 
variable impact parameter, drop diameter and drop velocity. Several materials were 
studied although water was the primary liquid for many experimental reasons and as a 
result of our then current interests in cloud physics and meterological phenomena. 
Two drop generators were arranged to project drops toward a region in the focal 
plane and field of view of a high speed framing camera. Drops were produced by each 
generator at rates of a few thousand per second. By electrically charging and 
deflecting some of the drops from each generator, single drop-pair collisions were 
obtained without aerodynamic effects from preceding drops. The drops were spaced 
sufficiently far apart that the aerodynamic disturbances from a pair of colliding drops 
had completely disappeared before the succeeding pair of drops arrived. 
High framing rate photographs were taken of droplets of several sizes and 
velocities. Drops with two diameters (120 and 600 micrometers) and several impact 
velocities (1, 3, 5 and 7 meters/second) were of particular interest. Figure 1 is a 
series of frames of a collision between two 120 micrometer drops. It is interesting to 
note that collisions between successive pairs of drops were reproducible enough that a 
strobe light synchronized with the droplet production frequency could be used to study 
the impact and subsequent composite drop behavior in detail. 
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Figure 1 A saries of frames of a collision 
between two 120 mictometet drops. 
* Work performed under the nuspices of t h e  U. S.  Department of Energy by t h e  Lawrence I 
Livermare National  Laboratory under contract  numbtr W-7405-Eng-48. 
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Behavior of liquid hyirogen inside an 'ICF target 1 
K. Kim and L. Hok 
Department of Electrtcal Engineering, University of Illinois 
Urbana, Illinois 61801 
Lawrence Livermore Natfonal Laboratory 
Livermore. California 94550 
Abstract 
The confi uration of liquid hydrogen ins ide  a spherical s lass shell ICF target has been 
studied both t feoret lsal ly  and experimentally Because of the zero contact a n ~ l e  between 
the D liquid and g lass  substrate end the limited wettinq surface that i~ continuous, the 
l iquid hydrogen completely covera the interior o f  the glass shell, resulting in the forma- 
t i on  of a void at the center. For this reason, the present nroblem distin~uiaher i t se l f  
from that for a sessile drop sit tin^ on a f l a t  surface. A theory has been formulated to 
calculate the liquid hydrogen confi uration bv includinp. the London-dispersion force between 
the t iquid  and the substrate molecufes . The nee r e s u l t  i s  an augmented Bashforth-ddms 
equation appropriate to a spherical substrate, which is considered to be the major cont r f -  
burion of the present work. Preliminary calculations indicate that this new equation ac- 
curately models the liquid hydrogen behavior Inside a s ~ h e r i c a l  microshell. 
h t r a a q * ~  t* 
In the Inertial confinement fusion (ICP) research, one o f  the imvortmt tasks i s  to find 
an optimum target design which can achieve sufficiently h i ~ h  fuel qezsitv v i th  minimum com- 
pression energy input, Various target designs have been pronosed. Among, them is a crvo- 
genic target, which consfsts of a hollow uniform s h e l l  of l inuid or solid PT (Deuterium; 
Tritium mixrure) condensed onto the inner surface of a glass microballbon (m). Mason has 
theoretically predicted that such targets will give higher fusion yields. Recently, Srom the 
preliminary results of their target implosion exoeriment, Henderson and his coworkers have 
noted that neutron yields are enhanced by a factor of ten or more when a cryogenic DT tarqtt  
is xsed instead of a gas DT target.  
Because of this preliminary finding (whLch needs further investiqatian), the cryogenic 
targets are currently attracting a faf~~gmount of attention.  Several techniques have been 
developed to fabricate these targets. However. difficulties have been encountered, 
especially in conjunction w i t h  producin and maintaining a unifom liauid layer inside the 
GMB. Sme researchers have obtaLned a f i a u i d  snheroid on one side of the WB, whereas others 
have produced a continuous Liquid layer, more often w i t h  one s i d e  thinner than the other. 
Shown in Figure 1 are the micrographa of a D2-filled GFB tar~et, 320 urn in diameter. 
L5 urn i n  thickness, and filled w i t h  approximately 700 a m  of D gas a t  room temperature. 
Figures la and lb ere, sespeccively, the shadow end interferenge micro~raphs of the tarset 
at room temperature. The correspm$ing pictures taken at a ternnereture ( -25 K} below the 
liquefaction point oE D are shown in Ftgures le and Id.  The interferen~e microarauhs were 
obta Lned using a home-mide Mach-Zehdes interference microscope . 
L 
Figure 1. Pictures of  a D2-filled glass mierashell, 320 yn in diameter and 15 urn in thick- 
ness. f i l l e d  with approximately 700 atm of D gas a t  roam temperature. Figure le. Shadow 
micrograph a t  room temperature ; Figure lb. 3nterference microrraph at room temperature ; 
Figure lc. Shadm micrograph of the target with a continuous f iauid- lI2  layer a t  a cryopenic 
tempemture; Figure Id.  Interference microgranh of the same tarEet in  Ftp.ure 1c. 
, 'I' 
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One distinct feature exhibited by Figure 1 is that the liquid D formed inside the GMB 
spreads out and completely wets the entire substrate. The net resule is a continuous liquid 
layer having a gas void inside of it. This situation is particularly interesting, not only 
because it is unique (note that one cannot achieve the same situation with a sessile drop 
sitting on a flat surface), but also because it offers a promising possibility for fabri- 
cating a uniform layer of DT-condensate inside an ICF target. 
Presented in this paper is an in-depth study of the behavior of a liquid inside a 
spherical microshell (SMS). First, a physical model is formulated to predict the liquid 
i_ profile inside the SMS. These theoretical predictions are then compared with the experi- 
4 mental results obtained for a GFB containing liauid hydrogen. It is hoped that this study 
. 
I .  
will result in a reliable scheme for producing and maintaining a ur'form laver of DT- 
. I condensate inside a cryogenic ICF target. 
?- Theories for the profile of liquid inside a spherical microshell 
For the convenience of presentation, we first formulate a simple theory a~olicable to 
... a liquid contained in a spherical substrate. Then, after showing that the theorv is in- 
capable of describing a continuous liquid layer wetting the entire substrate - namelv, that 
it is only appropriate to a liquid layer having a well-defined line of contact between the 
substrate, liquid, and vapor, it is extended by including the van der Glaals attraction be- 
tween the liquid and the substrate molecules. This latter theory, as will be shown, does 
have the properties appropriate for describing a continuous liquid layer and, therefore, 
constitutes a major contribution of the current work. 
Profile of liquid with contact line inside a spherical microshell 
Following ~ i b b s l ~ ,  we calculate the minimum energ" configuration of the liouid enclosed 
in an SMS using the calculus of variations. Consider a coordinate system shown in Fieure 2a 
where the thick solid line represents the inner surface of the CMB. For the moment, we con- 
sider the gravitational force and the interfacial tensions at the licuid-vanor, liouid-solid 
and solid-vapor interfaces as the maior forces contributing to the energy of the svstem. 
Providing that the profile of the liquid-vapor interface is symmetric about the y-axis, the 
total energy of the system can, therefore, be expressed as the sum of the following terms. 
Figure 2. (a) Cylindrical coordinate system employed for the description of a spherical 
target. (b) The cylindrical system shown above redefined in dimensionless units. 
ESV L ds = Constant - 271 Sv J ssv 
where L, is the density of liquid; g is the gravitational acceleration; VL is the volume of 
the liquid, y .  and r are the interfacial tensions at the liauid-vanor, solid-liauid 
and solid-vapbY' in?k;faces ?BLV, SSL rid SsV) resoectivelv; Pi is the inner radius of the 
SYS; and x = dxldv. 
The variations are now subject to the constraint of the enclosea liouid volume, which 
is constant for a given temperature and gas fill nressure (e.~., !? nressure) of the SMS. 
(Note that the thermal enernv of the system. which is also a consthi at a eiven temnerature, 
is uniquely determined once the liquid vclume is specified, and, therefore, not specifically 
considered.) The expression of the liquid volume in this case is 
Combining Eq~.~/l) throughA(5), and carryinp out the mathematics reouired to arrive at the 
Euler equation , one obtains 
where x '  and x", respectively, denote the first and second derivatives of x with resnect to 
y ,  and \ is the usual Lagrange multiplier resulting from the constraint of constant liouid 
volume. The absence of the solid-liouid and solid-vanor interfacial tensions, and y 
in E q .  (6) wan to be expected since the corresaonding interfacial enerpy terns ,'gL and $:;,
depend only on the two end points el and i2, xhich remain unchanged durinn the nr8kess of 
calculus of variations. 
Letting 
the dimensionless form of Eo. (6) is obtained as 
Two end-point conditions are needed to close this eauation. They are 
The first condition simply states that the liquid profile is syynetric about the y-axis. 
The second condition is the so-called transversality condition - that is, at y = y the 
liquid-vapor interface lies on tb? inner surfacel~f the SVS. It is easy to verifv taat the 
second condition gives rise to Young's equation for the contact angle, 0 ,  i.e., 
The definitions of the angles and f>2  are given in F ~ E .  2b. 
9 8 
Note thatlTq. (6) is reduced to the eauation derived earlier by Bashforth and Adams for 
a sessile drop if the origin of the coordinate system is shifted to x = 0 and y = yl, and 
the normalization variable is replaced by the radius of curvature at the oriqin. So, we 
henceforth, refer to Eq. (6) (or En. ( L ) )  as the Bashforth - Adams eauation. The original 
derivation was based on the force balance 96 the liouid-vapor interface, i.e., a direct 
application of the Young-Laplace equation. 
For the case of a sessile drop, the reader is referred to thelyork of D. N. Staicopolu~ 
for a complete numerical solution of the Bashforth-Adams equation , An anproximate ana- 
lytical solution of a similar equation has been worked out by PtOConcus for calculation of 
the equilibrium meniscus in a vertical right circular cylinder. 
In the current analysis, a direct integration of EQ. (8) subject to a given cCm'3ct 
angle is carried out using numerical methods. Before presenting the numerical solut..an, 
however, certain points must be clarified: 
1. The liquid-vapor interfacial tension is assumed to be constant throu~hout 
the calculations regardless of the position and curvature of the interface. 
This assumption is justified because the radii of curvature of interest in the 
present case are in the rangy of 0.01 cm, which $9 several magnitudes larger thfg 
the case studied by Tolman, Kirkwood and Buff, and Benson and Shuttleworth. 
These authors have found that the surface tension of a small droplet decreases with 
increasing curvature. Tolman estimated that n 4 per cent droo in the s u g f ~ c ~  
tension would occur if the diameter of a droplet was in the order of 10 cm; 
2 .  The liquid is assumed to be incompressible, and the effect of the vaoor 
pressure on the liquid-vapor surface tension is neglected; 
3. The contact line is assumed to be ideal. A r  ideal contact line means that 
two mathematically defined surfaces meet together. Thus, the line should be 
infinitesimal and no liquid film exists beyond the line. In conjunction with 
this, we note that the val i-v of Youph's eouation for t.~e contact anqfe has 
long been2glaimed by Gauss" ;hd Gibbs and more recently bv Johnson, and 
Goodrich. For arguments advocatin;: its invalidity, however, the reapqr 
is referred to a recent paper bv G. J .  Japeson and F a .  C. G. del Cerro. 
Nurr,erical solutions of the Bashforth-Adams eouation (Eouation (8)) satisfying the end- 
point conditions Equation (9) have been obtained. Figure 3 shows a set of tv~ical solutions 
obtained for the liquid deuterium enclosed in a GMB for diiferent values of contact anele. 
The GPlB target chosen was 67 gm in inner radius, of 3 :in thickness, and was assumed to be 
at a uniform temperature of 24 K. For ease of comparison with the experimental results, which 
is to be made in the future, the room-temperature D -fill pressure of the target was chosen 
to be 110 atm. This fill pressure, along with the Jimensions and temperature of the target, 
allows onsgto determine the amount of liquid deuterium inside the target using the eouation 
of state.' b Y 
Flgure 6. Numerical solutions of the Aug- 
Figure 3. Numerical solutions of the Rash- mented Bashforth-Adams equatiy~. The solid 
forth-Adams equation for various contact line is for B = 4 . 2 7 7  x 10- erg-cm 5find 
angles. The inner radiris of the GMF is the brgken !i%b is for B = 4 . 2 7 7  x 10 
67 um, the wall thickness is 3 ~im, and the 21-cm . Tge vglume of fksuid deuterium is 
temperature is 24 K. The liquid enclosed l.&OP 10- cm and the temperature is 
is deuterium and the fill pressure is 28 K. The inner radius of the SMS is 67 urn 
110 atm at room temperature. and the wall thickness is 3 um. 
As clearly seen from Fi ure 3, the location of the contact line between liauid, solid, 
and gas rises as the value of the input contact angle (one of the end-point conditions. 
Equation (9)) is decreased. This is slmply because of the fact that the smaller the contact 
an le, the larger is the area wet bv the liauid. For zero contact an le, it is, therefore, 
befieved that the liquid will vet the entire target substrate. resultfng in a continuous 
liquid layer. In this case, there will be a gas bubble inside the target completely 
surrounded by the liquid--a situation not possible in the case of a sessile drop sitting on 
a flat surface. 
Although different input values of the contact angle were used at the same temperature 
to produce the results in Figure 3, in reality, there can only be one correct contact angle 
ct>rres onding to a given temperature. Since this correct contact angle is not theoretically 
availagle as a function of temperature for the current problem, it must be rica~lured experi- 
mentally. Good and Perry measured the contact angle between liquid hydroge.1 and29 fed 
different materials and reported that it was zero for all the materials studied. Neither 
the details of the experimental arrangement nor the ranges of the 0bsertratic.n temppratures 
wel,e, however, included in their report. Considering the difficulties involver! in main- 
taining a stable cryogenic environment and, in particular, the difficulties in creatirg and 
verifying an isothermal environment, it might perhaps not be totally unreason~bl~ to suggest 
that the work of Good and Ferry be re-examined, or even redone using csrefu" ,!c,igned, 
more modern equipment for all liquid hydrogen temperatures. 
.\~suming now that the contact angles of liqui6 hydrogen and, according: tat of 
linuid deuterium are zero, it is most probgblg that the liauid deuterium coc ' ,  1 in an SPlS 
exists in the for,,. of a continuous layer. * It is for this reason that we now go back 
to the Bashforth-Adams equation and see if it can adequately give rise to a continuous 
Liquid layer solution. 
Profile of a continuous liquid layer inside o spherical microshes 
Let as now consider a situatiov- where the liquid inside an SIS forms a continuous 
layer, i.e., no liquid-vapor-solid contact line. The coordinate system used in this case 
is shown in Figure 4a. Following the same procedures previously used, and considering only 
the terms pertaining to the gravitational force and the liquid-vapor interfacial tension. 
one can easily derive a differential equation, which is identical to C3. (8). The boundary 
conditions are, however, different. Since the gravitational force is chosen acting parallel 
to the y axis, the profile of the vapor void (or the bubble) should also be symmetric about 
the y axis. Therefore, t5e boundarv conditions for the bubble are 
Figure 4. (a )  Coordinate systems used in the continuous 1iq:iid layer case. At x - xm and 
y = y , x' is equal to zero. (b) Numerical solutLon of Barhforth-Adams equation with one 
boundgry condition satisfied, i.e., at x - 0: x . Note that xmB > xmT at x' - 0. 
3efore finding the numerical solutions of Eouations (8) and (ll), it is worthwhile to 
study Equation (8) somewhat more carefully. Upon integration, Eauation (8) gives rise to 
where y denotes the two values of y corresponding ta a single value of x: in the regicy 
where xB*Ts positive, yB is used, with B denoting the "Bottom"; and in the region where x 
is negative, y is used, with T representing the "Top". From Ecluation (12) one finds that 
where x '  = 0, That is, when x takes or the maximum value, Xm, the values of x are given by 
where the subscripts "B" and "T" again refer to "Bottom" and "Top," respectively. Because 
a and 8 are constants a..d y $ y . Eouation (13) implies that one has tr:- different values 
of x at x' = 0. Referring !o ~iaure 4b. since yT is always larger tL.an yg. one d *duces that 
This dca'uction is clearly physically contradictory because no bubble caa exist if there is 
a discontinuity in the liquid..vapor iaterface. Consequently, there will be no s~lution to 
Equation (8) which can satisfy the bubble boundary conditions Eouation (11). 
The numerical solutions of Ecuation (8) indeed illustrate this nnly one of 
the two boundary conditions Equation (11) is satisfied, i.e., either x' = - at x = 0, but 
= - at x + 0; or x' = - at x 0. but X I  + a, at x = 0. It is obvio8s that some force:: 
5ting on the bubble That are different fr$ the gravitational force and liquid-vaoor 
interfacial tension are left out of the theorv hitherto considered. 
There are several types of forces among molecules and atoms31: the attactive forces 
are primary (chemical) bonds, metallic bonds, and secondarv (physical) bonds, whereas the 
repulsive forces are Born repulsions. Primary bonds and metallic bonds are usually strong, 
and are the basic forces responsible, for examnle, for foning different stable substances 
on earth. Secondary bonds are the long-range but weak attraction forces among atoms and 
molecules and are generally called van der Vaals forces. 
In fact, van der Waals forces are a collective term f:r the four different forcjf, 
namely, the Debye induction force between a permanent dipr r and a ne~traf~molecule, the 
Keesom orientational force between two freely rotating permagtnt dipoles, the London- 
dispersion force due to electron fluctuations ayj~md nuclei, and the Margenau force 
arising frvm the dipole-quadrupole interaction. Since the liquid of our interest is 
deuterium or deuterium-tritium mixture and they are non~ol.ar neutral molecules, 
On? the London-dispersion force is considered. The Born repulsion force is also neclected ecause 
it is inverse twelfth power of distance and thus quickly dies out as the distance is in- 
creased. The typical effective distance of the Born repulsion force is about 7 A .  
Two approaches are widely used to calculate the total attracticn energy of the &njgn- 
van der Waais type between two macroscopic bodies. One is London-Hamaker's approach ' 
in which the additivity of the 49ndon-van der Vaals forces is assumed. The other is 
Lifshitz's macroscopic approach in which the attraction energy is directly calculated 
from the ima inary parts 95 the complex dieiectric constants of the media, especially their 
far ultravio ! et portions. Lifshitz's approach is thought to be bettc,: than that of London 
and Hamaker, cspeci~lly in the case where the separstion distance between two macrc3copic 
bodies is large. This ie mainly due to the additivity assumption and the intrinsic 
characteristics of the dispersion forces. 
The Loqdon-van der Waals forces are electromagnetic-like forces, so they will be 
subject to retardation, i.e., at large separations the  force^ will be reduced because the 
finite time re uired for their prJ agation causes a phase difference hetween the electronic 
oscillatior~s O! the interacting mo ! ecules. Because of this retardation effect, the attraction 
energy calcalated 94 London-Hamaker's approach will be over-estimated for molecules with 
large separutions. When the retardation effect is put into the calculation, as Casimir 
40 and Polder, andj8\14ZblSk41 did, the two approaches usually have differences vrrhin an 
acceptable range. 
To avoid the mathematical difficxlties and the scarcity ol the data required of the 
Lifshitz's macroscopic approach, the London-::maker's approach is adodted. The nonretarded 
London-van der Waals forces are considered first. The effects of retardation then follow. 
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Figule 5. Spherical coordi~ate system used in the calculation of the London-van der Waals 
attraction energy between the liquid molecule at p(?.o.o) and the spherical substrate with 
inner radius equal to Ri and outer radius equal to Ro. 
The coordinate system tsed is shown in Figure 5. The energy due to the London-van Jer 
Waals forces of a lLquid molecule at the point p(t,o,o) is then expressed as 
6 where the London potential U(d) - -B /d with B denoting the London constant between the 
solid (substrate) and liquid molecul8k; d is theShistance between the subst~ate and liauid 
molecules; N is the number density of the substrate ~olecules; and VS is the volume oc- 
cupied by the substrate. Noting the azimuthal symnetry of the system, a~nlirztion of the 
cosine rules enables one to rewrite Eauation (15) as 
where u = cos 6 .  
After straightforward integration. Eauation (16) becomes 
The total energy due to the London-van der LTaals forces beh~een the licluid and the 
solid wall is then 
L 
where NL is the number density of the liquid and VL is the volume occupied by the liquid. 
In terms of the normalized cylindrical coordinate svstem defined in Fieure ha, 
Equation (18) is 
where 
Followinq the same mathematical ~rocedures previouslv used (i.e., the calculus of vari- 
ations), one obtains 
where 
N N I( - B~~ s L A = 3
3 I R t  
and the rest of t.he symbols are as defined in Eouation (7). This emation is similar to the 
Bashforth-Adams equation Enuntion (a),  cxceDt that an extra term resulting from the London- 
van der Waals energv is added. For this reason, we name Eouation (20) as the "Au~mented 
Bashforth-Adams eqwt ion. " 
Integrating Equation ( 2 0 )  once and anplving the bubble boundarv conditions Eouation 
(11). one has 
where Vv is Ihe spe~ific~volume of the vapor void, or the bubble (i.e., the actual volume 
of the yoid divided by R.). the subscript T denotes the upper (top) portion of the bubble 
where x - 0; and the subscript B denotes the lower (bottom) portion of the bubble where 
::' . " F r o m  Eou~tinn (21). one cnn ensilv see that r s  P anproaches zero and/or A aV- 
proaches infinity, ID (x v ) - D (x v ) 1  will take on a value which is vanishin~lv small. 
Or, puttin&? it in enoThe;-&ay, a! eitaer or both of these two limits, the thickness of the 
liquid laver is uniform, or the bubble is a com~lete sphere. In ~ractice, howevc?r, the 
values of A and P are finite and, therefore, the thickness of the liquid laver at the bottom 
of an SMS is always larger than that at the top. 
The numerical solutions of Equation (20) satisfving the bubble boundarv conditions 
Equation (11) are plotted in Figure 6. Note that there is only one uniaue solution for 
each set of parameters used. The SMS chosen7is 97 ilm in inner radius, 3 Dm in thickness. 
and contains liquid D of volume 1.208 * 10- cm . The calculations are done for two dif- 
ferent values of the ?ondon constant B As expected, larger produces a liouid laver 
more uniform in thickness. This effecSLis more clearly demonstr8ked by Figure 7 in which 
both the top and bottom thicknesse; of the liquid laver are nlotted as A function of 0 
for two different values of liquid D volume. That ra larger B is reouired to sunvori!La 
thicker uniform layer is clearly stlo& in the figure, which isSEonsistent with the competins 
nature of the gravity and the van der Waals attraction. 
LONDON CONSTANT BsL (erg cm8 1 
Figure 7. Equlibrium top and bottom tt~ickucsses of liouid deuterium laver inside sn SMS 
I 8 . The target has itrncr radius of 67 ~8 tang wrall thickness of 3 pm. The broken 
lines are fyr t$c liquid voliune of 6.47 \ 10 cm and the solid lines are for 
1.208 10- cm . 
LONOON CONSTANT B ,, (erg cme 1 
; 
Figure 8. Comparison of equilibrium top and bottom thicknesses of li uid deuterium 'aycr 
for nonretardcd (solid lines) and retarded (broken lines) London-var !cr Waals forces. The 
inner radius of the SMS_+s 63 prn and its wall thickness is 3 Ltm. The volume of liquid 
deuterium is 1.208 10 cm and the tempe3ature is 28 K. \, used in the calculation of 
retarded London-van der Waals forces is 10 cm. 
L Since the wall thickness of the SMS and the thickness of the lieuid layer are generally 
in the order of 1 um, the retardation effect of tat London-van der Waals forces could be 
significant as pointed out hy Casimir and Polder. To include such a reta:~lati~p effect, 
a correction function has been introduced into the London potential by Overbeck: 
where p = 2 n d/lc with A c  being the characteristic wavelennth of the electronic oscillation. 
of atoms; and 
1.01-0.14 p , for 0 < p . 3 
f(p) = 
2.45l1-l - 2 . 0 4 ~ - ~  , for 3 i p . %v 
Unfortunately, this formula is nct easily applicable to our case siege two separate func- 
tions are involved in two different ranges. Schenkel and Kitchener have found an anproxi- 
mation for f(p) for the range, 1 p < m. According to these authors, the deviation in 
the values of f(p) is less than 5% within this range. The Schenkel-Kitchener anvroximation 
is 
(23) 
R\?placing ihe London-potential U(d) in Eouation (15) with this approximation (Eouations 
( 2 2 )  and (23)) and carrying out the straightforward, yet tedious, integration, one obtains a 
lengthly expression for the retarded London-van der Waals attraction energy between a 
liquid molgbule at point p(t.o.o) and the entire substrate of thickness of (Ro - Ri) (see 
Figure 5). 
This expression has been used in conjunction with the Augmented Bashforth-Adams at?- 
proach to determine the retardation effect of the London-van der Waals forces. Plotted in 
Figure 8 are the equilibrium top and bottom layer thicknesses of the liouid deuterium in- 
side an SMS of inner radius 67 urn for various strengths of the London constant. Thelcmg temperature of the SIlS is 28 K and the volume of the liouid deuterium is 1.208 10 
As expected. the thickness of the top liquid laver is smaller than the case where the 
retardation effect is not included. 
Note that the Augmented Bashforth-Adams equation Eouation (20) with the retarded 
London-van der Waals energv term is onlv good within the range 1 P m .  This ran%e mi5ht 
be extendet4down to p = 0.5, with a slightly larger5error, as pointed out by Schenkel and 
Kitchene~. In general, \ is in the order of 10- cm, so that D = 0.5 corresponds to 
d - 100 A. Conse?uentl~.,a~ long as the top liquid laver thickness (i.e. the smaller thick- 
ness) is larger than 100 A, the error in the solution of this eauation will be ne~liaible. 
Finallv, it must be pointed out that the liquid-vapor interfacial tension has been 
assumed to be constant throughout the calculations, which might turn out to be an important 
source of error. 
Conclusion 
An "Augmented Bash: %rth-Adams" emation, Eouation (20), apvrovriate to a s~herical 
substrate, has been derived for the first time by including the London-disper-,ion force 
as the two-body interaction force between the liquid and substrate molecules. This was 
prompted b, a proof presented in this work that the Bashforth-Adams equation. Eouation 
( 0 ) ,  has no solution subject to the boundary conditions Equation (11) rcouircd of a contin- 
uous liquid layer. The choice of the London-dispersion force W R Y  specifically motivated 
by the desire to describe the liquid hydrogen behavior inside a spherical microshell ICF 
target, and was justified by the fact that liquid hydrogen consists of nonpolar neutral 
molecules. 
Considering the fact t h q ~  83st of the previous work on the thin-film phenomena, of 
which a wealth of literatlre exists, has only dealt with either plane- or cvlinder- 
like geometries, tile principal contribution of the present work is to have formulated a 
theory appropriate to a spherical substrate. 
It is hoped that with chis work headway has been made toward an active investigation 
of the thin-film phenomena involving spherical eometry, not only for its own scientific 
research. 
P merit, but also for a very interesting practica application - namely, the ICF tarnet 
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Abstract 
By amplitude-modulating the driving voltage of an acoustic levitating apparatus, a 
strong core centering force can be generated in a submillimeter compound droplet system 
suspended by the radiation pressure in a gaseous medium. Depending on the acoustic 
characteristics of the droplet system, it has been found that the technique can be 
utilized advantageously in the multiple-layer coating of an inertial confinement fusion 
pellet. 
One of the important areas of research pertinent to the fabrication physics of 
inertial confinement fusion targets involves the investigation of various physical 
mechanisms that generate bubble-centering forces during the formation stage of fusion 
pellets. Theoretically, the strength of this force is p oportional to the frequency of i the normal mode oscillation of the compound-droplet system . This frequency is given by 
for a rigid-cored compound-droplet system of an inviscid fluid. o and pare the surface 
tension and density of the fluid, respectively. Ro is the radius of the compound drop, E 
is the ratio of Ro to the radius of the core and f i s  any positive ititeger with the 
fundamental frequency corresponding to 1 = 2. In Fig. 1, Eq. (1) is plotted for the 
fundamental oscillation frequency (f = 2) versus Ro. It is interesting to note that, for 
the two core sizes chosen in the figure, there is an optimal R at which the oscillation 
frequency reaches a maximum. This value of Ro can be regarsed as the most efficient 
radius of the compound-droplet system to generate the core-centering force. 
It is most convenient to generate and study this core-centering force using an 
acoustically-levitated submillimeter compound-droplet system. First, the oscillation can 
bt excited easily by amplitude modulation of the carrier voltage of an acoustic levitating 
apparatus at the appropriate normal mode frequency of the compound droplet system. 
Secor~d, for a submillimeter compound-droplet system, the core-centering force is very 
stroll9 indeed. In comparison, the force is only barely observable for drop systems 5 mm 
or larger. 
An acoustic apparatus has been specifically developed to handle samples of 
submillimeter sizes in a gaseous medium. This apparatus consists of an acoustic 
levitation device, deployment devices for small liquid and solid samples, heat sources for 
sample heat treatment, cold gas cooling system, acoustic alignment devices and data 
acquisition instrumentation. The levitation device includes a spherical aluminum dish 12" 
in diameter and 0.6" in thickness, 130 pieces of PZT transducers attached to the back side 
*The research described in this paper was carried out by the Jet Propulsion Laboratory, 
California Insitute of Technology, w d e r  contract with the Nationai Aeronautics and Space 
Administration. 
of t h e  d i s h  and s p h e r i c a l  concave r e f l e c t o r  s i t u a t e d  i n  t h e  v i c i n i t y  of t h e  c e n t e r  of 
cu rva tu re  of the  dish.  In Fig. 2,  t he  underside of t h e  focusing r a d i a t o r  is  shown. In  
operation, the transducers a r e  driven i n  phase a t  one of the resonant frequencies of the 
r a d i a t o r .  Figure 3 g i v e s  t h e  top  view of t h e  hemispher ica l  dish.  A t  t,.e c e n t e r  i s  t h e  
ref lec tor  for the production of the  l ev i t a t ing  force. A l iqu id  sample atomizer is shown 
a t  t h e  l e f t .  In Pig. 4 ,  t h i s  device  i s  shown i n  g r e a t e r  d e t a i l .  I t  c o n s i s t s  of an : 
a c o u s t i c  stepped-horn and two PZT t ransducers  p re - s t r essed  t o  5000 p s i  f o r  high power 
opera t ion.  I t  is  supported by a k n i f e  edge a t  t h e  s tep .  A l i q u i d  drop placed a t  t h e  t i p  
of the horn can be transported t o  the  l ev i t a t ing  posi t ion through an atomizarion process. 
The focusing radiator l ev i t a t ing  device operates a t  75, 105 and 163 kHz, respectively. I t  
has been demonstrated t h a t  a sample w i t h  a  s p e c i f i c  g r a v i t y  a s  l a r g e  a s  19.3 .can be 
l ev i t a t ed  i n  t h i s  apparatus. The l a t e r a l  pos i t ional  wandering of che sample i n  the  force 
we l l  is es t ima ted  a t  l e s s  than 5% o f t h e  dimensionof t h e  sample s i z e u s e d .  
To c r e a t e  a compound d r o p l e t  system, a s o l i d  sphere  i s  f i r s t  pos i t ioned  i n  t h e  
a c o u s t i c  f i e l d  a t  the  t i p  of a vacuum chuck and a l lowed t o  d r i f t  i n t o  t h e  f o r c e  region 
upon vacuum release. Liquid material  is deployed by f i r s t  atomizing the  material  in to  a 
f i n e  m i s t  i n  t h e  v i c i . l i t y  of t h e  f o r c e  well .  The m i s t  is  d t iven  by t h e  a c o u s t i c  fo rce ,  
depositing it onto the surface of the sphere forming a compound drople t  system. A typical  
d r o p l e t  system has  a dimension of about 250 pm diameter  f o r  t h e  c o r e  and 100 pm t h i c k  
s h e l l  for  the l iquid  layer. 
Usually, a  compound d r o p l e t  formed i n  t h i s  manner i s  not  designed t o  be n e u t r a l l y  
buoyant. The gravi ta t ional  force w i l l  manifest i t s e l f  i n  two ways: 1. Depending on the 
r e l a t i v e  spec i f i c  gravity between the  core and the  f l u i d ,  the  core w i l l  be off-centered, 
f l o a t  t o  the  top  or s ink  t o  t h e  bottom of t h e  l i q u i d  s h e l l ,  and 2. The g r a v i t y  w i l l  
deform t h e  d r o p l e t  t o  an approximately oval  shape ( P i g .  5 ) .  The second e f f e c t  could be 
minimized s ignif icant ly  by increasing the surface tension of the f l u i d  and/or reducing the 
s i z e  of the droplet. I t  has been observed t h a t  the percentage deformation between the two 
axes  i s  l e s s  than 5% f o r  a pure water d r o p l e t  of t y p i c a l  500 pm i n  s i ze .  The f i r s t  
e f f e c t ,  on t h e  o the r  hand, is  omnipresent,  a s  long a s  t h e  experiment is  performed 
t e r r e s t r i a l l y  in  a one-g environment. 
The core-center ing f o r c e  has  been observed i n  a compound-drop system of 1 cm or  
larger in  a neutral  buoyancy tank, where three l iqu ids  of comparable spec i f i c  gravity a r e  
present .  The core-center ing fo rce ,  i n  t h i s  case ,  is  r a t h e r  weak because of t h e  s i z e  of 
the drop and the par t icular  s e t  of boundary conditions involved. In t h i s  report, we w i l l  
present r e s u l t s  of a strong core-centering force generated acoust ica l ly  i n  a submillimeter 
compound droplet  system suspended by the  radiat ion pressure i n  a gaseous medium. 
To generate such a core-centering force, the l iqu id  s h e l l  is  s e t  in to  o s c i l l a t i o n  a t  
one of i t s  n a t u r a l  normal modes. To accomplish t h i s ,  an ampi i tude modulation a t  
appropriate frequency is applied t o  the ca r r i e r  driving voltage of the focusing radia tor  
l ev i t a t ing  apparatus. When the frequency of the amplitude modulation is tuned i n t o  the  
n a t u r a l  o s c i l l a t i o n  frequency of t h e  compound d r o p l e t  system, a l a r g e  ampl i tude 
o s c i l l a t i o n  of the l iquid  s h e l l  is produced driving the  core t o  the  center of the system 
i n  a f r a c t i o n  of a second. For a t y p i c a l  s i z e d  d r o p l e t  used i n  the  experiment,  a  
modulating frequency between 500 t o  1000 Hz is  required.  Using a water-coated g lass -  
microballoon system, i t  can be fur ther  ver i f ied  tha t  t h i s  is  a very strong force indeed i n  
view of t h e  f a c t  t h a t  the  r a t i o  of s p e c i f i c  g r a v i t i e s  between t h e  water and t h e  c o r e  is  
approximately five. In Pig.  6, a  g lass  microballoon coated w i t h  a  layer of water is shown 
t o  be centered by t h i s  force. 
An exper imenta l  technique t o  q u a n t i f y  t h i s  f o r c e  has been devised. A promising 
method is  t o  genera te  a secondary o s c i l l a t i o n  of t h e  c o r e  i n  t h e  presence of t h e  core-  
c e n t e r i n g  force .  Prom t h e  frequency of t h e  c o r e  o s c i l l a t i o n ,  a f o r c e  cons tan t  k can be 
measured, t h u s  t h e  core -cen te r ing  f o r c e  can be obta ined from f = -kx, where x is t h e  
displacement of the core from the  center posit ion i n  the  presence of the core-centering 
force. 
In  summary, we have demonstrated an a c o u s t i c  technique f o r  genera t ion  of a s t r o n g  
core-center force for a suivnillimeter compound-droplet system. Centering f  orces of t h i s  
general nature a r e  important in  understanding the physics of, fo r  instance, the formation 
of g l a s s  p e l l e t .  The a p l i c a t i o n  of t h i s  kind of fo rce ,  f o r  example, can bf very  
advantageous i n  the mult'p f' e-layer coating of an i n e r t i a l  confinement fusion p e l l e t  . 
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Figure 1. Frequency oi normal mode oscillation as a function of the radius 
of a compound droplet  system. The core is rigid and 1 = 2 .  
Figure 2 .  The underside of t h e  focusinq Figure 3 .  The top  view of t h e  focusinq 
rad ia tor  acoustic levitatian radiator acoustic levitatior 
apparatus. apparatus. The reflector is 
situated at the v i c i n i t y  of the 
focal point. The l i q u i d  sample 
atomizer i s  at t h e  left. 
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A b s t r a c t  
Holographic  s t u d i e s  have  been performed which examine t h e  f r a g m e n t a t i o n  p r o c e s s  d u r i n g  
vapor  e x p l o o i o ~  o f  a  w a t e r - i n - f u e l  ( h e x a d e r m e / w a t e r )  emul s ion  d r o p l e t .  Holograms were  
t a k e n  a t  700 t o  1000 microseconds  a f t e r  t n e  vapor  e x p l o s i o n .  Pho tographs  o f  t h e  
r e c o n s t r u c t e d  holograms r e v e a l  a  wide r ange  of f r agmen t  d r o p l e t  s i z e s  c r e a t e d  d u r i n g  t h e  
e x p l o s i o n  p r o c e s s .  Fragment d r o p l e t  e i a m e t e r s  r a n  e from below 10 microns  to o v e r  100 
microns .  I t  L s  e s t i m a t e d  t h a t  betireen t e n  thDusan% and a m i l l i o n  f r agmen t  d r o p l e t s  c a n  
r e s u l t  from t h i s  e x t r e m e l y  v i o l e n t  vapor  e x p l o s i o n  p r o c e s s .  T h i s  enhanced a t o m i z a t i o n  i s  
t h u s  expec ted  t o  have  a  pronounced e f f e c t  o n  v a p o r i z a t i o n  p r o c e s s e s  which a r e  p r e s e n t  
d u r i n g  combustion o f  e m u l s i f i e d  f u e l s .  
I n t r o d u c t i o n  
Water has  long been obse rved  t o  have  a  b e n e f i c i a l  e f f e c t  on  combust ion  o f  l i q u i d  
f u e l s  b u t  a  comple te  u n d e r s t a n d i n g  o f  t h e  mechanisms bv b h i c h  t h i s  enhancement o c c u r s  i s  
j u s t  beg inn ing  t o  emerge. Water- in- fuel  emul s ions  a r e  b e i n g  used o r  c o n s i d e r e d  f o r  u s e  i n  
many combustion a p p l i c a t i o n s  where p a r t i c u l a t e  p o l l u t i o n  i s  a  problem because  o f  t h e  
p o t e n t i a l  o f  d e c r e a s e d  p a r t i c u l a t e  e m i s s i o n s  and enhanced combust ion .  Al though a  number of  
s t u d i e s  have been c a r r i e d  o u t  t o  d e t e r m i n e  t h e  p h y s i c a l  p r o c e s s e s  i n v o l v e d  i n  t h e  com- 
b u s t i o n  of e m u l s i f i e d  f u e l s ,  p r i m a r i l v  phenomenologica l  e x p l a n a t i o n s  have  r e su l t . ed .  The 
p r e s e n t  expe r imen t s  a r e  p a r t  o f  a  l a r g e r  prograin d e s i g n e d  t o  q u a n t i f y  t h e  phenomena which 
have  been obse rved  and u n d e r s t a n d  t h e  enhancement p rocess .  
The f i r s t  e n l i g h t e n i n g  e x p e r i m e n t s  were performed bv I canov ,  et  a l . '  o f  t h e  S o v i e t  
Union i n  t h e  l a t e  1950 ' s .  Thev showed t h a t  w a t e r / o i l  emul s ion  3 r o p l e t s  burned d i s r u p t i v e l y  
when suspended on a  q u a r t z  f i b e r  ( c a l l e d  a  s t i n g )  and i g n i t e d .  T h i s  d i s r u p t i v e  b u r n i n g  
p r o c e s s  was c a l l e d  a  "n~ , i c roexp los ion . "  I n  1976, Dryer  and c o w o r k e r s z p '  per formed s i m i l a r  
expe r imen t s  a t  Princetor1 U n i v e r s i t y  and from t h e i r  o b s e r v a t i o n s  s u g q e s t e d  t h a t  t h e  w a t e r  
i n  tt.e c j l  m a t r i x  was s u p e r h e a t i n g .  Near t h e  l i m i t  o f  s u p e r h e a t ,  t h e  w a t e r  homogeneously 
n u c l e a t e s  r a p i d l y  t o  produce  a  vapor-phase  e x p l o s i o n .  The l i m i t  o f  s u p e r h e a t  f o r  w a t e r  is 
approx i r .~a t e ly  260°C s o  t h e i r  c o n c e p t  was t h a t  p a r a f f i n i c  f u e l s  w i t h  a  b o i l i n g  p o i n t  above 
t h i s ,  when e m u l s i f i e d  w i t h  w a t e r ,  s h o u l d  l e a d  t o  a  vapor  e x p l o s i o n  w h i l e  t h o s e  w i t h  b o i l i n g  
p o i n t s  below would nDt vapor  exp lode .  T h i s  means t h a t  hexadecane  ( b o i l i n g  p o i n t  287'C) 
emuls ions  s h o u l d  vapor  exp lode  w h i l e  t e t r a d e c a n e  (252'C) e m u l s i o n s  s h o u l d  n o t .  However, 
t h e i r  e a r l y  o b s e r v a t i o n s  o f  b u r n i n g  emuls ion  d r o p l e t s  suspended on a  q u a r t z  s t i n g  i n d i c a t e d  
dodecane (216OC) emdls ions  microexploded.  They f e l t  t h e  s t i n g  was p robab ly  a  s o u r c e  of  
nucledr  Lon sites t h a t  l e d  t o  p r e m a t u r e  w a t e r  n u c l e a t i o n .  I n  o r d e r  t o  e l i m i n a . t e  t h e  s t i n g  
n u c l e a t r o ~ :  problems,  f r e e  d r o p l e t  s t u d i e s  were n e c e s s a r v .  
Recen t ly ,  s t u d i e s  by L a s h e r a s ,  Drye r ,  e t  a l . r * 5  have  been c a r r i e d  o u t  i n  which f r e e  
emuls ion  d r o [ ~ ? c t s  were i n j e c t e d  i n t o  t h e  h o t  combustion p r o d u c t s  s t r e a m i n g  o u t  of  a  f l a t  
f l ame  burne r .  Vapor e x p l o s i o n s  were  obse rved  u s i n g  d r o p l e t s  o f  hexadecane/water  and 
t e t r a d e c a n r / w a t e r  emulsions bu t  n o t  i n  dodecane/water  emul s ions .  These  r e s u l t s  c o r r e l a t e d  
v e r  n i c e l y  t o  a  t h e o r e t i c a l  i , r e d i c t i o n  by ~ v e d e s i a n ' "  which p r e d i c t e d  t e t r a d e c a n e / w a t e r  
emuysions s h o u l d  b e  on  t h e  edge  o f  f a i l u r e  t o  undergo vapor  e x ~ l n s i o n  because  t h e  f u e l  
b o l l i n g  p o i n t  is ve ry  c l o s e  t o  t h e  s u p e r h e a t  l i m i t  f o r  t h e  svstern. 
The above mentioned s t u d i e s  have  been p r i m a r i l y  phenomenologica l  w i t h  r e s p e c t  t o  t h e  
p r o c e s s e s  o c c u r r i n g  d u r i n g  t h e  vapor  e x p l o s i o n  because  o t  t h e  difficulties i n  pho tograph ing  
a  f r e e  d r o p l e t .  Two recen , t  s t u d i e s  by S h e f f i e l d ,  Baer and l en is on',' u s i n g  emuls ion  
d r o p l e t s  l e v i t a t e d  above a. h o t  p l a t e  have  shown t h a t  a  numjer o f  v e r v  i n t e r e s t i n g  p r o c e s s e s  
t a k e  p l a c e  d u r i n q  t h e  heat.up and vapor  e x p l o s i o n  p r o c e s s .  S u r f a c e  t e n s i o n  induced  c i r c u -  
l a t i o n  OL-curs  i n s i d e  t h e  c l rop le t  and t h e  s m a l l  w a t e r  d r o p l e t s  c o a l e s c e  t o  form l a r g e r  w a t e r  
g l o b u l e s  d u r i n q  t h e  h e a t u p  p r o c e s s .  Then t h e  l a r q e  g l o b u l e s  sett le t o  t h e  bottom of t h e  
d r o p l e t  j u s t  p r i o r  t o  t h e  vapor  e x p l o s i o n .  The e x p l o s i o n  p r o c e s s  was c l e a r l y  shown t o  b e  
v e r y  v i o l e n t ,  producing f ragment  v e l o c i t i e s  r a n g i n g  from 30 t o  90 meters p e r  second.  
However, i n s t r u m e n t a t i o n  was n o t  a d e q u a t e  t o  r e s o l v e  f ragment  s i z e s  i n  t h e s e  expe r imen t s .  
The holography expe r imen t s  d e s c r i b e d  i n  t h i s  paper  were c a r r i e d  o u t  f o r  t h e  pu rpose  o f  
v i s u a l i z i n g  t h e  er .p los ion  f r agmen t s  t o  d e t e r m i n e  t h e  e x t e n t  c f  t h e  f r a q m e n t a t i o n  p r o c e s s .  
D r o p l e t  f r agmen t s  from less t h a n  10  t o  o v e r  100 mic rons  i n  d i a m e t e r  have  been c l e a r l y  
i d e n t i f i e d  a t  times 700 t o  1000 mic roseconds  a f t e r  t h e  vapor  e x p l o s i o n  s t a r t s .  These  
expe r imen t s  w i l l  be d i s c u ~ a s e d  i n  d e t a i l  i n  t e rms  of  t h e  e x p e r i m e n t a l  s e t u p ,  e x p e r i m e n t a l  
o b s e r v a t i o n s ,  and t h e i r  c o r r e l a t i o n s  w i t h  p r e v i o u s  r e s u l t s .  
Expe r imen ta l  S e t u p  
A wate r - in - fue l  emuls ion  c o n s i s t s  of  a  he t e rogeneous  m i x t u r e  w i t h  t h e  f u e l  a s  t h e  
m a t r i x ,  wa te r  a s  t h e  d i s p e r s e d  phase ,  and a s u r f a c t a n t  which is  used t o  s t a b i l i z e  t h e  
m a t e r i a l .  I n  t h i s  qtudT6 t h e  f u e l  was n-hexadecanc? ( C ~ G H ~ I , ) .  The s u r f a c t a n t  was a  m i x t u r e  
of Span Sn and Tween 80 t o  g i v e  an  HLB number of a b o u t  5.5 which r e s u l t s  i n  a  f u e l  
s o l u b l e  s u r f a c t a n t  and p roduces  a  r e l a t i v e l v  s t a b l e  w a t e r - i n - f u e l  emuls ion .  Emuleions were  
made by mixing 29% w a t e r ,  69% n-hexadecane,  and 2% s u r f a c t a n t  (by  vclume) i n  a  domes t i c  
b l e n d e r  f o r  s e v e r a l  minu te s .  The r e s u l t i n g  emuls ion  h a s  a mi lky  c o l o r  w i t h  t h e  d i s p e r s e d  
wa te r  d r o p s  a  few microns  ~c d i a m e t s r .  
The f r e e  d r o p l e t  expe r imen t  adop ted  i n  t h e  p r e s e n t  s t u d v  u s e s  t h e  L ? i d e n f r o s t  
phenomenon" t o  l e v i t a t e  a  d r o p l e t  above a  h c ~ t e d  s u r f a c e .  T h i s  expe r i r i en t  c o n s i s t s  of  
p l a c i n g  an 22 mrn d i a m e t e r  d r o p l e t  of  emuls ion  on a  h e a t e d  m e t a l  surfaci:  u s i n g  a  smal l  
s y r i n g e  t o  form t h e  d rop .  The p l a t e  t e m p e r a t u r e  is  m a i n t a i n e d  above t h e  Leidci lZros t  
t e m p e r a t u r e  o f  t h e  f u e l  s o  t h a t  f u e l  e v a p o r a t i o n  c a u s e s  t h e  d r ~ p l e t  o  l e v i t a t e  a b o u t  10  t o  
50 mic rons  above t h e  p l a t e 1 ' .  A s l i g h t  50 mm d i a m e t e r  s p h e r i c a l  i n d e n t a t i o n  i n  t h e  h i g h l y  
p o l i s h e d  p l a t e  s t a b i l i z e s  t h e  d r o p l e t  i n  one  a r e a  d u r i n g  i t s  h e a t u p  p e r i o d  s o  t h a t  it c a n  
be e a s i l y  photographed.  The h e a t e d  p l a t e  was ma in ta ined  a t  t a n p e r a t u r e  by u s i n g  a  
l a b o r a t o r y  h o t  p l a t e .  
For  t h e s e  p a r t i c u l a r  expe r imen t s ,  t h e  p l a t e  was r e p l a c e d  by a s t a i n l e s s  steel sub- 
s t r a t e  machined t o  t h e  shape  of a  t r u n c a t e d  cone  25 mm d i a m e t e r  a t  t h e  b a s e  ana  12 mm 
d i ame te r  a t  t h e  t o p ,  which was h i g h l y  p o l i s h e d  w i t h  a  sphe r :  * a 1  i n d e ~ t a t i o n  i n  it. T h i s  
s u b s t r a t e  was p l aced  on a  l a b o r a t o r y  h o t  p l a t e  and m a i n t a i n e d  a t  a  t e m p e r a t u r e  of a b o u t  
500°C. An i n s u l a t i o n  s h e e t  2 5  mm t h i c k  w i t h  a  c u t o u t  t o  accommodate t h e  cone  shaped 
s u b s t r a t e  was p l aced  o v c r  t h e  h o t  p l a t e  d u r i n g  each  expe r imen t  t o  e l i m i n a t e  any ho1oc;ram 
n o i s e  which might be  g e n e r a t e d  by a  l a r g e  amount of n a t u r a l  c o n v e c t i o n  induced t u r b u l e n c e  
i n  t h e  30 cm h o t  p l a t e  r e g i o n  s u r r o u n d i n g  t h e  exp lod ing  d r o p l e t .  The holocamer~a,  M3del 
HTC-5000 b ~ l l t  by Spec t ron  Developnent L a b o r a t o r i e s ,  h a s  a  p u l s e d  ruby l a s e r  l i g h t  s o u r c e  
which i s  swi tched by a  P o c k e l s  c e l l  t o  g i v e  a  10  t o  2 0  nanosecond p u l s e  between 700 and 
1200 microseconds  a f t e r  t h e  holocamcra i s  t r i g g e r e d .  The low end o f  t h i s  d e l a y  is ccn-  
t r o l l e d  by t h e  amount o f  t ime  it t a k e ,  t h e  f l a s h  lamp t o  pump t h e  ruby  rod t o  a  s u d f i -  
c i e n t l )  e r e r g e t i c  s t a t e  t h a t  a  r e l i a t l e  l a s e r  p u l s e  c a n  b e  o b t a i n e d  when t h e  l a s e r  p u l s e  is  
a l lowed t o  e s c a p e  by t r i g g e r ' l g  t h e  P o c k e l s  c e l l .  A schemat i c  of t h e  e x p e r i m e n t a l  s e t a p  
is shown i n  F i g u r e  1. N o t i c e  t h a t  t h e  holography sys tem c o n s i s t s  o f  a  r e t e r e i l c e  beam which 
t r a v e l s  approx ima te ly  t h e  sme d i s t a n c e  a s  t h e  i n f o r m a t i o n  beam. The i n f o r m a t i o n  beam 
p a s s e s  th rough  t h e  e x p l o s i o n  regime and t h e n  i n t e r f e r s  w i t h  t h e  r e f e r e n c e  beam on t h e  f i l m  
p l a n ?  and exposes  t h e  g l a s s  h o l o g r a p h i c  p l a t e  producing t h e  hologram. Two l e n s e s  which a r e  
n o t  shown 0x1 t h c  f i g u r e  were 1r ;ser ted  i n  t h e  in fo rma t ion  beam a t  t h e  p r o p e r  p l a c e s  t o  
p o s i t i o n  t h e  image o f  t h e  d r o p l e t  e x p l c s i o n  behind t h e  h o l o g r a p h i c  p l a t e  t o  s i m p l i f y  t h e  
r e c o n s t r u c t i o n .  By p r o p z r l y  choos ing  t h e s e  l e n s : s ,  m a g n i f i c a t i o n  o f  t h e  e x p l o s i o n  was 
o b t a i n e d  i n  some of t h e  expe r imen t s .  
T r i g g e r i n g  o f  t h e  holocamera was acco;nplished bv p a s s i n g  a  helium-neon l ~ s ~ r  beam c l o s e  
t o  t h e  s i d e  o f  t h e  d r o p l e t  ana i n t o  a photo  d e t e c t o r  s e t u p  t h a t  was d e s i g n e d  t o  send o u t  a  
t r i g g e r  ; i y n a l  when t h e  beam was i n t e r r u p t e d .  S i n c e  t h e  beam was n e a r  t h e  bottom o f  t h e  
d r o p l e t ,  it was i n t e r r u p t e d  when t h e  vapor  e x p l o s i o n  produced t h e  e a r l y  j e t t i n g  t o  t h e  s i d e .  
A t r i g g e r  s ig r t a l  t h e n  went t o  t h e  holocamera.  Between a s e t a b l e  d e l a y  o f  700 t o  1000 
microsecondrr a f t e r  t h e  holocamera was t r i g g e r e d ,  t h e  P o c k c l s  ce l l  was t r i g g e r e d ,  p r o v i d i n g  
t h e  l a s e r  p u l s e  r e q u i r e d  t o  produce  t h e  hologram. S i n c e  t h e  l a s e r  p u l s e  w i d t h  was l i m i t e d  
t o  10 t o  20 nanoseconds ,  a  s t o p  a c t i o n  hologram of t h e  e x p l o s i o n  p r o c e s s  wes produced.  
R e s o l u t i o n  o f  t h e  holograms was a  few mic rons  w i t h  t h i s  c o n f i g u r a t i o n  s o  f ragment  d r o p l e t s  
of a  few microns  were d e t e c t a b l e .  
R e c o n s t r u c t i o n  of t h e  e x p l o s i o n  images was accompl ished by e x p x d i n g  a  helium-neon 
l a s e r  beam and orienting t h e  deve loped  h o l o g r a p h i c  p l a t e  i n  t h e  ex2anded beam s o  t h a t  t h e  
t h r e e  dimerisional  image was formed o f f  a t  a n  a n g l e  from t h e  main '-am a s  shown i n  F i g u r e  2. 
F l c t u r e s  were then  t aken  of t h e  image u s i n g  macrophotography t e c h n i a u e s  t o  p r o v i d e  t h e  
d e s i r e d  m a g n i f i c a t i o n .  An Olympus OX-2  camera was used t o  t a k e  t h e  p i c t u r e s .  
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Figure 1. Exploding droplet holograptv experimental setup. 
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R e s u l t s  and Discussion 
Over 30 holograms of  exploding d r o p l e t s  were taken  dur inq  t h i s  s tudv .  Some e x p l o s i o n s  
were obv ious ly  less v i o l e n t  t h a n  o t h e r s  probably due t o  premature  heterogeneous n u c l e a t i o n  
of  t h e  wa te r  b r f o r e  it reached t h e  s u p e r h e a t  l i m i t .  Three  r e p r e s e n t a t i v e  holograms were 
picked f o r  c l o s e  s t u d y  and s e v e r a l  photographs of t h e  r e c o n s t r u c t e d  images were made. I n  
F i g u r e r  3,  4 ,  and 5, r e s p e c t i v e l y ,  f r agmenta t ion  is shown 700, 875, and 1000 microseconds 
a f t e r  t h e  holocamera was t r i g g e r e d .  I t  was p o s s i b l e  t o  make o n l y  one hologram of each 
d r o p l e t  exp los ion  s o  t h e s e  f i g u r e s  r e p r e s e n t  t h r e e  d i f f e r e n t  exp los ions  w i t h  t h e  
accompanying d i f f e r e n c e s  between them one might expect .  
F i g u r e  3 c l e a r l y  shows t h e  n a t u r e  of  t h e  f ragmenta t ion  p r o c e s s  w i t h  a j e t  v i s i b l e  nea r  
t h e  p l a t e ,  moving o u t  p a r a l l e l  t o  t h e  p l a t e .  Other  p a r t s  of t h e  d r o p l e t  l i q u i d  a r e  i n  t h e  
form of l igaments  i n  t h e  p rocess  of breaking up t o  form d r o p l e t s .  The lower l e f t  en la rge-  
ment shows a l igament  t h a t  has  n e a r l y  completed t h e  breakup p rocess .  The n e x t  two 
enlargements ,  movinc c lockwise  around t h e  cente;  p i c t u r e ,  show a common a r e a ;  o n l y  t h e  
p o s i t i o n  of t h e  camera focus  h a s  been changed t o  show t h e  t h r e e  d i m e n s i o n a l i t v  of t h e  
hologram image. Some d r o p l e t s  which a r e  i n  focus  i n  one enlargement a r e  o u t  of f o c u s  i n  
t h e  o t h e r .  The enlargement i n  t h e  t o p - r i g h t  c o r n e r  was made i n  an a r e a  t h a t  appears  t o  
have o n l y  a few d r o p l e t s  i n  t h e  c e n t e r  p i c t u r e  b u t  t h e  enlargement  shows a l a r g e  number 
a r e  a c t u a l l y  p r e s ~ n t .  The s a a e  is t r u e  f o r  t h e  lower-r ight  enlargement .  From t h e  s c a l e  
it is c l e a r  t h a t  t h e  l igaments  and a few d r o p l e t s  a r e  l a r g e r  t h a n  100 microns  I n  s i z e ,  b u t  
a l a r g e  number a r e  s u b s t a n t i a l l y  smal le r .  
F i g u r e  4 shows a d r o p l e t  exp los ion  875  microseconds a f t e r  t h e  holocamera was t r i g g e r e d .  
Although t h i s  exp los ion  looks  c o n s i d e r a b l y  d i f f e r e n t  from t h e  o n e  shown i n  t h e  p r e v i o u s  
f i g u r e ,  many d r o p l e t s  w i t h  a wide range  o f  s i z e s  a r e  d i s c e r n a b l e .  No l igaments  appear  i n  
t h i s  exp los ion ,  however. The j e t  on t h e  l e f t  s i d e  is v i s i b l e  b u t  t h e  one on t h e  r i g h t  
seems t o  have a l r e a d y  d i sappeared ,  perhaps ,  a s  a r e s u l t  of  t h e  e x p l o s i o n  v e n t i n g  rcore t o  
t h e  r i g b t  s i d e  than  t h e  l e f t  d u r i n g  t h e  e a r l y  p a r t  of  t h e  p rocess .  T h i s  phenomer~on h a s  
been observed i n  h i j h  speed framing camera p i c t u r e s  i n  e a r l i e r  t e s t i n g .  
F i g u r e  5 shows a d r o p l e t  exp los ion  1000 m i c r o s e c m d s  a f t e r  t h e  holocamera t r i g g e r e d .  
Again t h e  remains of  t h e  j e t s  a r e  v i s i b l e  nea r  t h t  p l a t e .  The l o w e r - l e f t  enlargement 
c o n t a i n s  p a r t  of  t h e  j e t ,  b u t  d r o p l e t s  a r e  n o t  c l e a r l y  d i s c e r n a b l e  i n  t h i s  a r e a  of t h e  
p i c t u r e ,  s c  they  a r e  a p p a r e n t l y  on t h e  o r d e r  of  t h e  r e s o l u t i o n  o f  t h e  hologram, around 1 t o  
5 microns.  Other d rops  i n  t h e  c e n t e r  p i c t u r e  and t h e  enlargements  r a n g e  from about  10 t o  
100 microns i n  s i z e .  Most of  t h e  l igaments  appear  t o  have a l r e a d y  broken up  because t h e r e  
a r e  o n l y  a few smal l  ones  p r e s e n t  throughout  t h e  p i c t u r e .  TFe t o p - l e f t  en la rga . l en t  shows 
an a r e a  where very few d r o p l e t s  a r e  d i s c e r n a b l e  i n  t h e  c e n t r a l  p i c t u r e ,  b u t  many d r o p s  a r e  
c l e a r l y  obse rvab le  i n  t h e  enlargement ,  some i n  t h e  10 micron range. Agdin t h i s  f i g u r e  
shows, i n  a g raph ic  way, t h e  tremendous f raqmenta t ion  t h a t  r e s u l t s  from t h e  vapor exp los ion .  
Although t h i s  exper imental  s e t u p  r e p r e s e n t s  a somewhat non-physical s i t u a t i o n  a s  f a r  
a s  s i m u l a t i n g  a combustion environment is concerned, it does  p rov ide  a needed v i s u a l i z a t i o n  
of t h e  exp los ion  process .  The j e t t i n g  near  t h e  s u b s t r a t e  is due  t o  t h e  asymmetric con- 
finement and h e a t i n g  provided by t h e  s u b s t r a t e .  I t  is f e l t ,  however, t h a t  t h e  exp los ion  
upward is q u i t e  r e p r e s e n t a t i v e  of  what one might expect  i n  a combustion environment.  The 
smal l  d r o p l e t s  formed i n  t h e  j e t s  by t h e  r a p i d  v e n t i n g  p rov ide  a n  i n t e r e s t i n g  comparison t o  
t h o s e  Eormed i n  t h e  less v i o l e n t  upward explosion.  
D r o p l e t s  formed i n  t h e  j e t  a r e  on t h e  o r d e r  of  a tew microns  which means t h e y  cou ld  
vapor ize  i n  a few hundred a ic roseconds l '  u n l e s s  t h e  atmosphere around t h e n  was s a t u r a t e d  
wi th  f u e l  vapor a s  is probably t h e  c a s e  a t  t h e  l a t e  times of t h e  holograms. T h i s  cor -  
r e l a t e s  n i c e l y  w i t h  h igh  speed framing camera p i c t u r e s  which show t h e  j e t s  d i s a p p e a r i n g .  
For comparison purposes  a sequence t aken  a t  40,000 f rames p e r  second h a s  been included a s  
Pi ;ure  6. I t  shows t h e  j e t  d i s a p p e a r i n g  i n  frame 5, abou t  200 microseconds a f t e r  t h e  
exp los ion  s t a r t s .  T 7  t h i s  sequence, t h e  s i d e  j e t s  a r e  moving o u t  a t  about  90 m / s  and t h e  
d r o p l e t  is exploding upward a t  between 30 and 70 m / s .  The d r o p l e t s  v i s i b l e  i n  t h e  holo- 
grams, which a r e  much l a t e r  i n  t i m e  t h a n  t h e  f i l m  sequence, have moved abou t  30 rnm i n  1000 
microseconds (average  v e l o c i t y  of  30 m / s ) .  A s  expected,  t h e  d r o p l e t s  a r e  slowing down due 
i t o  d r a g  a s  t h e y  move o u t .  I t  is e s t i m a t e d  that t h e  d r o p  v e l o c i t y  should be  reduced t o  t h e  
. - 
surrounding g a s  v e l o c i t y  i n  1 0  t o  20 mm o f  t r a v e l "  s o  t h e  t r u e  d r o p l e t  v e l o c i t y  is  
probably s lower  than  t h e  c a l c u l a t e d  average  v e l o c i t y  a t  t h e s e  l a t e  times. Based on t h i s ,  
one would expec t  t h e  d iamete r  o f  t h e  s p h e r e  o f  i n f l u e n c e  of t h e  exp los ion  t o  be  abou t  30 
t o  60 mm o r  about  1 5  t o  30 o r ;  yinal d r o p l e t  d i a m e t e r s  i n  t h e s e  exper iments .  
P i c t u r e s  of  t h e  holograms i n  F i g u r e s  3 through 5 c l e a r l y  show that  a l a r g e  number of 
fragment d r o p l e t s  a r e  formed. No a t t e m p t  has  been made t o  c a r e f u l l y  count  a l l  t h e  d r o p s  
i n  each p i c t u r e  because t h i s  o n l y  r e p r e s e n t s  a smal l  s l i c e  o f  t.he whole exp los ion  volume. 
I f  one assumes a 2 mm d r o p l e t  is reduced t o  a momdisperse  g roup  of 50 micron d iamete r  
f ragments ,  one d r o p  would produce o v e r  50,000 fragment d r o p l e t s .  I f  t h e  fragment d iamete r  
Figure 3 .  Picture of image of droplet explosion T O O  microseconds 
after  holocamera was triggered. 
Fiqure  4 .  Pi*-turfi of image ef droplet explosion 875 mieroseconds 
after holocamera was triqqered. 
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was 30 microns, one drop would produce 300,000 fragment droplets. 1n' thin cane we have a 
distribution of sizes from too small to measure in the j e t s  (probably a few microns in 
diameter) to aver a hundred microns. An average size is probablv between 30 a d  SO microns 
which indicates there are on the order of tens of thousands to hundreds of thousande of 
fragments from one drop exploding. A n  estimate o f  the number of drops visible in one 
picture led to about 4000 drops. Since t h i s  ia o n l v  .. slice of the  whole  volume, one would 
expect to have 10 to 100 times this many in the entire explosion, again leading to the same 
estimate as above. We have estimated that the lower and upper limits on numbers of 
fragments formed are ten thousand and a million, respectively. 
Figure 5. Picture of image of droplet: explosion 1901) microseconds 
after holocmera was triggered. 
Conclusions 
Time resolved holography has been shown to he an ex treme lv  useful  experimental 
technique to study the  vapor e x p l o s i o n  of a vaporizing water-in-fuel emulsion droplet. It 
has l ed  to some very graphic pictures of t h e  d r s p l e t  fraqmentation which results from t h e  
explosion. Fraqment sizes from less than 10 to larger than 109 microns are visible w i t h  
the average probably in the 30 t o  50 micron range. In the early t i m e  halograms ( 3 0 0  micro- 
seconds), ligaments th%t are breaking up are visible, while at the later  times (1000 rniero- 
secords) the ligament breakup is nearly complete. Estinaten based on the averkqe s i z e  and 
t h e  nurrtber of drops visible in t h e  pictures of  the holagrams indicate  that Power and upper 
limits for t h e  numbers of fragments are ten thousand ' a million. The typical amber 1s 
probably between SO,c)OI9 and 309,0019, i n d i c a t i n g  t h e  1 violent nature of the vapor 
explosion. 
The distances that t h e  fragments have traveled after the explosion Lead t o  an average 
velocity of  30 m/s compared to  between 30 and 70 mJs when t h e  explosion f irs t  s tarts ,  
indicating a drag induced reduction i n  velocity. The sphere o f  influence of the  explosion 
is es t imated  to be about 15 to 30 original droplet diameters. 
We would like to thank T i m  Wilmot and Fred Hason for helping in the experimental 
aetup and operation and Robert Nichols for taking pictures of t h e  holograms and putt ing 
together t h e  collaqes. 
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Vapor explosion starts 
Fragments vent to the sides 
at %91 meters per sec. 
Droplet explodes a t  
30 to 70 meters per set. 
Ftyurc 6. High speed framinq camera sequence of a droplet explosion. 
Droplet was backlight& w i t h  an expanded laser beam. 
Frames are 50 microseconds apart. 
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Drop le t s  generated f rom a new 'ogee' shaped, 
l i q u i d ,  a4r-shear, e l e c t r o s t a t i c  nozz le  
1.1. I ncu le t .  T.E. Base and G.S.P. C a s t l e  
Facu l t y  o f  Engineer ing Science 
The U n i v e r s i t y  o f  Western O n t a r i o  
London, Ontar io ,  Canada, N6A 589 
ABSTRACT 
A se r i es  o f  exper imental  t e s t s  was c a r r i e d  out on an 'OGEE' shaped planform, l i q u i d  a i r - shea r  
e l e c t r o s t a t i c  nozzle. L i q u i d  was e j e c t e d  from t h e  upper sur face o f  i h e  nozz le  and was then dispersed and 
atomized e f f i c i e n t l y  by a h igh  speed a i r  f l o w  passing over t he  nozz le  and by t he  e f f ec t  o f  two very  s t rong  
coherent a i r  v o r t i c e s  generated by t h e  'OGEE1 shaped nozzle surface. I n i t i a l  t e s t  r e s u l t s  which are  presented 
i n  t h e  paper shaw the nozz le  t o  per form f a r  supe r i o r  t o  a s i m i l a r  d e l t a  wing shaped nozz le  design which i s  
used ex tens i ve l y  i n  var ious  i n d u s t r i a l  app l i ca t i ons .  
INTRODUCTION 
The a i r  shear nozzle i s  used i n  many spray a p p l i c a t i o n s  which r e q u i r e  r e l a t i v e l y  l a r g e  q u a n t i t i e s  
o f  f i n e l y  atomized l i q u i d  drop le ts .  It cons i s t s  o f  an o r i f i c e  which in t roduces a l i q u i d  i n t o  a h igh  v e l o c i t y  
a i r  stream. The a tomizat ion  r e s u l t s  from t h e  mechanical d i s r u p t i o n  o f  t he  l i q u i d  stream by the  a i r  shear and 
pressure forces1. A number o f  d i f f e r e n t  geometries have been used f o r  t he  nozz le  rang ing from simple open 
tubes t o  aerodynamical ly shaped nozzles. One comnonly used geometry i s  a d e l t a  wing shaped planform nozz le  
w i t h  a ra i sed  l i p  along i t s  t r a i l i n g  edge (See F igu re  1.) I n  a prev ious i n v e s t i g a t i o n 2  the  a tom iza t i on  
p a t t e r n  o f  t h i s  nozzle was s tud ied i n  order  t o  op t im ize  t h e  p o s i t i o n i n g  of an i n d u c t i o n  e lec t rode  fo r  
e l e c t r o s t a t i c  charging o f  the  d rop le t s .  I n  t he  course o f  t h i s  i n v e s t i g a t i o n  i t  was d iscovered t h a t  c o n t r a r y  
t o  expectat ions,  the  m a j o r i t y  o f  t h e  a tomizat ion  took p lace o f f  t h e  open sur tace o f  t he  nozz le  r a t h e r  than the 
ra i sed  1 i p .  This observat ion  l e d  t o  f u r t h e r  exper imenta t ion  t o  determine t h e  i n f l u e n c e  o f  t he  aerodynamic 
shape on the  e f f ec t i veness  o f  a tomizat ion .  It l e d  t o  t he  deve lo~ment  o f  t he  new OGEE shaped l i q u i d  a i r  shear 
nozzle shown i n  Fig. 2 (Patent Pending). I n  what fo l lows a d e s c r i p t i o n  o f  t he  theory  of opera t ion  along w i t h  
exper imental  r e s u l t s  are presented f o r  both  t he  d e l t a  wing and OGEE nozzles w i t h  and w i thou t  e l e c t r o s t a t i c  
charging. 
AIR FLOW CHARACTERISTICS AS APPLIED TO AIR SHEAR NOZZLE DESIGN 
The OGEE a i r  shear nozzle,  as shown i n  Fig. 2, has a s lender  wing a i r f o i l  p lan form shape. The 
p a r t i c u l a r  shape used i s  c a l l e d  an 'OGEE' wing according t o  t h e  resemblance t o  a l ead ing  edge o f  a wave l i k e  
form s i m i l a r  t o  t he  l e t t e r  I s ' .  The c h a r a c t e r i s t i c s  of s lender  wings are  we l l  descr ibed by ~ o e r n e r ~ .  The 
essen t i a l  f l o w  regime generated by a s lender  wing a t  an angle of inc idence t o  t h e  approaching f low cons i s t s  
o f  two, strong, coherent v o r t i c e s  c i r c u l a t i n g  w i t h  oppos i te  r o t a t i o n a l  sense. These v o r t i c e s  s t a r t  a t  t he  
apex o f  t he  nozzle and are c o n t i n u a l l y  shed from the  sharp ' s '  shaped l ead ing  edge t o  proceed downstream and 
pass over t he  t r a i l i n g  edge. The two v o r t i c e s  pass over t he  t r a i l i n g  edge o f  t h e  nozz le  a t  a p o s i t i o n  ranging 
from 90% t o  70% o f  the  semi span measured from the  nozz le  cen t re  l i n e .  This depends on the  angle o f  inc idence 
and t h e  r a t i o  o f  the  semi span t o  t h e  length .  The he igh t  o f  t h e  vor tex  cores above t h e  wing increases w i t h  an 
increase i n  t he  angle o f  incidence. I n  t he  design o f  an a i r -shear  nozz le  t h e  ang le  o f  inc idence and span t o  
l eng rh  r a t i o  has t o  be chosen such t h a t  t he  v o r t i c e s  shed from t h e  l ead ing  edge have a t r a j e c t o r y  passing near 
t he  reg ion  where l i q u i d  w i l l  be re leased i n t o  t he  f low. One advantage o f  us ing  a s lender  wing shaped nozz le  
i ns tead  o f  a more convent ional  s t r a i g h t  wing o f  h igher  aspect r a t i o  i s  t h a t  i n  t h e  case of a s lender  wing t h e  
coherent vor tex  p a t t e r n  i s  f u l l y  developed before  t he  f l o w  reaches the  t r a i l i n g  edge whereas f o r  a s t r a i g h t  
wing, t he  f l o w  i s  not f u l l y  developed u n t i l  a t  l e a s t  several  w i ~ g  spans downstream o f  t he  t r a i l i n g  edge. I n  
t he  f i n a l  design, the  v o r t i c e s  pass over the  upper sur face o f  t he  nozz le  and increase the  divergence o f  t h e  
l i q u i d  f low emi t ted  from the  upper surface. The e f f e c t  o f  t he  two v o r t i c e s  a l s o  c reates  a very :ow pressure  
o r  h igh  suc t i on  which improves the  1 i q u i d  f l aw  and d r o p l e t  atomizat ion.  The e f f e c t  o f  the  c i r c u l a t i o n  and 
r o t a t i o n  o f  t he  v o r t i c e s  a l s o  improves t h e  mass t r a n s f e r  o f  t h e  l i q u i d  d r o p l e t s  a f t e r  t h e  two-phase f low has 
passed downstream of  t he  t r a i l i n g  edge o f  t he  nozzle. A phys ica l  advantage o f  t h e  'OGEE' shaped p l a n f o n  
nozz le  compared w i t h  t he  d e l t a  wing s h a ~ e d  nozz le  i s  t h a t  geomet r i ca l l y  a l a r g e r  l i q u i d  j e t  can be achieved 
f o r  t h e  same length,  span and th ickness o f  nozzle. 
INDUCTION CHARGING WITH AIR SHEAR NOZZLES 
The geometry o f  the  a i r  shear nozz le  descr ibed above i r .  i d e a l l y  s u i t e d  f o r  i nduc t i on  charg ing 
s ince  the  a tomizat ion  takes p lace over t h e  open face of t he  nozzle. Thus by p l a c i n g  an i n s u l a t e d  p lane 
e lec t rode  oppos i te  the  nozzle face and by ensur ing  t h a t  t h e  l i q u i d  has adequate c o n d u c t i v i t y  and i s  connected 
t o  ground, i nduc t i on  charg ing o f  t he  d r o p l e t s  w i l l  t ake  p lace a t  t h e  moment o f  a tomizat ion .  The advantages o f  
combining e l e c t r o s t a t i c  charging i n  d r o p l e t  spray ing a re  we l l  known4 and when compared w i t h  s imple mechanical 
a t a n i r a t l o n  inc lude:  
1. The product ion o f  smal ler more un i formly  s ized drop le ts .  s ince e l e c t r o s t a t i c  sur face charge counteracts 
surface tens ion forces. 
2. k r e  un i fo rm ly  dispersed d rop le t s  on account of the mutual repu ls ion caused by t h e i r  l i k e  charges, 
3. More e f f e c t i v e  depos i t ion  o f  the charged d rop le t s  on t a r g e t  surfaces, due t o  the  a t t r a c t i o n  by inda4ced 
space charge image. 
I n  the previous work w i t h  the d e l t a  wing shaped nozzleZ the  s i z e  and shape o f  the i nduc t i on  
e lec t rode  was i nves t i ga ted  along w i t h  the  value o f  o p t i r u n  i nduc t i on  f i e l d  t o  maximize the charge t o  mass 
r a t i o s .  
EXPERIMENTAL RESULTS 
The experiments were c a r r i e d  out  us ing a comnerc ia l ly  a v a i l a b l e  a i r  b l a s t  sprayer o f  the K inke lder  
type as used i n  a g r i c u l t u r a l  spraying. For the purpose of these tes ts ,  the spray heads were modif ied t o  a1 low 
induc t i on  charging'. This modi f i ~ a t i o n  cons is ted of  rep lac ing  the  cast aluminum spray heads w i t h  i d e n t i c a l l y  
shaped f i b r e g l a s s  heads having conduct ive i nduc t i on  e lec t rodes embedded f l u s h  w i t h  the i n s i d e  surface a t  
p o i n t s  opposi te the a i r  shear nozzles. The e lec t rodes were connected v i a  an imt~edded h igh vo l tage cable t o  a 
s e l f  r egu la t i ng  H.V. power supply ra ted  15 kV open c i r c u i t .  The pcwer supply was fed f r a n  a 12 V DC bat tery .  
The complete spray system i s  shown i n  Fig. 3. With t h i s  arrangement i t  was poss ib le  t o  t e s t  the a i r  shear 
nozzles under f i x e d  cond i t i ons  w i t h  the  on ly  d i f f e r e n c e  being the  presence o r  absence o f  i nduc t i on  charging 
(i.e.: i nduc t i on  vo l tage switched on o r  o f f ) .  
F igure  4 shows an example o f  the type of a tomizat ion produced w i t h  a s i n g l e  NEE nozz le  mounted i n  
t he  spray head. This photograph i l l u s t r a t e s  the back flow o f  l i q u i d  caused by the v o r t i c e s  induced by the  
OGEE nozzle and the r e s u l t i n g  a tomizat ion.  Normally f i v e  nozzles were mounted i n  t h e  head dur ing the tes ts .  
The d rop le t s  were sampled us ing microscope s l  ides coated w i t h  v iscous polybutene. The s l i d e s  were 
mounted behind a mechanical shu t te r  having a 1 cm diameter opening. This al lowed the  s l i d e  t o  be exposed t o  
t h e  cloud of d rop le t s  for b r i e f  exposures (- 0.5 second). The viscous polybutene trapped the d rop le t s  i n t a c t  
and when covered w i t h  a s l i d e  cover imnedia te ly  a f t e r  sampling, allowed p a r t i c l e  ana lys i s  t o  be done up t o  2 
o r  3 days a f t e r  the t e s t  w i thout  any change i n  the sample. The p a r t i c l e s  were counted and s ized manually 
us ing a microscope equipped w i t h  a squared g r a t i c u l e .  
The spray pa t te rn  was sampled w i t h  the  shuttev mounted a t  a r i g h t  angle t o  the s p r i y  flow a t  a 
d i s tance  of 3 m from the  heads. Drop le t  charges were measured by c o l l e c t i n g  samples o f  the spray i n  a 
snielded m e t a l l i c  conta iner  connected as a Faraday p a i l .  Thus by measuring the accumulated charge for  a g iven 
MSS o f  drop le ts ,  the average charge t o  mass r a t i o  was ca lcu la ted.  
Table I, gives a s u m r y  o f  the r e s u l t s  obtained f o r  one set o f  cond i t ions.  A s i m i l a r  pat.tern o f  
r e s u l t s  was found f o r  d i f f e r e n t  f low ra tes  for  both the l i q u i d  feed and the  e n t r a i n w n t  a i r .  
TABLE 1 
RESULTS OF TESTS ON THE 'OGEE' SHAPED PLASTIC NOZZLE AND A DELTA WING SHAPED METAL NOZZLE 
'OGEE' Shaped P l a s t i c  Nozzle De l ta  Ying Metal Nozzle 
Voltage 'On' Voltage ' O f f '  Voltage 'On' V o l t a g  'O f f '  
&an diameter of d rop le t  51 6 1 69 70 
(um) 
Standard dev ia t i on  o f  37 32 48 6 1 
diameters measured (urn) 
Charge t o  mdss r a t l c  
( vCl9 1 
A i r  speed (mls) 
l i q u i d  f low r a t e  = kg/s/nozzle 
DISCUSSION 
One o f  the most s i g n i f i c a n t  f i nd ings  i n  the course o f  t h i s  development was the ?served backf low 
of the l i q u i d  cber the top surface of the OGEE nozzle.  The f l ow  v i s u a l i z a t i o n  s tud ies  c l e a r l y  showed tha t  
when the l i q u i d  emerged f r a n  the upper surface o f  the nozzle the i n i t i a l  mot ion was upstream due t o  t! ie 
separated f l ow  near the cent re  o f  the nozzle. This g r e a t l y  improved the mechanical a tomizat ion o f  the l i q u i d  
s ince it was more r e a d i l y  ent ra ined by the two s t rong coherent vor t ices .  I n  add i t i on ,  the upstream motion 
produced a l a r g e r  area of a tomizat ion g i v i n g  b e t t e r  exposure t o  the induc ing e l e c t r i c  f i e l d  f o r  the combfned 
mechanical - e l e c t r o s t a t i c  atomizat ion. 
As seen from Table I, t h e  OGEE generated d rop le t s  o f f e red  cons iderab le  improvement over t h e  d e l t a  
wing nozzle. Comparing the two cond i t i ons  i .e. w i t h  and w i thou t  e l e c t r o s t a t i c  charg ing it i s  seen t h a t :  
a )  t h e  d r o p l e t s  generated w i t h  t h e  OGEE a re  smallt!r i n  diameter;  13% i n  t h e  case o f  pure mechanical 
atomizat ion,  26% i n  the  case o f  mechanical - e l e c t r o s t a t i c  a tomizat ion .  
b )  t h e  d r o p l e t s  generated w i t h  t h e  OGEE are  more ur i i form; t he  standard d e v i a t i o n  i s  48% smal le r  i n  t he  case 
o f  mechanical atomizat ion,  23% sma l l e r  i n  t he  case o f  mechan i ca l -e lec t ros ta t i c  a tomizat ion .  
c )  t h e  number o f  d rop le t s  generated w i t h  t he  OGEE i s  g rea te r :  cons ide r i ng  t h a t  t he  l i q u i d  f l o w  r a t e s  were 
t h e  same i n  a l l  cases and t h a t  mass i s  p rcpo r t i ona l  t o  the  cube o f  d iameter t h e  average number o f  OGEE 
generated drops i s  147% g rea te r  than t h e  d e l t a  generated drops f o r  t h e  mechanical a tomizat ion ,  and 2453 
g rea te r  f o r  the  mechan i ca l -e lec t ros ta t i c  a tomizat ion .  
d )  t h e  mechan i ca l -e lec t ros ta t i c  a tom iza t i on  produced i n  the  OGEE nozz le  i s  supe r i o r  t o  a l l  o the r  c o n d i t i o n s  
i n  terms o f  minimum p a r t i c l e  s ize ,  u n i f o r m i t y  o f  p a r t i c l e  s ize ,  maximum number o f  d r o p l e t s  f o r  a g ivpn 
l i q u i d  f low r a t e  and charge t o  mass r a t i o .  
CONCLUSIONS 
Due t o  the  improved a tom iza t i on  i t  it be l i eved  t h a t  t h e  new nozz le ,descr ibed here w i l l  Save 
supe r i o r  c h a r a c t e r i s t r i c s  f o r  bo th  i n d u s t r i a l  and a g r i c u l t u r a l  a p p l i c a t i o n s  where l a r g e  concen t ra t i ons  o f  
reasonably uniform, small s i zed  :'-oplets are  requ i red.  Also being an a i r  shear nozz le  it r e t a i n s  t h e  
advantages of having a r e l a t i v e l y  l a r g e  diameter c l o g  f r e e  feed a l l o w i n g  s u b s t a n t i a l  l i q u i d  f l o w  ra tes .  
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LiquiC drop technique for generation of organic glass and metal shells* 
C. D. Hendricks 
University of California, Lawrence Livernore National Laboratory 
Post Office Box 5508, Livermore, California 94550 
Abstract 
We have for several years utilized the technique of capillary Aave synchronization 
of the break-up of single and multiple component jets t o  produce ~ n i f o r m  sized liquid 
drops and solid particles, and hollow liquid and solid shells. The technioue has also 
been used to encapsulate a number of liquids in impermeable spherical shells. 
Highly uniform glass shells have been made by generating uniform '-ops of glass 
forming materials in sn aqueous solution, subsequently evaporating the water, and then 
fusing and "blowing" the remaining solids in a high temperature vertical tube furnace. 
Experimental results will be presented and the critical problems in further research in 
this field will be discussed. 
Drop generation from a liquid stream has been experimentally observed since man's 
beginning. In recent times more precise techniques have been developed and used in such 
diverse fields a s  electric propulsion of spacecraft, cloud physics, high speed printing, 
magnetic confinement, fusion reactor fueling und inertial ~ o n f i r ~ e m p n t  fusion target 
fabrication. Other uses which are perhaps mare common but 1ess.well known in the 
physics and engineering communities are encapsulation of one fluid inside another and 
generation of gas filled soluble capsules !or study of blood pressure in the h e ~ r t  and 
other parts of the circulatory system. 
In the time span from 1966 t o  1981 our work has included liquid drop, svlid 
particle and hollow shell generation from many different liqui'ds from hydrogen t o  gold 
and including many organic and inorganic materials. A very brief chronology of our work 
is shown in Figures 1-10. Building on the work of Rayleigh, w e  developed techniques t o  
produce very uniform drops with a wide range of sizes and materials.1 Figur? 1 shows 
a "solid:' jet of liquid on which a capillary wave has been launchcd t o  initiate 
generation of uniform drops. Figure 2 shows a jet of water into which air has been 
injected.2 Tile composite jet generated hollow shells of water around individual air 
bubbles. By the mid-196O1s, we were interested in encapsulating fluids inside 
imperneable shells. Some of our first encapsulations were liquids such a s  silicone and 
organic oils i i  alginate shells. We were interested in multiple layers and built 
tri-axial systems a s  shown in Figure 3. iiowever, a simple double tube concentric system 
was sufficient for the single shell encapsulation. An aqueous solution (Fluid Il) of 
sodium or potassium alginate was passed through the outer part of the system. Fluid I2 
was the liquid to be encapsulated, e.g. an oil with Flame Red dye dissolved in the oil 
or other fluid including gases such a s  air. In the double concentric system, the inner 
tube and Fluid 13 were not present. Controlled, driven break-up of the two component 
jet formed highly concentric capsules. The capsules were passed through a mist or fine 
spray of calcium, magnesium or zinc chloride solution or into a bath of such solutions. 
Rapid change of the sodium or potassium alginate t o  calcium, magnesium o; zinc 
occurred. The latter compounds are relatively insoluble in water and formed a "skinw on 
the capsule. Subsequent drying of the particles resulted in a thin walled spheroid 
containing the encapsulated fluid. 
Further experiments resulted in the generation of spheres of polymeric materials, 
water shells with air a s  the inner fluid, copper, and more recently gold. Epoxy resins 
and appropriate hardners can be dissolved in solvents such as acetone, MEW or 
methylchloride. If the resin and curing agent are dissolved separately in dilute 
solutiords, mixing does not result in curing of the epoxy. However, if droplets o f  the 
aixbd solution are formed, allowed to pass through a heated column and the solvents 
evaporated, the resin and hardner react t o  form 8 normal, cured epoxy she11 or solid 
bead (depending on temperature, rate of transport, etc.). 
An apparatus (Figures 4 and 5) t o  roduce copper shells from molten copper was 
constructed and operated and produced tRe spheres shown in Figure 6. the high tempera- 
ture parts of the apparatus (copper reservoir, gas i1,jection tube, o ~ f f i c e s ,  etc.) ware 
quartz. The apparatus was filled with hydrogen gas t o  reduce the formation of oxides. 
All the copper was run through the quartz system before cooling was allowed because of 
differences in expansion coefficients of copper and quartz, Copper will wet clean high 
temperature quartz and will shrink enough t o  pull pieces out of the quartz a s  it cools. 
Hollow hydro en she 1 s  were produced in the e a r l y  1970's by i n i t i a t i n g  bcbbles i n  j e t s  of l i qu id  hyirogen.1 The s h e l l s  were frozen and had diameters  of over a hundred 
micrometers and wall thicknesses  of about ten micrometers. Sol id spheres  of hydrogen 
were a l s o  produced using some of t he  same techniques t o  launch c a p i l l a r y  waves on r 
l i nu id  hydrogen j e t  fo r  con t ro l  of j e t  break-up t o  generate  uniform drgps. The hydrogen 
spheres (hollow and s o l i d )  have both immediate and p o t e n t i a l  use in  t he  -:.;snetic 
confinement and i n e r t i a l  fusion programs. Figure 7 shows hollow hydrozri s h e l l s  
produced from j e t s  of l i qu id  hydrogen. 
A s  the  l a s e r  fusion rogram developed during the  e a r l y  1970's : c  J*ramt ecessary 
t o  produce g l a s s  s h e l l s  w r t h  except iona l ly  smooth sur faces  and u n i ; ,  . , .  i i s . 1  A 
solut ior!  of g l a s s  forming chemicals i n  water was used t o  form a c y l \  , , a 1  j e t  which 
was then cauved t o  break i n t o  uniform drops. The drops passed ver , J '  - downward i n t o  
a hot colums. In the  upper por t ion  t he  so lu t e  was evaporated ~t a t  ~ S O ~ C  t o  leave 
dry a r t i c l e s .  In the  lower par t  of the  column, the  tempera*ure I  creased t o  
12001-i500oC and the  p a r t i c l e  fused t o  form hollow 1 l a s s  s h e l l s .  r:.e apparatus  i s  
shown in Figure 8. Recent development of the process al lows production of high q u a l i t y  
g l a s s  s h e l l s  with 90-991 having uniform walls  and smooth sur facer  such a s  those shown !a 
an in te r fe rence  microscope in Figure 9.  
S i l ve r  spheres have been formed by a technique s imi l a r  t o  t h a t  used f o r  forming 
g l a s s  spheres.5 A so lu t ion  of s i l v e r  n i t r a t e  was formed i n t o  drops which were allowed 
t o  f a l l  th ro*~gh the  low temperature-high temperature column. Figure 10 shows the 
spheres r e su l t i ng  from the  process .  Some a r e  hollow and some a r e  s o l i d .  The su r f ace s  
of the spheres a r e  smooth t o  0.1-0.5 micrometer. 
We have found l i qu id  drop techniques t o  bu very useful  in severa l  d iverse  a reas .  
For producing very uniform m e t a l l i c ,  organic,  inorganic and, in p a r t i c u l a r ,  g lassy  
s l le l l s ,  the  l i qu id  je t  method i s  t he  most reprodttcible and exceptionall: '  usefu l  of a12 
the techniques we h a ~ e  s tud ied .  
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Surface tension and contact angles: molecular origins and associated microstructure 
H. T. Davis 
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151 Amundson Hall, 421 Washington Avenue S.E., Minneapolis. Minnesota 55455 
Abstract 
Gradient theory converts the molecular theory of inhomogeneous fluid into nonlinear 
boundary value problems for density and stress distributions in fluid interfaces, contact 
line regions, nuclei and microdroplets, and other fluid microstructures. The relationship 
between the basic patterns of fluid phase behavior and the occurrence and stability of 
fluid microstructures is clearly established by the theory. All the inputs of the theory 
have molecular expressions which are computable from simple models. 
On another level, the theory becomes a phenomenological framework in which the 
equation of state of homogeneous fluid and sets of influence parameters of inhomogeneous 
fluids are the inputs and the structures, stress tensions and contact angles of menisci are 
the outputs-outputs that find applications in the science and technology of drops and 
bubbles. 
Introduction 
As witnessed by the papers presented at this colloquium, drops and bubbles, thin films 
and adsorbed layers, and contact angles are key actors in numerou,; natural and man-made 
processes. Vith our knowledge of and demands on these processes becoming more sophisti- 
cated, it is increasingiy important to have a molecular level theory of structure and 
stress in interfaces. Although the formal statistical mechanical theory of inhomogeneous 
fluids at equilibriurc has been developed father extensively over the last two decades, the 
formal theory is presently intractable. ' ' Far more powerful is gradient theory, an 
approximation going back to Rayleigh3 and van der Waals" which was rediscovered by Cahn and 
Hilliard5 and was recently put into modern form by Eongiorno zt aZ. and Yang et aZ.' 
Successes in predicting the surface tension of polymer melts, hydrocarbons and their mix- 
tures, ' and water l o  prove that the theory is useful for real fluids. In this paper. I 
outline the elements of gradient theory and describe applications that my Xinnesota 
colleagues and I have made of the theory to fluid-fluid interfaces, fluids at solid sur- 
faces, and drops and bubbles. 
Gradient theory of microstructured fluids 
A fluid microstructure is an inhomogeneous region in a fluid in which component 
densities vary appreciably over molecular distances. Any fluid is, of course, inhomo- 
geneous because of the presence of gravity. However, the lnhomogeneitirs that result from 
gravity are so weak that component densities vary negligibly over molecular distances. 
Similarly, the inhomogeneities induced by ordinary centrifugal fields and by the temperature 
and composition gradients involved in the usual transport situations are very we2k. If tbe 
component densities vary sufficiently little over molecular distances, then the thermo- 
dynamic functions can be approximated locally by the corresponding functions for homogeneous 
fluid at the local composition. In fluid microstructures the effect of the local component 
,ensity variations must be accounted for in the local thermodynamic functions. 
In the absence of external fields and density inhomogeneities , the Helmholtz free energy 
density is fo. From intermolecular interactions species i and j give to fo a contribution 
of the order of ai ninj, ni and nj being component densities and aij a characteristic energy 
parameter. The iadtor 112 nin is a measure of the number of interacting pairs. If the i fluid is inhomogeneous at posi ion F, then the number of interacting pairs in the vicinity 
of E should be corrected by some amount 112 GneSnj. An estimate of &%is rijvni, rij the 
range of the intermolecular force between i an2 j and oni the gradient of n. at r .  It 
follows heuristically ., . then that the local Helmholtz free enerpy density of inhomogeneous 
fluid is fo(p) + ciiVni*Vn+plus terms higher order in gradients of component densi- 
If the density gradients are macroscopic, e.g., caused by gravity or ordinary centrifugal 
fields, then Vni is of the order of ni/L, L being the dimension of the s ftem. In this case 
the quantity ci Vni*Vnj is negligible since it is of the order of (rij/J compared to the 
1 
S local value of he homogeneous fluid free energy density fo. Thus, it is appropriate to 
identify i:j T cijVni*Vn as the free energy density of fluid microstructure. j 
Van der Waals introduced the one-component version of Equation (1) in his theory of 
liquid-vapor interfaces and Cahn and Hilliard used a binary regular solution version of 
the equation in connection with interfacial structure and spinodal decomposition of sub- 
cooled homo eneous solution. In the nodern statistical mechanical version of the 
theory,'. 1' Equation (1) is derived from a formal component density expansion of the exact 
free energy of inhomo~eneous fluid. Expressions are obtained which relate the local 
"influence parameters cij of inhomogeneous fluid to the fluid radial distribution functions 
of homogeneous fluid at local component densities. The heuristicconnectionofthe influence 
parameter c.. to aijrij is justified by the rigorous statistical mechanical expressions. 
1 J 
In its modem version gradient theory is a very attractive description of inhomogeneous 
fluid: on the one hand the inputs f (p) 2nd ci-(p) can in principle be computed from the 
molecular theory of homogeneous fluia, but on tae other hand if molecular theory is insuf- 
ficiently developed for the fluids of interest semiempirical or empirical schemes can be 
used to deduce equations of state for fo(g) and c. (n) . Along these lines it is encouraging 
that the molecular theoretical formulas for cij a ~ d  some predictions l ' based on simple 
models imply that the influence parameters are often only weak functions of component 
densities. Similarly, the success ofgthe theory with constant cij in predicting the sur- 
f ace tens ions of hydrocarbon mixtures and water1 argues against appreciable density 
dependence of the influence parameters. The importance of this is that one can determine 
the values of influence parameters from limited experimental data. In all the applications 
I discuss below the influence parameters are held constant. 
At equilibrium the grand potential, 
is a minimum in a closed system. The chemical potential, pi, plays the role of a Lagrange 
multiplier accounting for the constraint that Ni(= /nid3r) is fixed in a closed system. The 
density distributions ni(r) , i=l , . , v, that minimize R must, according to the calculus of 
variations, obey the corresponding Euler equations 
i=l,***,v. Boundary conditions appropriate for a given fluid microstructure must be 
assigned and the component densities of the microstructure determined by solving these non- 
linear differential equations. T h u s ,  g r a d i e n t  t h e o r y  r e d u c e s  t h e  probtem o f  d e t e r m i n i n g  
e q u i l i b r i u m  f l u i d  m i c r o s t r u c t u r e s  t o  a  n o n l i n e a r  boundary  v a l u e  prgbZem. Of course, once a 
microstrucsure solution has been obtained its stability has to be established by p+cTring 
that it is a local minimum of the grand potential Q. Typically one solves nonlineh. dif- 
ferential equations by discretization (e.g., finite difference or finite element) an* 
iteration using the Newton-Raphson technique. ' * A biproduct of such a solution technique 
is that the matrix generated by the Newton-Raphson technique is the one required for sta- 
bi.lity analysis of the solution so obtained, i.e., the same algorithm generates the solution 
and the elements of stability analysis. 
The pressure tensor is another quantity of interest in fluid microstructures. In homo- 
geneous fluid, the pressure is isotropic, i.e., the number of lines of force passing through 
a small element of area from molecules lying on each side of element is independent of the 
orientation of the element. This is because the molecular population is ident'cal in all 
directions in homogeneous fluid. This is not true in inhomoge~leous fluid and so the iso- 
tropic pressure of homogeneous fluid, Po(n)l, must be corrected to account for local 
component density variation. is the unit-tensor. Since the number of lines of force 
passing through the area element will depend on orientation, components of the pressure 
tensor are in general different in an inhomogeneous fluid, i.e., the pressure tensor f! is 
anisotropic. To second order in density gradier.:~ the general fonnula for the pressule 
tensor is of the form2 
where t('), * * * ,  E(~) are functions of the local composition I. The one component ver i n of 
~quatiodj(5) wasif first proposed by Korteweg. l 6  The theoretical formulas for the E t a ?  are 
much more complicated than that for the influence parameters. Several simplif led ij 
versions of the k(u) have been investigated. l 3  The simplest of these is obtained by 
assuming that theijinfluenceparame~ers areconstant and that the must be consistent 
with the constancy. The result is ij 
Since fo and Po are related by the thermodynamic relation dPo = -d(foV) , at constant 
T, n-v**e,n,V, the gradient theory of stress given by Equation (5) requires exactly the same 
inputs as the gradient theory of the free energy. 
In what follows the influence parameters are always assumed to be constant and either 
the van der Waals (VDW) equation of state or one of its empirically modlfied successors, the 
Peng-Robinson (PR) equation," is used. Both equations can be summarized as 
nkT Po($ --- - n2a 
- nb 1 + +[2nb- (nb) ' I  
jl=0 in the VDW equation and +a1 in the PR equation. a and b are energy and volume 
parameters. For pure fluids the parameters are determined by the critical temperature and 
pressure for the VDW equation and these plus the acentric factor for the PR equation. '' 
The recomended forms of a and b for mixtures is nb = n bi and n2a = iE n.n.a. where 
bi and aii "e pure fluid parameters and ai- , i j  are1 mixture parameteti t6 Jbtj6etemined 
by a fit of the equation to experimental da4a on two-component systems. The PR equation is 
quantitatively superior to the VDbI equation but qualitatively both are quite similar, and so 
either serves equally well the purposes of this article. 
Planar interfaces 
The ~omponent~density profiles, ni(x), of a planar interface are obtain d by solving 
Equation ( ) with ue - 0 and su ect to the boundary conditions p(x = --) = nll) and 
n(x=~x.) = nf2), rhere n( '1 and n?') denote the component densities in coexisting bulk phases 
1 and 2. Th se component densbties are o& cpuf;e determined by the usual equilibrium con- 
ditions P (of')) - pO(n(')), pi(p( ')) = ui(* . i-1,-.* .\'. Equation (3) can be solved 
analyticaPly in the case of a one-component fluid but must be solved numerically in the 
multicomponent case."q~'R 
The density profile of a one-component liquid-vapor interface predicted with the VDW 
equation at the reduced temperature kTb/a = 0.197 is shown in Figure 1. The density is 
Figure 1. Density in units of b-', distance in ,%F. kTb/a = 0.197. Ref. 14. 
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given i n  u n i t s  of b-'and t he  d i s t ance  i n  u n i t s  of V'Z-:, a length  of t h e  o rde r  of magnitude 
of a  molecular diameter .  I n  a  p lanar  i n t e r f a c e  t he  normal pressure  P , t h a t  i s  t h e  com- 
ponent of p ressure  measured by a  f l a t  t e s t  su r f ace  l y ing  i n  t he  i n t e r j l a c i a l  l ane ,  is 
cons tan t  i n  a~(.ordanc~~with~the,condition of hyd ros t a t i c  equi l ib r ium (P-P - !. o r  dPN/dx = 0 
s ince  P = PN ii + P T ( j j  + kk), i the  u n i t  vec to r  along t h e  x - ax i s ) .  On ' the o t h e r  hand, t he  
t ransverse  pressure  PT, t he  component of p ressure  measured by a  f l a t  t e s t  su r f ace  or thogonal  
t o  t he  i n t e r f a c i a l  p lane ,  is  not  cons t ra ined  by hyd ros t a t i c  equi l ib r ium end must t ake  on 
whatever va lues  forced on i t  by t he  dens i t y  p r o f i l e .  P cannot be cons tan t  i n  t he  i n t e r -  
f ace ;  otherwise,  the  i n t e r f a c i a l  t en s ion ,  which i s  t h e  Xi f fe rence  between t he  normal and 
t r ansve r se  pressuras  i n t eg ra t ed  across  t he  i n t e r f a c e ,  namely, 
would have t o  be zero .  
From Equation (5) it follows t h a t  
This r e s u l t ,  which has been derived from seve ra l  approximations13 t o  t h e  c o e f f i c i e n t s  i n  
t he  grad ien t  t h e o r e t i c a l  p ressure  t e n s o r ,  i s  h e u r i s t i c a l l y  very  sugges t ive .  The d e n s i t y  
n(x) i z  uniform i n  a  p lane  p a r a l l e l  t o  t he  i n t e r f a c e ,  t h a t  is  t h e  pressure  i s  i s o t r o p i c  i n  
such a  plane. The con t r i bu t i on  t o  t he  t r ansve r se  pressure  from molecules l y i n g  nea r  t he  
plane i s  expected t o  be propor t iona l  t o  Po(n(x) ) .  Molecules l y ing  f u r t h e r  from t h e  plane 
a r e  d i s t r i b u t e d  t o  maintain a  cons tan t  normal pressure  P . The con t r i bu t i on  of t he  so- 
d i s t r i b u t e d  molecules t o  t he  t ransverse  pressure  should ffe of same o rde r  of magnitude. 
Thus, i t  n igh t  be argued t h a t  P w i l l  be a  l i n e a r  combination of Po(n) an< PN, t he  
r e spec t i ve  c o e f f i c i e n t s  being 2T3 and 113 r e f l e c t i n g  t he  f a c t  t h a t  t he  dimensions of t he  
i n t e r f a c i a l  plane a r e  2 and t he  normal d i r e c t i o n  i s  1. It  would be i n t e r e a t i n g  t o  f i n d  a  
convincing de r iva t i on  of Equation (8) from t h i s  po in t  of view. An accounting of t he  l i n e s  
of intermolecular  f o r ce  passing through a  small  element of a r e a  versus  o r i e n t a t i o n  of t he  
element might be f r u i t f u l  i n  pursuing t h i s  goa l .  
An important impl ica t ion  of Equation (8) i s  t h a t  t he  s t r u c t u r e  of t he  t r ansve r se  
pressure  i n  t he  i n t e r f a c e  is  determined by the  equation of s t a t e  of homogeneous f l u i d .  The 
normal and t ransverse  pressures  ccrresponding t o  t he  p r o f i l e  i n  Figure 1 a r e  shown i n  
Figure 2 .  As expected t he r e  i s  a  wide region i n  which t he  i n t e r f a c e  i s  under tens ion  ( i . e . ,  
P < PN) . Since tens ion  i s  p o s i t i v e  and equals  t he  a r e a  under t he  curve PN - P versus  x ,  
t x e r e  must be a  region i n  which PT . P . There i s  however a  small region of cozpress icn  
(PT ' PN) on t he  gas s i d e  of the  rn te ryace .  The correspondence between t he  van de r  l?aa ls  
loops i n  t he  PVT phase diagram f o r  homogeneous f l u i d  i s  seen by comparing Figures  2 and 3 .  
The normal pressure  PN i s  of course the  l iquid-vapor coexis tence  p r e s su re ,  i . e . ,  PN = 
PO(n,) = Po(ng), ng  and n t he  l i q u i d  and vapor d e n s i t i e s ,  r e s p e c t i v e l y .  The region 3f 
compression i n  t he  in tc r f%ce  a r i s e s  from the  reg ion  in  which t he  pressure  isotherm . . ~ e s  
above the  t i e - l i n e s ,  which l o c a t e  t he  pressure  PN. 
A s i g n i i i c a n t  f e a t u r e  of t he  theory is  t h a t  t he  s t r u c t u r e  and s t r e s s  i n  t he  i n t e r f a c e  
are determined by the  thermodynamic func t ions  of homogeneous f l u i d  i n  t h e  metastable  and 
uns tab le  regions of t he  PVT diagram. I t  has u sua l l y  been thought t h a t  in  t he  uns tab le  
region of t he  phase diagram the  thermodynamic func t ions  a r e  meaningless.  Far from being 
meaningless,  t he  behavior of these func t ions  i n  t h i s  region i s  a  determining f a c t o r  of 
i n t e r f a c i a l  behavior .  The grad ien t  terms provide t be  necessary f r e e  energy t o  s t a b i l i z e  
s t a t e s  t h a t  would be uns tab le  i n  homogeneous f l u i d .  
A s  a  c r i t i c a l  po in t  o r  a  so lu t i on  p l a i t  po in t  i s  approached, t he  VDIJ loops i n  t he  
pressure  isotherm begin t o  f l a t t e n  out  and become synmetric about t he  t i e - l i n e ,  both pa t -  
t e rn s  of which d r ive  the  tens ion  towards ze ro .  That t ens ion  goes t o  zero a s  a  c r i t i c a l  
p i n t  is apnroached is wll-known, but t he  mechanism of g e t t i n g  low tens ion  by symmetrizing 
t he  VDV loops o t  the pressure  isotherm i s  novel .  Such an e x a ~ p l e  is  provided i n  Figure 4 ,  
i n  which i s  given dens i t y  and pressure  p r o f i l e s  of  t he  l i q u i d - l i q u i d  i n t e r f a c e  of carbon 
dioxide and decane. ' ' T h e  p r o f i l e s  were pred ic ted  with t he  PR equat ion using t he  mixture 
parameter va lues  a12 - dallaZ2 and c12 -0.9icllc22 and cii  va lues  f i t t e d  from pure f l u i d  
sur face  tens ion .  The tension of t he  i n t e r f a c e  i n  Figure 4 i s  y = 0.6  dyn/cm. 
Figure 2. Principal pressures in a planar Figure 3. PVT phase diagram of a,VDW fluid. 
interface. VDW fluid. Pressure Density in units of b- tempera- 
in units of a/b', distance in ture in alkb. The liquid-vapor 
v*%. Ref. 14. densities are indicated by points 
connected with constant-pressure 
tie-lines. 
DISTANCE 
Figure 4. Density and principal pressure profiles of a C02-decane liquid-liquid 
interface of a PR fluid. kTb1a = 0.148, density ni in units of b?'. 
distance in id/a, pressure in alb2. a, b, c C02 values. Ref. 19. 
Contact angle, wettability, and film formation ) i I ' 
The adsorption and wetting characteristics of fluids on solid surfaces and at fluid- 
: :  fluid interfaces are of enormous practical interest in the design of detergents, lubricants, , I 
flotation and foaming agents, paints, ca illary delivery devices, and the like. In spite P of such practical importance, the molecu ar theory of adsorption and wetting is still a / ._ 
fledgling science, based most often on ad hoc models for various special situations. 
Gradient theory shows promise of giving a unified theoretical basis to the subject. In what 1 1  
follows, the theory is applied to adsorption and film formation at interfaces, three phase 
contact regions and the contact angle, and perfect wetting transitions. . 
. .  
Suppose a fluid-fluid interface contacts a flat solid wall as indicated in Fi ure 5 .  [ : If the meniscus (a mathematical surface representing the position of the interface7 is I .  observed at some distance R lying far enough from the solid for bulk fluid phases to exist 
on each side of the surface but not far enough for gravitational distortion to affect it, 
then the observed contact angle 0 obeys Young's equation . I 
. . 
(9) cose . YTn Y y f i  + . ' cx f i  
v y ,  and 7 denote the tensions (or surface excess free energies) of fluid phases a and B 
with. sold phase y .  7 6 is the interfacial tension of the interface between fluids rr and 
8. The basis and mean?ng of Equation (9), which can be derived from a force balance on the . ' 
hemicylinder wtose cross-section is shown in dashed lines in Figure 5, has been discussed 
at length in a recent paper by Benner e t  a L . l 5  
Figure 5. Angle of contact of fluid menisc~s Figure 6. Angles of contact of three fluid 
at a flat solid wall. phases. 
If all three phase are fluid, then the menisci define three dihedral angles (Figure 6) 
obeying the force balance 
A contact angle is not always observed when three phases are brought together. If 
either of the inequalities 
'7n ' ' l y ~  + ' , c ~  or Y ~ B  ' Yya + 'n~ (11) 
then Equation (9) (or (10)) has no solution and the free energy of the system will decrease 
as the result of a thin layer of phase 4 (or phase a) intruding between phase 7 and phase cr 
(or phase 8) as shown in Figure 7. The intruding phase is said to c o m p l e t e  L y  or perfec t ly  
o e t  the interface between the other two phases. The transition between contact angle and 
perfect wetting behavior occurs at conditions for which one of the inequalities in Equation 
(11) becomes an equality. 
Per fec t  wett ing i s  of course essen- 
t i a l  i n  app l i ca t i ons  involving spontaneous 
spreading of some f l u i d  a t  hn i n t e r f a c e .  
Examples of pe r f ec t  wett ing a r e  well-known. 
In  t h e  presence of a i r ,  most l i q u i d r  per-  
f e c t l y  wet on c lean  metal su r f aces ,  water  
on qua r t z ,  some organic l i q u i d s  on water ,  
some organic l i q u i d s  on some polymers, 
e t c .  Not s o  well-known is  c r i t i c a l  point  
~ e t t i n g , ~ ?  phenomenon hypothesized r ecen t ly  
by Cahn. He noted t h a t  according t o  
c r i t i c a l  point  theory and experiment, a s  
a c r i t i c a l  point  of  phase a and 0 is 
approached along a temperature, p ressure ,  
o r  chemical po t en t i a l  pa th ,  t he  i n t e r -  
f a c i a l  tension approaches zero asymptoti- 
c a l l y  a s  
where h i s  the  f i e l d  va r i ab l e  (any thermo- 
dynamic quan t i t y  being t h e  same i n  a l l  
coexis t ing  phases) ,  hc i t s  value a t  the  
c r i t i c a l  po in t ,  and yo a s c a l e  f a c t o r .  
Cahn pos tu la ted  t h a t  thgBdif fe rence  
l y y u  - Ya* I w i l l  approach zero a s  t h e  
composition of t h e  components i n  phases Figure 7 .  Conditions f o r  pe r f ec t  wet t ing  
n and 0 approach each o t h e r ,  i . e . ,  i t  by e i t h e r  phase a o r  phase 0 .  
obeys t he  scal.ing law 
s u f f i c i e n t l y  near  the  c r i t i c a l  po in t .  Since y approaches zero f a s t e r  than t h a t  pos tu la ted  
f o r  I y - y I , Cahr. concluded t h a t  t he re  w i l y  always e x i s t  a c r i t i c a l  wet t ing  va lue  of 
the  fi&Yd va i f ab l e ,  il , not  equal t o  h , a t  which one of t h e  f l u i d s  w i l l  become p e r f e c t l y  
wett ing.  The combinafYon of  Equations ?9), (12) and (13)pives asymptotic formulas f o r  t he  
contact  angle a t  a s o l i d  a s  h approaches hew, namely, 
where yc  i s  t h e  va lue  of y,lB a t  h = hcw. 
The p r a c t i c a l  s i gn i f i cance  of Cahn's theory i s  t h a t  one of a p a i r  of f l u i d s  can alwayu 
be made pe r f ec t ly  wett ing i n  t h e  presence i n  a t h i r d  phase by ad jus t i ng  f i e l d  va r i ab l e s  
( e . g . ,  by changing temperature o r  pressure  or  by adding some compone,~t) t o  ge t  near  a 
c r i t i c a l  po in t .  
To t e s t  t h e  v a l i d i t y  of Equation (13) ,  an unver i f ied  hypothcsis,and t o  underatand the  
r e l a t i q n  of y and hcw t o  f l u i d  and s o l i d  p rope r t i e s  and i n t e r f a c i a l  s t r u c t u r e ,  Teletzke 
e t  a:." studfed with gradien t  theory the  behavior of a one-mmponent f l u i d  a t  a f l a t  s o l i d  
wal l .  Some r e s u l t s  of t h i s  work a r e  of i n t e r e s t  here .  The PR equation of s t a t e w a s  used f o r  
the  f l u i d  and the  wal l  was charac ter ized  by the  wa l l - f l c id  molecule p o t e n t i a l  
,i choice appropr ia te  f o r  wal l s  and f l u i d s  composed of molecules i n t e r a c t i n g  with t h e  6-12 
Lennard-Jones p o t e n t i a l .  x denotes t h e  d i s t ance  from the  wa l l .  W i n  a measure of t he  
s t r eng th  of  t he  wa l l - f l u id  p o t e n t i a l  and d i t s  range. 
The gradien t  p r o f i l e  equation with constant  in f luence  parameter was solved f o r  t h e  
dens i ty  p r o f i l e  n(x) by the  Galerkin technique using a f i n i t e  element b a s i s  s e t .  The s o l i d -  
f l u i d  tension can be computed a s  t he  a rea  de r iva t ive  of t he  f r e e  energy, v - aF/aA,  o r ,  
e u i v a l e n t l y ,  from the  pressure  formula, Y = {m[~o(nB) - PT]dx. nB beinp t h e  bulk dens i ty  
04 f l u i d  f a r  from the  wal l .  The boundary condi ions f o r  the  problemare n(x)+O a t  x+O and 
n(x)+nB as x-. 
A PR f l u i d  has an upper c r i t i c a l  temperature Tc equal t o  0.1704 i n  t h e  u n i t s  a / b .  
Gradient throry predic t r  a critical-wetting 
temperature Tcw above which the l iqu id  
phase becomes ~ e r f e c t l y  wett in a t  the f solid-vapor w r f a c e .  An examp e i s  rhown 
i n  Figure 8 ,  fo r  the so l id - f lu id  pa rmete r r  0.20- 
W = 6 . 4  a/b  anti d = m, Below Tcw a drop M Thick-T h h  Films 
of l iquid  would not spread on the s o l i d ,  Thick-Thin Film8 
but would form a contact angle. Above Tcw 0.18 - 
the drop would rpread to  fonn a perfect ly  I- 
wetting layer .  The c r i t i c a l  wetting tem- 
perature depend8 on W and d.  A t  f ixed d l  
T decreases with increasing W ,  i. e .  , a s  0.16- 
tf% strengtil of the ro l id- l iquid  potent ia l  
increaser perfect  wetting occurr a t  lower WETTING 
tam era ture .  A t  f ixed W ,  Tcw decreares 
w i t [  increasing range d of the wall 
potent ia l ,  i . e . ,  the longer the range of 
the potent ia l  the lower the temperature 
a t  which perfect  wetting occurs. CONTACT 
ANGLES 
Correspondingly, the charac te r i s t i c  
tension yc : Y L V ( T ~  ) decreases with DENSITY, n i n c r e a ~ i n g  Tcw ( a d ,  therefore ,  with 
decreasing W o r  d ) .  I f  W and/or d a r e  
small enough, then Tc. i s  near the 
c r i t i c a l  point and Equation (14) should 
hold i f  Cahn's hypothesis i s  t rue .  This 
was indeed found t o  be t rue  (although there Figure 8. Phase and fi lm diagram f o r  a 
i s  a small d e t a i l  uf mean-field v ~ r s u s  Peng-Robinson f l u i d .  Tempera- 
correct  scaling laws2 ' ) .  On the other hand, ture  +n u n i t s  a/kb,  density 
a s  2.I and/or d increase,  the perfect-wetting in  b' . Ref. 21. 
temperature T decreases and Equation (14) 
no longer holcfs. A t  s u f f i c i e n t l y  low temperature the in ter face  is very sharp (narrow) 
and the Good-Girifalco fonnula2 ' 
ought to  hold since it i s  based on a d iscont inuou~ in ter face  approximation. This turns  out 
t o  be the case. The dependence of T and Y = v "(T ) on W and the dependence of cos0 on 
Y ~ , ~ ( T ) / Y ~  f o  various values of W ar&wshown f n  ~ j k r e % ' ' ?  and 10 f o r  the care d = CiX The 
0 
a 
mo- 
o 
0 
SCALING LAW 
. G000-GIRIFALCO &'6.4 
CORRELATION 
Figure 9 .  V ~ r i a t i o n  of c r i t i c a l  wetting Figure 1C. Contact angle versus y V(T)/y, 
t tepera ture  (uni ts  a/kb) c r i t i c a l  f o r  various W. ~ e f .  2k. 
wetting tension (un i t r  & b') 
with W (uni ts  a/b) . Ref. A. 
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near-critical scaling law, Equation (14),holds for W 5 3, the Good-Girifalco formula, 
Equation (16), holds for W 2 9. In the intermediate range, neither formula holds. 
Several years ago, Zisman2' suggested thet the contact angle correlates with the ratio t 
ytV/yc but that ye was a characte:istic only of the solid, not of the fluid pt.d. e. The 
implication of Fi ure 9 is that this is not so unlerr the reduced energy at-mrtrr blb/a and 
length parameter ! I /FT~ are fired in the series of fluids c o t  ared. As tRese ratios depend 
b/a and tG7Z were not very dig! 
E both on solid and fluid, it a ears that Zisman's scaling wor ed because the fluid parameters 
erent for the systms compared. 
Another thing gradient theory predicts is a first order transition of the absorbed 
layer at the solid surface. In the temperature ran l T, to Tcs (Figure 8), as the bulk f fluid density increases from zero towards the gas s de of the phase diagrnm a composition 
is reached at which two adsorbed layers or thin-films of different thickness are redicted 
at the same equilibrium conditions. An example is shown in Figure 11. As the bufk density 
is increased beyond the thin-film co- 
existence curve the thin-film nrowr 
continuously into a thick thinzfilm to become 
finally a perfectly wetting layer of 
liquid when the liquid-vapor phase dome is 
reached. The temperature TCR 19 a film 
critical point. Above T as bulk density 
increases from zero to tfie liquid-vapor 
coexistence curve an adsorbed layer grows 
continuously through thin-film states into 
erfectly wetting layer of liquid phase. 
'3e " P ow T, only submonolayer adsorption 
occurs wyth increasing density until at 
the liquid-vapor coexistence curve liquid 
appears as a drop with a contact angle. 
On the liquid side of the coexistence 
region only submonolayer adsorption occurs. 
A thin-film transition was predicted by S a m  
and EbnerZ usin an integral model free 
energy. Their din-f ilm coexistence curve 
is very similar to that of described here. 
The thin-film transition predicted by Cahn 
on the basis of a two-dimensional model of 
the solid is, however, quali~atively 
different . 
DISTANCE FROM WALL, x 
Figure 11. Density rofilc of fluid at a 
solid ua!l as a function of 
bulk fluid density. Ref. 21. 
T t  s h o u l d  be emphasiaed t h a t  a c c o r d i n g  co t h e  t h e o r y  t h e  p a t t e r n s  o f  j ' i 2 m  and ph480 
b e h a v i o r  o f  a one-component  f l u i d  a t  a  s o l i d  w a l l  a r e  g c s e r a l .  Sufficiently near a 
critical point of a pair n and 13 of multicomponent coexisting fluid phases, either a or 0 
will become perfectly wetting at the interface formed by a third phase y and the nornetting 
fluid phase. The third phase y can be solid or liquid. The critical point c m  be n upper 
or lower critical point. In approaching a critical point alon any field variable t. e.8. 
temperature, pressure, or cliemical potential of a corn onent, ttere rill be a critical 
wetting value . a finite distance from the criticd point value h at d i c h  one of the 
I 
k near-critical p ases becomes perfectly wettin on a third hare. 0ut;ide but near the 
coexistence composition region of o and 8 .  a first order tRin-film transition occur. with a 
coexistence curve lyin between h and he,, hc being the film critical point. he# lies 
between hew and hc . I f  h lies befgeen h and b, , then sufficiently near the a-0 
coexistence region a thin-film formed between the third phase y and, say, phase a will 
thicken continuously into a layer of the perfectly wetting phase 0. 
An exnmple of the structure and stress of a liquid-vapor interface a: which a thin-film 
has almost grown into a layer of a second liquid hare is shown in Figure 12. This figure 
was taken from the work of Falls e t  a I .  l '  in whicR theory was applied with the PR equation 
to planar interfaces and spherical drops formed in carbon dioxide and decwe mixturer. The 
transverse pressure profile is highly structured, looking like that of a liquid-liquid 
interface on the left and of a liquid-vapor interface on the right. 
There is abundant evidence that the qualitative patterns of wettin tranritionr dercribed 
ere are correct2 ' @ ' * " a:$ the expected continuously thickening thin films have been 
observed by ellipsomecry. However, the predicted firrt order thin-film transition has not 
been verified experimentally, nor have the critical exponents of Equations (13) and (14) 
been established experimentally. 
The theory of wetting transitions and film formation at flat surfaces requires solving 
only a one-dimensional density profile problem. However, if the structure and stresr of 
C+?lblNAL PAGE IS 
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Figure 12 .  Density and p ressure  p r o f i l e s  of a  thLn-film L C  a l iquid-vapor  
i n t e r f a c e  i n  C02 and decane. Den:ity n i  ir  u n i t s  b i l ,  d i s t a n c e  
I i n  Jc= and p ressure  i n  a l l /b l .  Component 1 i s  C02. kTbl/all = 0.148.  Ref.  19 .  the  t h r e e  phaae con tac t  region i s  d e s i r e d ,  the  roblem becomes of n e c e s s i t y  g r a l t e r  than 
one-dimensional. even i f  one phase i s  a  f l a t  s o l i d .  I f  a  f l u i d - f l u i d  i n t e r f a c e  con tac t s  
a  f l a t  s o l i d  the  componc.>t d e n s i t i e s  depend on the  d i s t a n c e  x  from t h e  wa l l  and t h e  Jis- 
tance y  p a r a l l e l  t o  the  w a l l ,  Benner e t  U Z . ' ~  have r e c e n t l y  s t u d i e d  the  con tac t  region of  
a  one-component l iquid-vapor  i n t e r f a c e  a t  f l a t  s o l i d .  The PR equat lon was used f o r  the  
f l u i d  and Equation (15) f o r  the  w a l l - f l u i d  i n t e r a c t i o n  p o t e n t i a l .  The space a v a i l a b l e  h e r e  
does no t  a l low an ex tens ive  d i scuss ion  of  the  paper .  However, one i n t e r e s t i n g  f e a t u r e  i s  
t h a t  t h e  s t r e s s  s t a t e  i n  t h e  l iquid-vapor  Lnterface  i s  a f f e c t e d  r e l a t i v e l y  f a r  f r o n  t h e  
i n t e r f a c e .  An example of t h i s  i s  given i n  Figure 13 .  The p r i n c i p a l  p ressure  d i r e c t i o n s  
in  the  x-y plane a r e  ind ica ted  by c r o s s e s ,  
the  s i z e  of which i n d i c a t e s  t h e  magnitudes 
of the  p r i n c i p a l  p ressures  i n  the  x-y plane.  
Far away from the s o l i d  and the  l iquid-vapor  
meniscus (def ined a s  t h e  posi t ior ,  where 
n(r ,y)  = 1/2(n  + n,) and ind ica ted  by t h e  
s o l i d  curve) 'the p ressur r  components eqvlal 
the  bulk f l u i d  value wich is so small  t h e  
corresponding c rosses  a r e  almost i n v i r i b l e  
on the  s c a l e  of  Figure  13. A t  a planar  
l iquid-vapor i n t e r f a c e  the  normal p ressure  
component (Pll) would be cons tan t  and 
t h e r e f o r e  the  r e s s u r e  c rosses  would ap e a r  
as  h o r i r o n t a l  f i n e s  (P21 l a r g e .  P l l  s m f l )  
in  the  i n t e r f a c i a l  zone. Ins tead ,  even t c  
the  f a r  r i g h t  of P i  u r e  13, a  disti ince of 3 about 25 so1ecu;ar iameters  away from t h e  
w a l l ,  the  normal p ressure  component i s  very 
l a rge .  And t h e  p r i n c i p a l  stress p a i r s  P11,  
P 2 undergo four  s i g n  changes i n  going from 
rfie li uid  t o  the  vapor phase. Wild and 
wonderjul p a t t e r n s !  Are they connequent i a l ?  
Anujor  conclusion from t h e  work of Benner 
e t a l .  i s  t h a t  a t  a  f l a t  su r face  Young's 
equation is a p p l i c a b l e  o u t s i d e  the  con tac t  
region (see  Figure  5 ) .  The r a d i u s  of the  Figure 13 .  P r i n c i p a l  p resca re  anti components 
con tac t  region is LJO o r  t h r e e  times the i n  a l iquid-vapor  i n t e r f a c e  n e a r 8  
th icknessof  t h e  i n t e r f a c i a l  zone between the  wa l l .  kTb/a = 0 . 1 ,  W = 6a /b .  Wi.ith 
f l u i d  phases. of r e g i o ~ s h o w n  i s  2 5 , z .  YR f l u t C .  
Ref. i 5 .  
Spherical  f l u i d  micros t ruc tures  
Vis ib le  examples of spher ica l  micros t ruc tures  d r e  t h e  drops and bubbles t h a t  occur i n  
mists, foams, beverages, manufactured g l a s s ,  and b a s a l t  l avas .  I n v i s i b l e  examples a r e  
c o l l o i d a l  p a r t i c l e s ,  vesicl-es ,  and mice l les .  The c l a s s i c a l  de sc r ip t i on  of sphe r i ca l  
s t r u c t u r e s  is based on the  Young-Laplace equation and t h e  Kelvin equation expressing 
mechsnical and chemical equil ibr ium between a bulk phase i n t e r i o r  and a bulk phase e x t e r i o r  
separated by an in t e r f ace  having the  tens ion  of a p lanar  i n t e r f a c e .  I n  a s u f f i c i e n t l y  
small spher ica l  micros t ruc ture ,  however, t he  i n t e r i o r  w i l l  no t  be bulk phase and t h e  
tension w i l l  not be t h a t  of  a planar  i n t e r f a c e .  Deviation from c l a s s i c a l  behavior m i  h t  be 
consequential i n  nuc lea t ing  f l u i d s  and mice l la r  s o l u t i o n s ,  i n  which the  equil ibr ium mfcro- 
s t r u c t u r e s  a r e  tens  o f  angstroms i n  diameter and, t o  mention a couple of  examples rece iv ing  
spec i a l  a t t e n t i o n  a t  t h i s  colloquim, microdrops o r  microbubbles i n  microdrops and t h i n  
l i q u i d  l ayc r s  on the  i n s ide  of g l a s s  s h e l l s .  
Gradient theory provides a molecular l e v e l  theory of sphe r i ca l  s t r u c t u r e s  which es tab-  
l i s h e s  t he  point  a t  which the  c l a s s i c a l  de sc r ip t i on  breaks down and determines t h e  
s t r u c t u r e ,  s t r e s s  and mechanisms of s t a b i l i t y  of sphe r i ca l  micros t ruc tures .  By wfy yf example, I w i l l  o u t l i n e  some r e s u l t s  of t h e  recent  investigation:,  of F a l l s  e t  a l .  * on 
one and two-component nirrodrops and microbubbles. 
For spher ica l  microstructures  suspended i n  bulk f l u i d ,  t he  boundary condi t ions  a r e  
ani/3r = 0 a t  r = O  and ni(r)-ni a s  r+-. n i ~  being the  bulk phase dens i ty  of i i n  t he  sus-  
pending f l u i d .  With these  bounsary c o n d i t ~ o n s  and constant  in f luence  parameters.  F a l l s  
e t  aZ. have solved gradien t  theory f o r  a one-component VDW f l u i d 1 4  and a two-component PR 
f l u i d . I 9  Figure 14 i l l u s t r a t e s  t h e i r  r e s u l t s  f o r  t he  dens i ty  p r o f i l e s  n ( r )  of l i q u i d - l i k e  
microdrops suspended i n  a vapor phase. From t h e  Young-Laplace and Kelvin equat ions,  one 
expects t he  i n t e r i o r  of the  drop t o  be a t  higher  pressure ,  and the re fo re  higher  dens i ty .  
than the  s a tu ra t ed  l i q u i d  dens i ty  n:q.. This  is seen t o  be t r u e  i n  Figure 14 f o r  drops of 
rad ius  l a rge r  than about four  molecular diameters ( t he  "radius" of  t h e  drop does not  have 
a prec ise  meaning f o r  microdrops) . Howeger , f o r  smaller  drops,  the  i n t e r i o r  dens i ty  
decreases with drop s i z e  and the  dens i ty  
p r o f i l e  takes  on a Gaussian-like shape wi th  
no i n t e r i o r  bulk region.  The l o s s  of a 
bulk-l ike i n t e r i o r  begins t o  occur when the  
rad ius  of the  drop is  about equal t o  t he  
thickness of t he  l i q u i d  vapor i n t e r f a c e .  n DENSITY 
Because the  i n t e r f a c e  i s  curved, t he  
normal pressure profLle PN 
(P - = P N ( r ) r r  + PT(r) ( z  - ) i n  a 
spher ica l  f l u i d  s t ruc tu re )  i s  not constant  
across t h e  i n t e r f ace .  Thus, t he  pressure 
p ro f i l e s  i n  a spher ica l  i n t e r f ace  a r e  q u i t e  
d i f f e r en t  from those i n  a planar  i n t e r f a c e  
a t  the  sane temperature (compare Figures 15 
and 2 ) .  This leads on? t o  expect s t rong  
deviat ions between the  tensLon y_ of a 
planar i n t e r f ace  and t h e  tension y(R) of a 
microdrop of radius R. S imi la r  devia t ions  
a r e  expected f o r  the  Young-Laplace equation 'bq o P 4 6 8 10 12 n M S T ~  r 
as  c l a s s i c a l l y  appl ied ,  i . e .  PN(r=@) - FROM CENTER 
P (r-m) = 2y /R. From the  thermodynamics OF d;ops i t  fol lows t h a t  t he  appropriate  
rad ius  R with vhich t o  descr ibe  the  tension 
of t he  drop i s  the  rad ius  of che surfac: of 
tension. '  This rad ius  (which does not d i f f e r  
greatly from the at which n( r )  = Figure 14. Density p r o f i l e s  of microspherical  1/2(n(r-0) + nB)) and the  corresponding 
tension y(R) a r e  predicted by gradien t  drops i n  a VDV vapor. kTb/a = 
theory."  A s  i l l u s t r a t e d  i n  Table 1 ,  the  0.197, de-si t  i n  u n i t s  of  b-' , 
tension of t he  drop does d i f f e r  from ym f c r  d i s t ance  .. A. 
small drops and the  c l a s s i c a l  Young-Lalace 
equation does break down. However,  hat i s  
remarkable is t h a t  already f o r  drops 
f i f t e e n  molecules wide the  drop i n t e r f a c e  
has v i r t u a l l y  the  same tension a s  a p lanar  
i n t e r f ace  and the  c l a s s i c a l  Youag-Laplace 
equation i s  accura te .  
Table 1. Microdrops i n  VW vapor. 
Radius R i n  u n i i s  of fi55. 
kTb/a = 0.197. 
- 
P ~ ( o )  - P~(m) R Y ( R ) / Y ~  ( 2  
Figure 15. P r inc ipa l  pressure  p r o f i l e s  of a 
microspherical  drop i n  a VDW 
vapor. Pressure i n  u n i t s  of a/b: , 
dens i ty  i n  b - ' ,  d i s t ance  i n  1 7 a .  
k T b / a =  0.197. Ref. 1 4 .  
The implicat ion of the one-component s tud i e s  j u s t  ou t l i ned  i s  t h a t  microdrop 
curvature a f f e c t s  t h e  i n t e r f a c i a l  s t r u c t u r e  and the  i n t e r f a c i a l  t ens ion  very l i t t l e  once 
the  drop r ad ius  i s l a r g e r t h a n  10 molecular diameters .  I n  multicomponent systems t h i s  con- 
c lus ion  may o r  may not  fol low. Consider f o r  example t he  bubble i n  l i q u i d  CO; and decane 
shown i n  Figure 16 (from F a l l s  s t  , x i .  l o ) .  The rad ius  of t he  bubble i s  only about 1 2  carbon 
dioxide diameters ,  but i t s  component dens i ty  p r o f i l e s  a r e  almost i d e n t i c a l  t o  those of t h e  
planar l i q u i d  vapor i n t e r f a c e  ( ind ica ted  a s  a bubble with RE--). 
.~&tt&mt i 2. iI a 
DISTRNCE F90M BUBBLE CENTER 
Figure 16 .  De t~s i ty  p r o f i l e s  i n  a planar  l iquid-vapor i n t e r f a c e  (R-) 
and i n  a bubble (F = 1 2 )  i n  a CO -decane PR f l u i d .  Density 
i n  u n i t s  of b i  . d i s t ance  i n  ?i976. kTbl/all = 0.148.  
:if. 19.  
'1 
The tensions of the bubble and planar interface agree within 10%. Thus, this bubble 
behaves as expected from the one-component results. 
However, as was discusseu ill the previous section (Figure 12). in a multicomponent fluid 
conditions can besuch that a thin-film of an incipient third phase may be formed at an inter- 
face. These films are very sensitive to a chan e in a field variable. Curving an interface 
changes the chemical potential of the system (tfis follows from Kelvin's equation in the 
classical theory), and so it can be anticipated that under conditions of high adsorption or 
thin-film formation the interfacial structure and stress will be very sensitive to drop 
size. Compa7;son of the drop component density and pressure profiles of Figure 17 (from 
Falls e t  < x i .  ) with the corresponding planar case, Figure 12, illustrates that this is 
DISTQNCE FROB DROP CENTER 
Figure 17. Density and pressure profiles of a drop in a C02-decane PR 
fluid. Density ni in units of bil, pressure in all/bc, 
distance in i ~ ~ f ' ~ ~ .  kTbl/all = 0.148. Ref. 19. 
indeed the case. At this temperature, it has been estimated1' from the theory that the 
drop structure will not begin take on the planar form until it is larger than 100 carbon 
dioxide molecules in radius. The important implication of this result is that i.1 r a g i ~ n n  
t i : t r l -+ ' : in  fL?z*mL:? i i , * t  t h r  i n : e r f ~ , : i a !  i-om;lositic3n ,?an ke t;rsatl:.! m s J i f i e J  by c u r o o t u r e .  
This faci migilt he quite important in the manufacture of objects with thin, uniform layers 
of a desired material. 
Although space does not allow discussion, gradient theory predicts the work of fonna- 
tion of drops and bubbles, a quantit~~important o the theory of homogeneous nucleation. 
In fact, the theory was used by Cahn to support his theory of spinodal decomposition. He 
showed that the barrier expected for the nucleation of microdrops is not there owing to the 
size dependence of the interfacial tension and that as a result a homogeneous material at 
the spinodal density can transform continuously into a multiphase system. In heterogeneous 
nucleation, it is likely that thin-film formation will be an important intermediate step in 
the process when conditions are right. These matters are ripe for future work. 
Closing remarks 
In closing. I would like the point out a few problems to which gradient theory mi~ht 
profitably be applied next. 
1. Thin, uniform layers of fluid in a spherical solid shell. A fluid-solid otential 
will have to be introduced for shell. For uniform thin-films and thin layers of p R ase only 
spherically symmetric solutions need to be sought, so the problem remains one dimensional. 
By a different method Kim, Hok, and Bernat address this problem in their paper. 
2. Fluid microstructure at rough or chemically heterogeneous sclid surfaces. For this 
problem a two-dimensional solid-fluid potential will have to be introduced. Thus, the prob- 
lem is two-dimensional. 
3. Contact angles with rough or chemically heterogeneous solid surfaces. This invol- 
ves the same solid-fluid potential as in Problem 2 and a fluid interface in the vicinity of 
t he  s o l i d  and s o  i s  a three-dimensional problem. The problem w i l l  pose a chal lenge t o  
computer-aided mathematics. 'i 4. Drop shapes on inc l ined  rough o r  chemically heterogeneous su r f aces .  This again i s  
a three-dimensional problem and an even g r e a t e r  chal lenge than Problem 3.  i 
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Large amplitude drop shape o s c i l l a t i o n s  
E. H. Trinh and T. G .  Wang 
J e t  Propuls ion  Laboratory,  C a l i f o r n i a  I n s t i t u t e  o f  Technology 
M.S. 183-901, 4800 Oak Grove Drive,  Pasadena, CA.  
A b s t r a c t  
An exper imental  s tudy of l a r g e  ampli tude drop shape o s c i l l a t i o n  has  been conducted i n  
immiscible l i q u i d s  systems and with  l e v i t a t e d  f r e e  l i q u i d  drops i n  a i r .  I n  l i q u i d - l i q u i d  
systems t h e  r e s u l t s  i n d i c a t e  t h e  e x i s t e n c e  of f a m i l i a r  c h a r a c t e r i s t i c s  of n o n l i n e a r  phe- 
nomena. The resonance frequency of t h e  fundamental quadrupole mode of s t a t i o n a r y ,  low 
v i s c o s i t y  S i l i c o n e  o i l  drops a c o u s t i c a l l y  l e v i t a t e d  i n  water f a l l s  t o  n o t i c e a b l y  lower 
v a l u e s  a s  ';he amplitude of o s c i l l a t i o n  i s  increased .  A t y p i c a 1 , e g e r i m e n t a l l y  determined r e -  
l a t i v e  frequency decrease  of a 0 .5  cm3 drop would be about  10% when t h e  maximum deformed 
shape is  c h a r a c t e r i z e d  by a  major t o  minor a x i a l  r a t i o  of 1 .9 .  On t h e  o t h e r  hand, no  change 
i n  t h e  fundamental mode frequency could be d e t e c t e d  f o r  1 mm d r ~ p s  l e v i t a t e d  i n  a i r .  The 
exper imental  d a t a  f o r  t h e  decay c o n s t a n t  of t h e  quadrupole mode of drops immersed i n  a 
l i q u i d  h o s t  i n d i c a t e  a  s l i g h t  i n c r e a s e  f o r  l a r g e r  o s c i l l a t i o n  ampli tudes .  A q u a l i t a t i v e  
i n v e s t i g a t i o n  of t h e  i n t e r n a l  f l u i d  f lows f o r  such drops has  revea led  t h e  e x i s t e n c e  of 
s t eady  i n t e r n a l  c i r c u l a t i o n  w i ~ h i n  drops o s c i l l a t i n g  i n  t h e  fundamental and h igher  modes. 
The f low f i e l d  conf igura t ion  i n  t h e  o u t e r  h o s t  l i q u i d  is  a l s o  s i g n i f i c a n t l y  a l t e r e d  when 
t h e  drop o s c i l l a t i o n  ampli tude becomes l a r g e .  
I n t r o d u c t i o n  
I n  t h i s  paper  we r e p o r t  t h e  outcome of a  s e r i e s  of experiments aiming a t  determining 
t h e  c h a r a c t e r i s t i c s  of l a r g e  ampli tude i i q u i d  drops shape o s c i l l a t i o n s .  Two systems have 
been i n v e s t i g a t e d  i n  t h e  p r e s e n t  s tudy:  d rops  held s t a t i c n a r y  i n  an  immiscible l i q u i d  
h o s t ,  and drops  f r e e l y  suspended i n  a i r .  They have been made a c c e s s i b l e  t o  a  c o n t r o l l e d  l a -  
bora to ry  s tudy  through t h e  technique of a c o u s t i c  l e v i t a t i o n  1-3. Most of t h e  exper imental  
r e s u l t s  p resen ted  here ,  however, d e a l  with immiscible l i q u i d s  systems. 
Observat ions  of t h e  v a r i a t i o n s  of t h e  f r e e  decay frequency,  t h e  fundamental resonance 
f requency of a force6 v i b r a t i n g  drop,  t h e  damping c o n s t a n t ,  and of t h e  t ime d i s t r i b u t i o n  
o f  t h e  p r o l a t e  and o b l a t e  c o n f i g u r a t i o n s ,  have been made as f u n c t i o n s  of t h e  o s c i l l a t i o n  
ampli tude.  V i s u a l i z a t i o n  of t h e  f low f i e l d s  both i n s i d e  and o u t s i d e  t h e  o s c i l l a t i n g  drops 
suspended i n  l i q u i d  h o s t s  has  revea led  a  g raduhl  appearance of a s teady  c i r c u l a t i o n  n o t  
p r e s e n t  f o r  smal l  amplitude o s c i l l a t i o n s .  
T h e o r e t i c a l  background 
T h e o r e t i c a l  ana lyses  of smal l  amplitude drop shape o s c i l l a t i o n s  have been shown t o  be 
resonah ly  s ~ c c e s s f u l  a t  d e s c r i b i ~ g  t h e  observed phenomena 3 . Recent l i n e a r  t r e a t m e n t s  have 
inz luded  t h e  normal mode approach 4.5 , a s  wel l  a s  a s o l u t i o n  t o  t h e  i n i t i a l  va lue  problem 
y i e l d i n g  t h e  smal l  t ime behavior  6. The a n a l y t i c a l  s o l u t i o n  of t h e  complete n o n l i n e a r  
Navier-Stokes equa t ions  have n o t  y e t  been made a v a i l a b l e ,  a l though r e s u l t s  of numerical  
c a l c u l a t i o n s  suggest  t h e  appearance of v a r i o u s  n o n l i n e a r  e f r e c t s a s t h e  v i b r a t i o n  ampli tude 
of l i q u i d  d rops  suspended i n  a  gaseous mediuh i s  i n c r e a s e d  I .  Among t h e s e  p r e d i c t i o n s  a r e  a  
d e c r e a s e  i n  t h e  f r e e  decay frequency and an  unbalance i n  t h e  t ime d i s t r i b u t i o n  of t h e  pro- 
l a t e  and o b l a t e  c o n f i g u r a t i o n s  c h a r a c t e r i s t i c  of t h e  fundamental mode. 
On t h e  b a s i s  of a  l i n e a r  t r ea tment  415 , t h e  s t e a d y - s t a t e  f r e q u e n c i e s  f o r  t h e  o s c i l l a t i o n  
modes of a  l i q u i d  d r o p l e t  immersed i n  an immiscible h o s t  l i q u i d  can be w r i t t e n  
wL = wL - (a/2) w; * + a2/1) , and 4 = [ o L ( L + ~ )  (L-1) ( L + Z ) / R ~ I L  . p O + ( ~ + l ) .  pi]] 42 ( 1 )  
The s u b s c r i p t s  i and o r e f e r  t o  t h e  i n n e r  and o u t e r  f l u i d s  r e s p e c t i v e l y .  p d e s i g n a t e s  t h e  
d e n s i t y ,  v t h e  dynamic v i s c o s i t y ,  o t h e  i n t e r f a c i a l  t e n s i o n ,  and L r e f e r s  t q  t h e  mode 
number. The parameters  a  and y a r e  c h a r a c t e r i s t i c s  o f  t h e  f l u i d s  involved.  5 
The damping cons tan t  f o r  s n a l l  amplitude o s c i l l a t i o n s  can be w r i t t e n  a s  
71' = fa < 4 + jY - +a2 (2) 
According t o  t h e s e  r e s u l t s  no dependence on t h e  o s c i l l a t i o n  ampli tude f o r  e i t h e r  t h e  
resonance frequency o r  t h e  damping cons tan t  can be ob ta ined ,  a s  they  are v a l i d  only i n  t h e  
l i m i t  o f  small displacements  of t h e  drop s u r f a c e .  
Photographs of experimentally obtained axisymmetrfc arop shape oscillations in the first 
three modes are reproduced in figure E l l .  
Fiqure 1 : Experimntally obtained resonance mdes for shape 
oscillation of a lcm3 silicone oil  drop i n  water. 
A n  acoustic standing wave e s t a b l i s h e d  in a f l u i d - f i l l e d  resonant cavity can be used So 
yield a stable po; i t ioning of a f l u i d  sphere having d i f f e r e ~ t  propert ies  than t h e  cavi ty  
f l u i d .  This e f f ec t  i n  the result of the a c t i o n  af acogs t i c  radiation pressure forces, and 
can be obtained in l i q u i d s  a s  w e l l  as in gases. Figure (2) illustrates such a syster,.  
This schematic representation is f a r  a system involving a l i q u i d  drop trapped in a sound 
f i e l d  e s tab l i shed  in an immiscible l i q u i d  hast. In this particular case, the drop liquid 
has a higher ~ompressibilfty and density than the  h o s t  liquid, and is aofilt ioned near an 
acoustic  pressure maximum. 
. 4 
Flgure 2 : Scherratic representatinn of a liquid 
d r o p  trapped in a standing wave. Fiqure Zb illus- 
trates the  action of the acoustic force deforming 
thc drop into an oblate shape. Figure 2d shows 
the o~posite action: the drop is elongated at the 
~ m ~ c s  Into .l prolate confimration. In thls work 
f = 22 kHz. 
The acoustic forces will also produce a defamation of the trapped drop when the acoustic 
pressure is increased (see Qigure 2a ) .  A l o w  frequency modulation of this force iCi th~sefore 
possZ-ble through the m o d u l a t i ~ r ,  af the sound pressure, A steady-state d r i v e  Of shape osc i l ln -  
tiofis can then  be obtainoi l ,  and  the successive drop resonances w i l l  be exc i ted  as t h e  modu- 
l a t i o n  frequency is varied.  
In addit ion t o  t h e  deformation shonn where the drop is statically distorted i n t o  an 
ablate spheroid, the appropriate ta i lor ink:  o f  t h e  acoustic f i e l d  d i s t r i b u t i o n  can p r o v i d e  
s t a t i c  distortions into the prolate spheroidal shape. H~nce, the opposite d r i v e  where the 
drop is pulled apart at the poles  is also available ( see rimre 2c and ?dl . 
Fimre (31  is a scl~ematic diagram of  t h ~  experimental apparatus. The necessary electronic 
instrurnentat~on provices t h e  required v o l   tag^ drive t o  a piezoe lectr ic  transducer used t a  
e x c i t e  t h e  acoustic  standing waves. An apt ical d r t e c t i o n  system allows t h e  monitoring of 
t h e  shape of the  drop.  The analog siwal thus obtained can be displayed on a CRT scrper, o r  
can be plotted on a I-'! recorder as a D; cimal proportional to the amvlitude of oscillation. 
Resonance curves a n d  free decoy traces can be obtained in a strai~htforward manner. High 
speed c inef i lms  alro ~ ~ o v i d e r  t h p  necessary data for t h p  oscillztion arnylitude and the 
::tatic equilikrium shapes. 
f idurr J : Thr= c.xpcrimr!rt.!l ,I? ,ar.ltus. 1 15 tht. 
.IL.LIUSL IL. i-el 1 , 1 1s t h c  ~li+ri.-lvi-t r i k *  tsaiasduccr . 
1 i s  .I hydro;*hoilr, 4 is .I r..$rlabIc 1h.lsth :;hiftcs, 
5 1.; . r  ~<horodctrt-tor,  4  i?: .I b ~ l  ~r lc - t - . l  mndul.~tnr. 
Thv .'xf t roquency (lnui~lt-s :.u17lm 1 I!'!: s ref crcr~ct, 
~ ~ q n . t I  w i t h  a rlrtorrni~~cd ! ~ h . ~ s c  rtrlat i c i ~ t s h i l ?  with 
rt\y?t*: t 1 0 thv h y t i r r ~ ! % h ~ ~ ~ c *  5 ~ q r ~ . t l  - 
The v n l + a g c  aprl  i e d  t o  t h ~  tranpduccr tcrrni~alc: may kp written 
f is the frrquency of the high f requency zt3ndir.g wave ( 2 2  o r  66 kHz i n  t h i s  ~ 3 s ~ )  , an2
fC is tte rnodulaticn l o w  f r ~ q u e n c y  (:ram 2 :u 1 5  R z  in t h i s  case f o r  i zrn diamet~r drops 
mof a i l  i n  water )  , T ~ P  a:oustic prrssurc is y r o p o r t i a r , s l  to this voltare Tor thp linear 
op~ration o f  the transduc~r. T h r  a cous t i c  radi: i t ion pressure force is approximat~ly propor- 
t i  onal  t o  t h e  SquarP n f  t h e  a c o u s t i c  yrrssure. 
The timr avpracp o f  thin force is ~ i v e n  Ty 
This include: a steady-stat~ a?. w ~ l l  nr :I r lowl: ;  ~aryinc f o r c ~  c o m y o n m +  at t h e  f r e g u ~ n c y  
2f,. T h r  s t r a d y - ~ . ? a r ~  :omporient i n d u c ~ . q  a  stead^' tcforcation o f  the dror rhape. 
Free decay freauency 
R ~ a o u r e ~ ~ n t s  of t b ~  f r ~ e  decay f r e q u ~ n - g  in t h -  imnl::citle l i q u i d  system 3cc a f u n c t i o n  
of the initial oscillation amplitude were carried out by first e x e i t h g  the drop into its 
fir::t resonant mode .  The modulated acoustic drive was then turned off and the  decay phase 
observed.  The f: decay frequency was measured from both the oscilloscope traces and 
h i a h  speed motion p i c t u r e  T i l m s .  The ~~perjrnental uncertainty was within 2 1%. 
In the  ~~xisymn,etric case, and w i t h  the lin~ar approximation, one might describe the 
deyorrnation with the carmetar 
where r (9,t) is the\ expression far the boundary of the drop, and Ro is the radius o f  
(71 
. J 
Yn(cosQ) i s  a Legendre polynomiaI o f  order n. In this particular case where only the 
fundamental node is exc i ted ,  and for a reasonably high 4 system (Qtl:), one has the 
approximations 
i s  t h e  d is tort ian producrd b> t h e  static component af t h e  acoustic  force. 
'n 
D u r i n ~  f r e ~  de~cay _the drop deformation may b p  exgrea~ed as 
c o s  1 2 f;lt + 4; 1 eqcpI-kAt) 
+ xn cos (2 fGt + 4;; exp( - trGt)  F ~ ( C Q S ~ )  I J 
The term xi'h t h p  s i n ~ le p r i m p  refer? id t h ~  decay of the static deformation, the  double  1 
@rimed anp t o  t h e  decay o f  t h e  oscillatory mot ion  I n i t i a l l y  dr iven  at t h e  Yesonanc~ 
frequeficy ~f the fuadam~ntal mode. In this particular case t h e  time dppendence of f' , 
f; , and t l  has  been r .splrcted. This has been j u s t i f i e d  by Zhe expfrirner~tal ~vfdcnce. 1 
Fimre (A) reproduces some of the experirnefital results, The free decay frequenry varia- 
tions w i t h  t h e  maximum oscillation amplitude prinr to the decay phase are shown f o r  a C , ?  
and a 1 cm? d r o p  of Silicone o i l /  2JZs mixture made almost neutrally buoyant  w i t h  d i s t i l l e d  
water. A steady da2rea::c can  in^ oobserved with increasingly larger i n i t i a l  o sc i l l a tory  motion.  i 
Fraurc 4 : Rcl3tlvr chanqp in thc  frcr decay 
frcqucncy 4s a funrtion of  t h e  ~ ~ . i t . . a l  oscxl- 
1.rtlc.n amplitude. Thc ratho L/W r:+fet t o  t h e  
mxlmum drformatisn I n  thc gjrol.ite si~apt- durlnq 
rhtl stcad;.-statr forced asc~! lac runs prior t~ 
thr. free rtrcay ~+iase. 
D r i v m  oscillations 
The amplitud~ dependence of  the fundamental resonance Frequency for forced steady-s ta te  
oscillations has been investigated both in the immiscible l i q u i d s  system, and w i t h  drops  
s u s ~ p r i d e d  i n  sir. The r ~ r u l t s  are qualitatively different for the two s y s t e r s ,  it1 thouph 
the measurempnts made f o r  a levitated drop in air arp not as pre:lse,and f o r  si~nificantly 
distorted drops due to the ~ravitational F i ~ i d .  
Fiplre  ("; I s a p l o t  of the  re lat ive  fre  uency t r h i f t  as a function OF the  o s c i l l ~ t i o r .  
amplitude for a 1 cml drop 01 ~ i ~ i c o n e  o i Q  2214 mixture in d i s t i l l e d  water, Qualitatively 
different results are obtained when the t w o  opposit~ driving mechanisms are useh . The otlate 
btased  mechanism is based on a compression d f  the  drop a t  t h e  poles ,  w h i l e  t h ~  prolate- 
biased drive consists i n   longa at in^ t h e  drop at t h e  pol~s. The source o r  such a discrepancy 
h a s  not  yet b @ ~ q  t o t ? l l y  eluciaatrd, ht t h e r e  are some indiration~ t h a t  the !nterference o f  
t h e  acoustic fields or. the  drop motion might. play an impor tan t  r o l p .  
F i e r ~  ( 6 )  reprodurec t t ~ p  results o f  meas~rem~nts  aken for drop5 of  a mixture of p l y ~ e r i n  
and d i s t i l l e d  water s:is ended in air. Thp equilibrium shape o f  the drol~s is o t l a t t  as indica- 
Ted ty t h e  par;meter( :!&No chnge  in t h ~  rurdnrnental mode resonancr lrequpncy can yut  ke 
r e a o l v ~ d  w i t h i n  t h e  ~xp~rimental uncertainty (=qa;). T h ~ s e  results  have ~ P P I L  a t t a i n e d  w i t h  
an a h l a t e - t i a s e d  meckani-m. 
A OGLATE B I A S E D  1 
L/w Flaurtr 6 : h p l  l t u ~ i c  .it,: + , r r . l ~ ~ ~ s c z ,  u! t h r  fun- 
damental m,lt. t rr..;ucncy '01 a t l r~ ly  lcvit~tcd 
Flsure 5 : , k t 1  1 tudc. dclbtandt~ncc of chr funddmrnt~l in dir ,0f i=[ l : lL)7  cn, R-'\.::L .%, A 
mMlc Tor forse61 c s u i l  l a t  Ions for a I lquid drop in 11,O. R=D.151 :m. Thv r r . ~ t  ~ , I I > L -  I S  i , I> l .a t -  .['A'/L~ . 
Decav constant  measurement 
Veasurem~nt of tP.e dissipatim r a t e  of liquid drops oscillatintv in an i rn i - r i~- i t l~  l i n u i d  
host  has r e v ~ n l ~ d  a cir.gle value for t h e  free decay constant f 'o r  each i n i t i a l  o::illat i o n  
amplitude. Fitwre ( 3 )  ~ i v e s  an e x a m ~ l e  of such a decay process. i h e  c l e ~ r e a r ~  t:, :pro 
d e f o m a ? i o n  i s  strikinply e x p o ~ ~ n t i a l ,  and i s  at a constnnt  rate. T h i s  ratP appenrr t o  vary 
f o r  different i n i t i a l  o s c i l l a t i o n  amplitude, with a tendency for hipher v a l u ~ : :  f c r  larper 
am~litudes . Finre  ( 8 1  shows such r e e u l t ~ .  T - r  
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BLACK AND WHITE PHOTOGRAPFF 
Time diatributian af the ~ r o l a t e  and oblatle conf imrations 
Imlacible liquida eyeteme reaults mggest that the duration of  the prolate configuration 
inereares with the oeeillation amplitude. Table (1) reproduces the reeulte of measursmcntrr 
performed on drops with an oblate static equilibrium shape. The duration o f  the prolate 
configuration definitely shows an increase f o r  larger amplitudee. Such an increase is also 
3btained when a static prolate  shape i a  used. 
MAXIMUM OBLATE DISTORTION 
Cycle number after D U R f  NG OSCI U T I  ONS 
terminat f on of the W/L 1.75 w/L t 1*31 
steady 3rive T Toblate  sola ate T 
- - Toblate ~ r o l a t e  
lSpycle Tcyele T c y c ~ e  Tcycle 
1 0.51 0.49 e. 51 0.49 
2 0 .53  0 -47 0.53 0 -47 
3 0 -54 0 -46 on55 0.45 
h 0.57 0.43 0 .&I 0.40 
5 0.60 o .k 0.64 0.36 
Table 11 Duration of t h e  oblate and prolate cycles during the  
free decay of shape oscillations k n i t i d l y  forced by acouatic 
f orees. The s t a t i c  equilibrium shape is oblate. Larger amplitude 
oscillations increase the duration of the prolate phase. 
Fluid f low f i e l d s  
The v iwal izat im cf the fluid flows fields revealed by suspended dye particles appropria- 
tely illuminated, has shown the gradual appearance of a steady circulatory motion superposed 
upon the oscillatory motion induced by the drop shape oscillations in liquid-liquid Bysterns. 
Figure ( 9 )  shows photographs of such flow fields f o r  small and large amplitude for both inner 
a n d  outer liauids. 
A.  Streak patterns of 1 
the same drop oscilla- I 
ting a t  h i g h e r  amplit 
de. I dll/"~--,o.l). I 
C. Same drop ss in 
A and B, but the  oec 
Ilatlona are In the 
L-3 mode a t  smdl 
ampl i tude ,  
D. L-3 esei~latisna 
at  large amplitude 
AR/R o ,lo). 
E. Flow pattern in 
the outer fluid w i t h  
a stationary and 
still drop. The flow 
around the drop is 
caused by acoustic 
streaming,and is 
charactrrized by a 
Revnolda number o f  
5 .  
F. F l a w  pattern In 
the outer f l u i d  for 
a drop oscillating 
in  t h e  212 mode et 
small amplitude. 
ORlGlNAC PAGE 
BUCK AND Cii-ii l C Pi1OTOGRAPH 
QR!Glf.fAt PAGE 
BLACK AND WHITE PHOTOGRAPH 
Figure 
The experimental observations gathered BQ far point to certain d e f i n l t e  nonlinear 
characteristics of Ihquid-liquid sy8:ems. Both iner t ia l  and viscous effects have been 
show to e x i s t ,  and these must play an inportant role in c ~ u a i n g  these phenomena. The absence 
abser,ce of theoretical information. however, has not allowed a further analynis. 
The techniques using acoustic radiation pregmre forces have been shown t o  oallow the 
controlled experimental study of alngle drlep phenomena. One mist  exercise caution, however, 
when interpreting t h e  observations based sn mch a technique because of the unavoidable 
i~teractisn between the acoustic  field^ and the drop rnotim. 
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Bubble shapes i n  steady ax isynnr t r i c  flows a t  intermediate Reynolds number 
C. Ryskin and L. 5. Leal 
Department of Chemical Engineering, C a l i f o r n i a  I n s t i t u t e  o f  Technology, Pasadena, CA 91125 
Abstract 
\le consider the shape o f  a gas bubblo ~ h i c h  r i ses  through a quiescent incompressible, Newtonian f l u i d  a t  
inter*s:'iate Rcynolds numbers. Exact numerical so lut ions f o r  the v e i o c i t y  and pressure f i e l d s ,  as w e l l  as the 
bubble shape, are obtained using f i n i t e  d i f fe rence  techniques and a numerical l y  generated transformation t o  an 
orthogonal, boundary-f i t ted coordinate system. No r e s t r i c t i o n  i s  placed on the al lowable magnitude o f  defor- 
mation. 
In t roduct ion 
I n  s p i t e  o f  in tens ive inves t iga t ion  f o r  more than 70 years, the theore t i ca l  problem o f  bubble and drop 
motion i n  an unbounded viscous Newtonian l i qu id ,  which may e i t h e r  be quiescent o r  undergcing some prescribed 
motion far  from the bubble o r  drop, has remai,~ed essen t ia l l y  bnsolved. The main d i f f i c u l t y ,  i n  a d d i t i o . ~  t o  
the usual non l inear i t y  o f  the equations o f  motion a t  f i n i t e  Ryenolds number. i s  tha t  the bubble o r  drop shape 
isunknownand required as p a r t  o f  the s o l u t i o n  o f  the problem. As a consequence, the boundary condi t ions a t  
tne bubble o r  drop surface are nonl inear, and. i n  addi t ion,  the so lu t ion  depends on the p r i o r  h i s t o r y  o f  the 
bubble o r  drop motion and in te r face  shapes, evqn i n  the creeping m t i o n  l i m i t .  
This problem o f  bubble D r  drop motion i n  a viscous l i qu id ,  w i t h  an unknown boundary shape, i s  an zxample 
o f  the general class o f  so-cal led " f ree t . f"  problems o f  f l u i d  mechanics. Although 3 number o f  methods 
e x i s t  for  t h i s  type o f  problem, whick can . cd t o  analyze the motion crt' bubbles o r  drops, a l l  but pure ly  
n u m r i c a l  methods inev i tab ly  s ~ f f e r  from sale r e s t r i c t i o n .  Included i s  the asymptotic technique o f  "domain 
perturbat ions" which has beer. applied, fo.- example. f o r  buoyancy-driven mot ions o f  a drop a t  f i n i t e  ~eynolds, '  
and f o r  a drop i n  a general 1 inear "shear" but i s  restricted t o  sma; l dei rmations from a known (or  
guessed) boundary shape. Boundary in tegra l  t ~ c h n i q u e s  d r ~  aot r e a t r i c t e d  i n  the dcgree o f  deformation (and 
thus provide a powerful too l  t o  study bubble and drop d e f ~ r m a t i o n ~ - ~ ) ,  but  are on ly  appl icable i n  the l i m i t s  
o f  e i t h e r  creeping flow, o r  po ten t ia l  f low, where the governing d i f f e r e n t i a l  equations are l i near .  For more 
general condit ions. t h i s  leaves us w i t h  numerical methods which are not  l imi ted,  i n  p r i n c i p l e ,  e i t h e r  by the 
al lowable degree o f  deformation o r  by l i r  a r i t : ~  o f  the governing equations. Such methoJs have not  been 
appl ied d i r e c t l y  t o  the problem o f  ca lcu la t ing  bubble o r  drqp shapes i n  viscous f lw so f a r  as we are aware. 
However, i n  most other appl icat ions t o  f ree  boundary problem i n  f l u i d  mechanics, the numerical r - thods  o f  
choice have been ased u..on f i n i t e  element formulations. At least  i n  p a r t ,  t h i s  has been a consequence o f  the 
loss o f  accuracy which occurs when f i n i t e  d i f ference technigue; are appl ied i n  domains w i t h  boundaries tha t  
are not  coincident k i t h  coordinate l i nes  o r  surfaces. Thus, i f  one considers only  the c lass ica l  or thogmal  
coordinatzs, such as c y l i n d r i c a l ,  spherical,  etc.. the use of f i n i t e - d i f f e r e n c e  methods i s  genera l ly  unacsept- 
able f o r  f ree  boundary problems. The present paper explores the a1 ternat  i ve possi b i  l i t y  o f  f i n i  te-d i  f ference 
so lut ions oased on a numerical method o f  const ruct ing a system o f  orthogonal, boundary-f i t t e d  coordinates, f o r  
the problem of streaming f low past d bubble. We do not  c la im o r  intend t o  imply "super ior i ty"  i n  any sense 
over other pussible numerical approaches t o  the same problem. Indeed, the methods described here are not a t  a 
s u f f i c i e n t l y  advanced stage of development f o r  such comparisons t o  be meaningful, even i f  one were phi losophi -  
c a l l y  inc l ined  t o  make them! 
A de ta i led  descr ip t ion o f  the methods o f  orthogonal mapping w i I I  soon appear i n  the Journal c ~ f  C q u t a -  
timi? and a more de tz i led  descr ip t ion o f  methods and resu l t s  f o r  the app l i ca t ion  t o  the motion o f  a 
bubble o r  drop i n  a viscous f l u i d  i s  present ly  i n  preparation. Iiere. we simply o u t l i n e  t h e  method o f  s o l u t i o n  
and present two cxamnles o f  the s o l ~ t i o n  fo r  streaming flw past a bubble a t  f i n i t e  Reynolds number as an 
i I luc t r , c t ion  o f  i ~ s  appl icat ion.  
Orthogonal Happing 
The idea which we pursue i s  thus t o  ob ta in  orthogonal boundary-fit:ed coordinates f o r  the domain z x t e r i o r  
t o  a bubble whose shc e i s  unknown, thouqh smooth ;nd genera l ly  no ispher ica l .  I n  the  present development, 
the L. . . n w n  shape i s  generated v i a  an i t e r a t i v e  procedure s t a r t i n g  from some i n i t i a l  guess. At each step, 
w i t h  the boundarv shape spec:fied, mappir:g funct ions f o r  the boundary-f i t ted coordinates ere generated numer- 
i c a l l y ,  the equations o f  motion are then solved i n  the transform t -na in  and the normal s t ress balance a t  the 
bubble surface i s  used t o  generate an improved shape. Ue r e s t r i c t  ourselves t o  steady, ax isy- t r ic  
conf igurat ions and discuss the mapping problem i n  2D, w i t h  the axisymnett.ic boundary shape generated by r o t a -  
t i o n  abeut the axis o f  synmetry which i s  thus required t o  be a coordinate l i n e  f o r  t i le transform coordinates. 
I n  :he rnmainder o f  t h i s  sect ion. we o u t l i n e  a method o f  obta in ing the des i red coordinate transformation. 
From a mathematicai po in t  o f  view, we require a pa:r o f  funct ions x(<,q) and y(F,,q) which map poi  - t s  o f  the 
physicdl domain onto a u n i t  square, 0 5 F;,? 5 1, i n  the 'ransform d m c i ~ ,  w i t h  l i nes  o f  constant 5 and q 
bning orthogonal. For conveniet~cc?, we designate the bubble surface as F, = I ,  and the upstream and downstream 
axes of sy-try as 7 - 1 and rl = 0, respectively, w i th  E -* 0 corresponding t o  i n f i n i t y .  There has, o f  course, 
been a great deal o f  recent research aimed a t  the problem o f  obtaining nur r r ica l  l y  generated coordinate map- 
oings. Included i n  t h i s  work are methodsbasedon-the sulut ion o f  a pa i r  of e l l i p t i c  equations for the mapping 
functions.' c o n f o m l  mapping,' d i rec t  integration o f  "Cauchy-Riema-n"-type equations as an i n i t i a l  value 
probtem s tar t ing  from a boundaryJslD and other methods o f  orthogonal mapping which are equivalent t o  conformal 
mapping w i th  less res t r i c t i ve  constraints on the r a t i o  o f  the diagonal camponehts of the metric tensor (the 
l a t t c r  are, i n  fact, most closely related t o  the present approach).11'13 Limitat ions o f  space prevent a de- 
ta! led review of t h i s  p r i o r  work. Mowever, i n  general. the resul t ing coordinate systems are e i ther  nonorth- 
ogonal,' i 11-conditioned i n  the sense o f  extreme sens i t i v i t y  t o  Cwndary shape andlor (the possibi l i t  o f )  
h ighly nonuni f o n  spacing o f  coordinate l ines (conformal mapping,' same types o f  llorthogonal .12) o r  
only suitable I s m  local subdunain ( integrations .of  Cauchy-Rieaunn equationsq * l o ) .  
The present objective i s  a numerically generated mapping which i s  applicable i n  the whole domain, automat- 
i c a l l y  orthogonal and free of the usual sensi t ivcty problems o f  conformal mapping. Our basis i s  conventional 
tensor analysis, y ie ld ing equations fo r  x(E,q) and y(6,n) which are coordinate invariant. These equations 
follow almost t r i v a l l y  from the observation that  a Cartesian coordinate x (or y) i s  a l inear scalar function 
of posit ion. sa that grad x (or grad y) i s  constant and t : 
d i v  grad x = 0 (1) 
The ta t t e r  i s  nothing more than the covariant Laplace equation fo r  x. Wen expressed i n  terms o f  the desired 
(but as yet unspeci fled) c.11 coordinates, i t  becams il 
. . f. 
i n  which g 'J  i s  the i j  component o f  the metric tensor and ";" denotes regular covariant d i f fe rent ia t ion .  A l -  
though the solutions of Eq. ( 1 )  (and the s imi la r  equation for  y) wi il not generally y i e ld  orthogonal coordi- I . 
nates, we fur ther specify that 
wi th the h .h, being "scale" factors for the c,rl system. In  t h i s  case, the equations governing the t ransfor-  
mation (mip ing)  functions become 
wi th 
f(5.q) . hn/h, 
and :he solut ion o f  these equations, subject t o  appropriate boundary conditions (which we shal l discuss i n  the 
next sectiof ' ,  w i i l  y i e l d  orthogcnal cmrdinates fo r  any f ,  which can thus be chosen freely. i t  may be noted 
that confor. wpping corresponds to  the res t r i c t i ve  choice f (F,.q) = 1, f o r  a l  I 6.q. 
In general, the "most appropriate" choice o f  f depends on the type o f  mapping required Thc probian o f  
d i rec t  mapping wi th f ixed boundary shape and a specif ied d is t r ibu t ion  o f  coordinate nodes along the boundary 
i s  discwisect elsehhere.' Here, we consider only the mapping problem i n  which the boundary shape i s  unknown 
and required as part o f  the solut ion o f  the overal l  problem. In  t h i s  case, f(6.0) can be specified d i rec t l y  
as a function o f  <,q, wi th the form for  f chosen so as t o  y i e l d  desired properties of the transform coordi- 
nates (e.g. nonuniform spacing o f  coordinate l ines i n  som region o f  the domein). 
The f l u i d  dynamics problem -bas ic  f o n u l a t i o n  
Let us now return t o  the problem o f  uniform streaming flow past r bubble. In  t h i s  case, m adopt the very 
simple for* far  f ,  f (cDn) : n€,. In  addition, we introduce a re la t i ve l y  s ; w l e  modif ication o f  the mapping 
procedure out l ined above t o  take care o f  tk,  act that i n f i n i t e  values o f  the mapping functions x and y, 
correspmding d i rec t l y  to  an i n f i n i t e  domaln, cannot be generated numerically. To avoid t h i s  d i f f i c u l t y ,  we 
simplv calculate the mepping fr,.n the un i t  square i n  the 6,q plane t o  an aux i l ia ry  f i n i t e  domain, which i s  
then transformed to the physical donain by a conformal inversicn. 
Now, one g n a t  advantaqt o f  orthogonal coordinates, i n  "ddi t ion to  avoiding inaccuracy o f  n u ~ c r i c a i  
approximation i n  n~northogonai coordinates, i s  that physical canponents o f  vectors and tensors can be used 
instead o f  covariant o r  contravariant ones. The governing Navier-Stokes equations, plus boundary conditions, 
can thus be expressed i n  a straightforward manner i n  terns o f  the resul t ing boundary-fitted coordinator 
E,n,@. obtained by r o t a t i o n  of the two-dimensional cr,,rdinates given by x((,n) and o ( 6 , ~ )  (where x i s  p a r a l l e l  
t o  the ax is  of symnt ry  and o i s  the distance t o  t h i s  ax is  along a normal through the p o i n t  o f  i n te res t ) .  I f  
we introduce the stre;tmfuncrion $, and use standard expressions fo r  the invar ian t  d i f f e r e n t i a l  operators i n  
general orthogonal c u r v i l i n e a r  coordinates, the Navier-Stokes equations are 
L% + c - o (8) 
d~v, 
where L i s  the v o r t i c i t y ,  Re - - II , d i s  the equivalent diameter of the bubble and 
The streamfunction a t  i n f i n i t y ,  f o r  a . l i f o r m  streaming f low, takes the f o n  
Thus. t o  avoid deal ing w i t h  large (or i n f i n i t e )  numbers, we a c t u a l l y  solve f o r  
where l i t  i s  the po ten t ia l  f lw so lu t ion  f o r  f lw past a spherical bubble w i t h  the given form 'b, a t  i n f i n i t y ,  
i .e. a 
J' L o 2 ( I  - ~ 3 )  
a 2 (12) 
Now, Eqs. (4) and ( 5 ) .  rewr i t ten  i n  terms o f  $", are t o  be solved for  J'", 5 and the bubble shape subject 
t o  the boundary condit ions 
+ " i s b o u n d e d , L a O ;  a t i n f i n i t y ( i . e . f t O )  (1  3) 
+' = 0, = 0; a t  rl = 0, 'l = 1 (symnetry ax is )  (14) 
and, a t  the bubble surface, 
v P 0  (zero normal v e l o c i t y )  I (15) ; + 2,(5n)u " (n) s = 0 (zero tang. s t ress)  a t  5 -  I (16) 3 + I. (.el + . 
- 'G 'D - 'd + Tnn we (normal s t ress balance) (17) 
The f i r s t  term i n  (16) i s  the hydrostat ic  pressJre; C i s  the drag c o e f f i c i e n t ;  pd i s  llre dynamic pressure D 
d ~ v z  
us i s  thc! surface ve loc i t y ;  Tnn i s  the nonnal component o f  viscous s t ress a t  the surface, 'We - - - , Y i s  
the surface tension, and c(")  and K'") are normal curvatures i n  two perpendicular d i rec t ions .  (n) (n) 
Numerical scheme 
I n  order t o  solve Eqs. (7)  and (8) of  the preceding sect ion, tosether w i t h  Eqs. (5a) and (5b) for  the 
mapping functior., x(1,'l) and 0 ( 5 , n ) ,  we used a uni form 11x41 g r i d  i n  the donuin, 0 S 5.n < 1. The computa- 
t i ons  were ca r r ied  out  using s ing le  p rec is ion  a r i thmet i c  on 8 VAX-I1 computing system, which has a round-off 
e r r o r  o f  0(10'~).  Tnus, w i t h  an O(h ) f i n i  te-d i f ference schem, t h i s  mash s ize  represents the p r a c t i c a l  
l i m i t s  o f  reso lu t ion  i n  order t b  . r  t runcat ion e r r o r  be comparable t o  t h i s  rounu-o f f  e r r o r  d lv ided by h2 (when 
cornput i ng secoird der i vat i uss 1 .  
The numerical schem i t s e l f  must be fas t ,  h igh ly  s tab le and appl icable t o  e l l i p t i c  equations o f  q u i t e  
general form. I n  the work reported here, we adopt the AD1 scheme o f  Peaceman and Rachfcrd and t r e a t  a11 
equations o f  the problem ( i  .e. the equations o f  motion f o r  C end $, and the two mapping equations f o r  x and 
a) as "quasi-time-dependent", by w r i t i n g  them i n  the standard form 
w i t h  3/bt representing a " f i c t i t i o u s "  (or a r t i f i c i a l )  t ime d e r i v a t i v e  as required by ADI. An opt imal value o f  
the i t e r a t i o n  parameter ( i .e .  time step) was determined" t o  be O(h). 
Boundary condi t ions fo r  Eqs. (3). ( 5 )  and (6) are s t ra igh t fo rward  [see Eqs. (13)-(16) p lus Ref. 61, w i t h  
the exception fo  condi t ions a t  the bubble surface. Here, the necessary boundary values o f  v o r t i c i t y  are c a l -  
cu lated i n d i r e c t l y  from the boundary cond i t i on  (16) on tangent ia l  s t ress us in  a natura l  extension o f  the 
method f o r  a s o l i d  boundary suggested by Dorodnitsyn and l e l l e r "  and i s r a e l i "  and u t i l i z e d  prev ious ly  f o r  a 
spherical drop." At each new i t e r a t i o n ,  say n, the new value o f  the boundary v o r t i c i t y  cn i s  determined from 
i t s  previous value and the previous value of the tanqent ia l  stress, as 
where the optimal I3 was found (by t r i a l  and e r r o r )  t o  be approximately 0.2. When the s o l u t i o n  has converged, 
o f  course, the tangent ia l  s t ress w i l l  be zero. Boundary condi t ions f o r  x ( c , ~ )  and ~ ( c , r l )  a? < - 1 must a l s o  
be discussed b r i e f l y .  Both x and 0 cannot be spec i f i ed  d i r e c t l y  a t  5 = 1 i f  the condit icnl  g12 = 0 i s  s a t i s -  
f i ed  ( i  .e. the coordinates are t o  be orthogonal) as the problems f o r  x and u are then overdetermined. Ue 
would. on the other  hand, l i k e  t o  approach the f i n a l  s o l u t i o n  f o r  bubble shape i t e r a t i v e l y  s t a r t i n g  from s o m  
i n i t i a l  guess. This involves incrementing the bubble boundary t o  create a new shape a t  each i t e r a t i o n ,  based 
upon the normal s t ress imbalance a t  the in te r face  a t  the preceding i t e r a t i o n .  However, i n  view o f  the re-  
s t r i c t i o n  on simultaneous spec i f i ca t ion  o f  x and a, the necessary small displacement o f  the bubble boundary 
must be car r ied  out  i n d i r e c t l y  ra ther  than speci fy ing increments i n  x ( l ,n )  and ~ ( 1 . u )  d i r e c t l y .  This i s  ac- 
complished by changing the mapping i t s e l f  ( ra ther  than the p o s i t i o n  o f  the bubble surface) v i a  incremental 
changes i n  the scale factor  h: o f  the mapping, i.e. 
where A" i s  the normal s t ress imbalance a t  i t e r a t i o n  n, 
The incremented h; 1 i s  then used t o  generate "eqci talent" boundary condi t i or?s f o r  
..! L 7-  1 
The normal s t ress d i f ference.  1, has t o  be normalized before i t  i s  used i n  (21) f o r  changing the bubble shape 
because of the indeterminacy due t o  incompress ib i l i ty  (-1 contains an in tegra t ion  constant);  t h i s  indeterminacy 
i s  removed by requ i r ing  that the volume o f  the bubble remain con..ant. 
'he o v e r a l l  so lu t ion  a lgor i thm may thus be szhematicaliy represented as fol lows: 
( I )  S ta r t  w i t h  an L n i t i a l  guess o f  the shape. liere we choose a spherical shape, i.e. a c i r c l e  i n  a plane 
through the ax is  o f  symnetry. Hence. w i t h  f ( < , ~ )  = ' 5  as ind icated e a r l i e r ,  the mapping i s  i n i t i a l l y  x 
Scos.ir1 and y = 'sin:~:, corresponding t o  polar  coordinates i n  the plane through the axts o f  symnetry. 
(2: For the given bubble shape and coordinate mapping, compute a new approximation f o r  the dynamic f i d l d s  
(V and by advancing the so lu t ion  o f  the Navier-Stokes equations one i t e r a t i o n  ( i .e .  one AD1 time step). 
(3) Calculate the normal s t ress terns a t  the bubble surface, and i f  the condi t ion (17) i s  not  s a t i s f i e d ,  
increment the brlbble shape by a small amount Sy incrementing r,,(l,ll) using Eq. (21;. and ob ta in ing  correspon- 
ding boundary condit ions fo r  3x/.iC and Jy/3{ . i i = l  I[-I 
(4) Calculate a new orthogonal mapping f i t t i n g  the new bubble shape by so lv ing  Eqs. (5a.b) w i t h  appropri-  
a te  boundary condi t ions ( i n  p rac t i ce  we do only  one AD1 i t e r a t i o n  on the mapping equations). 
(5) Repeat t h i s  process s t a r t i n g  w i t h  step ( 2 )  u n t i l  convergence i s  achieved. 
Results 
We consider two cases here of streaming f lw past a bubble. 
The f i n a l  bubble shape i s  depicted f o r  Case A i n  Ftg. 1, where we show a p o r t i o n  o t  the f i n a l  coordlnate mesh 
and the upper h a l f  o f  the bubble boundary i n  the plane through the ax is  o f  symnetry. The f l o w  i s  from l e f t  tc, 
r i g h t .  The corresoonding streamlines and l i n e s  o f  constant v o r t i c i t y  are shown i n  Figs. 2 and 3. It may be 
noted that  the bubble shape i s  i n  gua l i  t a t i v e  agreement wl t h  aval l ab le  experimental results." Indeed, tC 
drag c o e f f i c i e n t  ca lcu lated here i s  9.17, whereas the measured value a t  the same Reynolds number but  somewhat 
larger  Ue was 9.37. It may be noted tha t  the drag c o e f f i c i e n t  was found experimentally1' t o  be insens i t i ve  t o  
Ue f o r  large We. The streamlines and l i n e s  o f  constant v o r t i c i t y  fo r  Case B are sham i n  Figs. 4 and 5, from 
which the bubble shape can a iso  be discerned. Again, the flow i s  from l e f t  t o  r i g h t .  It l o  :hus ev ident  tha t  
the bubble i s  a c t u a l l y  f l a t tened  t o  a greater  degree i n  the f r o n t  and i s  more rounded a t  the rear. Shams o f  
t h i s  general type have been prev ious ly  observed e x p e r l m n t a l l y  fo r  s i m i l a r  values o f  Re and ~ e , ' ~  al though a 
shape which i s  rounded i n  the f r o n t  and f la t tened  a t  the rear, which w i l l  occur f o r  larger  Reynolds nuaber o r  
, l a r g e r  k b e r  number, i .e.  smaller surface tension, i s  much more cdmnon. Each example required about an hour 
' o f  CPU time on a VAX-I1 computer, s t a r t i n g  from the i r r o t a t i o n a l  f low pas a sphere as an I n i t i a l  guess i n  
,both cases. The cost i s  thus on the order o f  $10. 
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Figure 2. Streamlines for Case A. 
Figure 3. Lines of constant vor t ic i ty  for Case A. 
Figure 4. Streamlines for  Case 8. 
Figure 5 .  Lines of constant vor t ic i ty  for Case B. 
The production of drops by the bursting of a bubble 
at an air liquid interface 
J.S. Darrozes and P. Ligneul 
Universitd Paris VI, Campus Univ. Bat 502 Orsay, Orsay, FMNCE 91405 
Abstract 
This work describes the fundamentalmechanismarising during the barsting of a bubble at 
; 1 an air-liquid interface. A single bubble is followad from an arbitrary depth in the liquid, 
6 up to the creation and motion of the film and jet drops. Several phenomena are involved and 
their relative order of magnitude is compared in order to point out the dimensionless ara- 
z meters which govern each step of the motion. Furthermore, this study is completed by high 
. 
'? 
speed cinematography. The characteristic bubble radius which separates the creation of jet 
drops from cap bursting without jet drops is shown to be a = (a/pg)l/2. The corresponding 
numerical value for water is 3 mm and agrees with experimental observations. 
Introduction : physical mechanisms description 
The burst of gas bubbles on a liquid interface leads to a mass transfer in stratified 
two-phase flows which is of great importance in many fields such as ocean-atmosphere ex- 
changes, aerosol generation, boilers, degazeification processes, etc... The physical me- 
cani~ms of such a phenomenon are still not wellknown. The burst occurs during a few tens of 
microseconds and involves many physico-chemical effects. The film cap draining is due to 
gravity and surface tension and its thickness (in the range of 0.5 to 10': micrometers) may 
be smaii enough to produce non negligeable intermol~cular forces which depend on the impuri- 
ties contained in the liquid phase. The film cap breakage generates an aerosol which is 
usually split into two distinct families which are the "film dropsH and the "jet drops". 
. The film drops are created by the tearing of the interfacial cap which -tes from an M- 
initial hole at a very high speed ( 8  m/s). Due to the tangential motion of the liquid film, 
some drops are ejected horizontally and the others are blown vertically by the air which was 
initially inside the bubble. Another possible mecanism is the sudden shattering of the whole 
cap which b,~rsts into droplets in any direction . Film drops are very small (1 - 20 um) 
and their number increases with the initial bubble diameter 0b (about 100 when @b = 2 m, 
and 1000 when @ = 6 nun). They are ejected up to a height in the order of 10 to 20 m above 
the free surface level. 
. The jet drops are produced by the very fast motion of the bubble bottom interface which 
Is in a state of non-equilibrium when the film cap breaks. Instantaneously, gravity and sur- 
face tension act to create a strong interface deformation and give rise to the formation of 
a jet in the upward direction. Because of instabilities, the liquid jet is fragmented into 
several drops (from 1 to 5 depending on the bubble diameter @b, in the range 6 nun to 0.lmm). 
For values of gb less than 2 nun, the ejection height of jet drops may reach 100 @b above the 
free surface level. 
These two families lead to a transfer in the gas of two different kinds of chemical sub- 
stances, namely the surfactants spread on the free surface (film drops) and the particules 
~n suspension or dissolved inside the liquid (jet drops). 
The aim of this paper is to consider a dimensional analysis of aerosol production in or- 
der to reach a better understanding of the phenomena involved during the bursting of the 
bubble. The notion of dimensionless parameters, characteristic times and predominant mecha- 
nisms may be used to define simplified experimental studies and to search for approximate 
analytical solutions. In what follows, several effects are analyzed : 
- underwater bubble rising - film drainage - cap tear propagation 
- film drops ejectiorr - free surface motion after film cap rupture. 
Underwater bubble rising 
The dimensionless form of equations governing the relative liquid flow past the bubble 
is written with the characteriscic bubble size a, the pressure variation pag (involving 
the liquid density P and the acceleration g gravity) and an unknown characteristic time T 
which leads to the reference velocity a/?. The bubble motion is obtained from the fundamen- 
tal dynamic law : 
2 0 
F = ji [ - plot!+ g . n] . nds = 0 (1 
ab 
in which the symetric part of the velocity gradient -Q and the local pressure Plot are gi- 
ven by the Navier-Stokes equation : 
The bubble shape is deduced from the normal stress equilibrium 
- + - + z  Pa (t) - -  2v 4 a 
Pi - Ploc. pga B g ~ a  (Q . n) n + -7 C 
P 9a 
n is the unit normal vector, p., C, v and o respectively stand for the internal bubble pres- 
- 
sure, the mean curvature, the aynamic viscosity and the surface tension coefficient. 
The local pr-ssure is defined by the relation 
in which, for the most part, the constant pa/pga is much greater than unity. 
It is easily seen, from equation (2) that high Reynolds number flows correspond to the 
characteristic time evoiution rg= (a/g) l/2, and situations dominated by viscous effects 
are scaled bv the reference time 7v = v/ag. The relative Reynolds number : 
2 leads to a characteristic length a1 = ( v  /g) (%50 p m  for water). In equation (31, ano- 
ther length a2 = 2(o/pg) (2.6 mm for water) is defined from the dimensionless number : 
3 The new characteristic time T = pa /40 concerns the interface vibrationsdue to the surface 
tension. Depending on the bub%le diameter a, the following situations occur. 
. a > >  a2, Rr > i  1, motions due to surface tension are froze?, but the bubble can oscil- 
late with instationnary terms of equation (3) (bubble wake for instance) on the time scale 
l9- 
. a1 < <  a c c  a2, Rr > >  1 but +he non stationnary terms in equation (3) are negligeable 
and the bubble keeps its spherical shape. 
. a < <  al, Rr <i $ and the com arison between the last two terms of equation (3) leads to 
a new length a3 = o v  /20 (-5.10-y um for water). Bubble'dian?.ters less than a3 will not be 
considered in this paper. Therefor surface tens on is the dominant phenomenon and deforma- ?! tions cannot occur. We will write n = a3/a = D V  /2ra (always less than unity for water). 
The characteristic velocities of the rising motion are (ag) when a > a1 and 
(stokes drag) when a al. 10 Y 
Film draininq 
There are two fundamental mecanisms which cause the film draining, when the bubble ar- 
rive3 on the 'ree surface. First, the gravity which creates the bubble motion and inertia 
terms (when a al) increases the local pressure pa on the free surface. On the relative 
stagnation point, this increase is of the order of pga. Secondly, the free surface curva- 
ture leads to a pressure increment in the order of 4o/a. Comparison between both phenomena 
is given by the value of r = 40/pa2 introduced in the last paragraph. Consequently, for 
bubble diameters larger than a2, the effect of gravity is predominant, and for al < <  a < <  a i 
the surface tension plays the most important role. 
A very crude analysis for z < <  1 shows that (from the continuity equations) the liquid 
puehed up by the rising of the W l e  (order a2 ~ a g )  must be evacuated through the lateral surfa- 
ce of a cylinder (n a h 6). This balince gives an order of magnitude of the height below 
the free surface which must be reached by the bubble top before undergoing a non negligeable 
free surface deformation. When a1 < <  a < <  a2, the characteristic bubble rising velocity 6 
has not the same order of ma tude as the characteris-!c velocity due to the surface ten- 431 sion pressure drop : (4o/pa) and the samecrude analysis leads to : 
j a2 = 2 n a h (o/~a)"~ and h = $77"' 
For very small bubble < <  a < <  al), the same trivial argument gives : 
The characteristic i aining time is easily deduced from the above considerations, and 
3 3 
from the volume to be drained (?. % when r < <  1 ; 3 when a l < <  a < < a 2  ; and 
2 n a  n3l2 when a .< al:. One obtains respectively for each situation rd = 4 ~ ~ / 2 r ,  
6 i v  n1I4 Rr. As an example in each case, one obtains respectively for a = 1 cm, 1 rrtm and 
10 um, the following values : r d  = 0.07 s, 4 ms and 0.5 ms, in water. The end of drainage 
in the first two cases is governed by viscous effects when the Reynolds number based on the 
the film thickness e is of order vnity i.e e v/(ag)1/2 when 1 c <  1 and e % v(oa/o) 1 /2 
when X >, 1. These limiting thicknesses in water are respectively 3 um and 0.3 um when 
a = ' cm and a = 1 mm. At this stage, it is necessary to be very careful about the boundary 
conditl.ons to be written on the film bouadaries. For very dirty liquids, Haberman and 
Morton have shown that a vanishing velocity condition must be considered. In any case, one 
must take into account the influence of Van der Waals intermolecular forces which are, for a 
clean liquid, given under the form of a non isotropic tension in the normal direction to tb.e 
film. Its value for a thickness e is (Sheludko): 
4 . lo-?' 
T = --j--- (MKSA units) 
e 
this influence is non-negligible when the pressure gradient is of the same order : 
f i n  4 lo'?' 
a % a. (I -. I), ma-- and e ?. 10'~ all2 M.K.S.A. (0.3 um when a = 1 m). 
These orders of magnitude for the film thickness is in agreement with the experimental eva- 
liiations. 
Cap tear propagation 
Assuming that a hole is created instantaneously, the driving force is due to surface tension 
and leads to a characteristic velocity : vf = (0/pe)l/2. If the characteristic thickness 
e Q 1 um is admitted, it follows that in water (a 0.0;) the tear propagates with a veloci- 
ty of 8 m/s which is exactly t1.e value observed experimentaly with a high speed camera. This 
evaluation i: valid, only when the liquid flow inside tire film is dominated by the inertia 
terms. This happens for a local Reynolds number greater than unity : 
vfe 2 R~ I - .> 1 + e >, E L  ( = 0.01 um) 
U 
So, it. is obvious that the experimcrtal study of cap tear breaking may be performe.' without 
any precaution because any other F h p k i m  is rrozen with respect to cap tear propagation. This 
has been done in the movie presented at the end of this paper. 
This experiment shows the cap tear of a large bubble ((8 = 4 cm) at rest on the free sur- 
face of ordinar) drinkable water. The hole is created on tke circle which delimits the bub- 
ble cap on the free surface. It is due to a much smaller bubble sticking to the larger one 
and which causes a point of weakness. Soma papers (Vrij ,Ivanov ,... explain the film 
breaking by the non stable modes of capillarity waves, but this is probably true for bi- 
distilled water only. 
Film drops ejection 
The very complex nacure of film cap fragmentation is not investigated in this paper, but 
we will consider the behaviour of a film droplet assumed to have a size in the order of 1 um 
The blowing-out is due to the fact that the pressure level inside the bubble before brea- 
king is larger than on the outside. The sudden pressure drop is of order pLag when r < <  1 
and o/a when E >. 1. For gh Reynolds number gas flows, this produces velocities of order 
Q a g /  l 2  or a P . For each case, the gas Reynolds number is : 
'I2 3/2 
a 
- ? >  1 if a > >  5 um (air an4 water) 
V~ 
\ 1/2 0 
> >  1 if a > >  0.1 A (air and water) 
2 The characteristic time of a particule transport due to the viscous drag is T, plr /vGQC 
where r denotes the particule radius. For a micronic droplet this time is 1 miti -second , as 
a result,film drops follow instantaneously the air flow produced by the breaking. For bubble 
diameters : 1 cm, 1 mm, 10 um, the initial velocity of droplets are respectively : 1 0  m/s, 
10 m/s and 100 m/s. 
Experimentally, it is know that a 1 0  um bubble does not produce any film 3rope, but one 
can see that for most bubbles, there is a strong interaction between tire cap tear propaga- 
tion (8 m/~) and the air ejection (10 m/s). If the air flow is roughly supposed to be simi- 
lar to a source flow, the velocity Vr at a distance r is given by Vr = Vi(a/2rI2. A numeri- 
cal value of V with a = 1 nun and r = 1 cm is 2.5 cm/s (less than 1 km/h). This argument 
proves that fifm drops are immediatly convected by the wind in ocean-atmosphere exchanges. 
Free surface motion afcer film cap ruptuc 
It has been shown that film tear propagation occurs instar,caneously with resr i to the 
bubble rising velocity. This result confirmed by Mac Intyre's visualisations a ,  . by the pho- 
tographs given in the present paper. As a result, the curvature of the bubble IS greater at 
the bottom than the sides. This causes stronger surface tension forces on the deepest part 
of the bubble interface and produces the jet when the surface tension phenomenon ir not 
negligible with respect to the gravity effect. 
The dimensionless equations governing the free surface motion are written assuming a 
potential flow (v = V0) for tha liquid phase. It will be proved,later on,that inertia 
dominates the viscous terms. In a cylindrical coordinates system, the bubble dianeter a is 
chosen as the reference length in the radial and vertical Jirections. The characteristic 
time T needed for the free surfs,-n z = ;~(r,t) to reach an a1titt.de of order a is unknown at 
this stage. 
The reference potential Qo and the time T dre obtained from the free surface boudary condi- 
tions. Equation (6) leads in any case to the relation 4 = aZ/T. From equation ( 5 )  , the cha- 
racteristic time T depends on the comparison between r-? = oga2/4 (gravity) and the mean 
dimentionless curvature C which is of order unity. z :.> 1 : surface tension is the dominant 
phenomenon and T = , = ,>a3/uT. The character1 stic time and velocity are respectively : 
T = (0a3/0) and V = (u/oa) 1/2 
t <. 1 : the free surface motion is governed by the gravity effect. One obtains respectively 
T = (a/g)lI2 and v = (ag) 
These results are valid only lor high Reynolds number flows. When z > >  1 (a .< a2, 0.6 cm 
for water) R = aV/. = ( a ~ /  ; v ) 1/2 which is larger than unity for bubble diameters larger 
than a = L> v2/a (0.01 m for water . When z < 1, R = (a3g/v2) 112 and the bubble diameter 
because a . > 0.6 cm. 
!3 must be larger than al = (v2/g) l /  (50 UK for water). This condition is always fulfilled 
The characteristic bubble diameter a2 = (4 /~g)l/* splits the possible free surface beha- 
viours into two classes : 
a . a2 : t h e  f i l m  c a p  r u p t u r e  l e a d s  o n l y  t o  f r e e   oscillation^ o f  t h e  f r e e  s u r f a c e  w i t h o u t  
jet, b u t  many f i l m  d r o p l e t s  a r e  blown i n t o  t h e  a tmosphere .  
a . a 2  : t h e  predominance o f  t h e  s u r f a c e  t e n s i o n  e f f e c t  l e a d s  t o  a s t r o n g  d r i v i n g  f o r c e  
a t  t h e  bottom o f  t h e  bubb le  which p roduces  a jet. S u r f a c e  t e n s i o n  f o r c e s  s t i l l  act on t h e  j e t  s u r f a c e  and c a u s e  p r e s s u r e  g r a d i e n t s  a l o n g  t h e  jet a x i s ,  o r i e n t e d  from t h e  s m a l l e s t  sec- 
t i o n s  t o  t h e  l a r g e s t  ones .  The d r a i r - i n g  o f  t h e  l o w e s t  s e c t i o n s  due  t o  t h i s  mechanism l e a d 8  to 
t h e  jet b reak ing  i n t o  one  o r  : e v e r a l  d rops .  
The d i m e n s i o n l e s s  e q u a t i o n  ( 5 )  shows t h a t  t h e  g r a v i t y  e f f e c t  beccmes i m p o r t a n t  f o r  a d i -  
m e n s i o n l e s s  z o f  o r d e r  c .  So t h k  jet t o p  c a n  r e a c h  a n  a l t i t u d e  o f  o r d e r  a1 .  The e x p e r i m e n t a l  
e v a l u a t i o n  : 100 a , g i v e n  i n  t h e  i n t r o d u c t i o n  co r re spond8  t o  a = 0.6 mrn and a n  a l t i t u d e  o f  
6 0  c m .  D i s s i p a t i o n s  due  t o  v i s c o u s  e f f e c t s  a r e  g i v e n  by t h e  Reynolds number R = (ao/pv211/2 
1. 8.10 f o r  a 0.6 mm bubb le  d i a m e t e r .  I n  t h a t  c a s e ,  t h e  boundary l a y e r  on t h e  f r e e  s u r f a c e ,  
i n  which v i s c o u s  d r a i n i n g  o c c u r s  h a s  a t h i c k n e s s  i n  t h e  o r d e r  of a hundredtl .  o f  a bubb le  
d i a m e t e r .  
Flow v i s u a l i s a t i o n  
The pho tographs  g i v e n  i n  t h i s  s e c t i o n  have  been o b t a i n e d  w i t h  a h i g h  speed camera HYCAM 
(7500) images  p e r  second i n  t h e  p r e s e n t  c a s e ) .  The f i r s t  s equence  r e p r e s e n t s  a c a p  tear which 
p r o p a g a t e s  on a 4 c m  bubb le  d i a m e t e r ,  from a sm-11 bu '~b1e  (.L 1 mm) which was i n i t i a l l y  a t t a -  
ched t o  t h e  l a r g e  one  on t h e  f r e e  s u r f a c e .  One c a n  o b s e r v e  t h a t  some d r o p l e t s  t a n g e n t i a l .  
l y  ejected by t h e  t e a r  motion have a much l a r g e r  s i z e  t h a n  1 micrometer .  
The n e x t  two sequences  show jet d r o p s  due  t o  a 1 mm bubb le  d i a m e t e r .  I n  'JET N o l a ,  t h e  
h o l e  c r e a t e d  i n s t a n t a n e o u s l y  by t h e  b r e a k i n g  o f  t h e  f i l m  is shown. The jet t h i z k n e s s  is  o f  
o r d e r  0.1 mm co r re spond ing  t o  v e l o c i t i e s  o f  o r d e r  Jm .L 1 m / s .  The h a l f - s p h e r e  i n  t h e  up- 
p e r  p a r t  o f  e a c h  view is  a l i q u i d  d r o p  s t i c k i n g  on c h e  end o f  a 1 m c y l i n d r i c a l  w i r e  p l a c e d  
t h e r e  t o  g i v e  a n  i n d i c a t i o n  o f  t h e  l e n g t h  s c a l e .  The "JET N02" g i v e s  more d e t a i l s  c.n t l r ~  jet  
breakingrnechanism.0ne can  o b s e r v e  t h a t  che  t.op d r o p  h a s  no m o t i o r  d u r i n g  i ts  growth,  b u t  , 
i t s  upward mot ion  c o n t i n u e s  a f t e r  i t s  c r e a t i c n .  
Concl  ding remark: 
T h i s  pape r  is a f i r s t  s t e p  i n  t h e  s t u d y  o f  a e r o s o l s  c r e a t e d  by b u r s t i n g  b u b b l e s  on  a n  a l r -  
l i q u i d  i n t e r f a z e .  Jet d r o p s  have  been u t u d i e d  and v i s u a l i z e d  i n  t h e  p a s t  ; however a t h e o r e -  
t i c a l  model f o r  t h e  p r e d i c t i o n  o f  t h r  s i z e  and niimber o f  t h e  d r o p s  would b e  u s e f u l  f o r  a b e t -  
ter u n d e r s t a n d i n g  o f  t h e  jet b r e a k i n g  mechanisms. 
N e v ~ ? r t h l e s s ,  t h e  l a c k  o f  knowledge i s  more important f o r  f i l m  d r o p l e t s  and a l o t  o f  expe- 
r i m e n ~ i l  work w i l l  b e  n e c e s s a r y  i n  o r d e r  t o  v i s u a l i z e  t h e  f i l m  b r e a k i n g  and t o  p r e d i c t  t h e  
f u l l  s i z e  d i s t r i b u t i o n  o f  a a r o s o l s  i n  a r o a l  i n d u s t r i a l  s t a t i f i e d  two-phase f l o w  f i g u r a t i o n .  
T h i s  s t u d y  h a s  been s u p p o r t e d  by a CNRS* c o n t r a c t .  
C e n t r e  N a t i o n a l  d e  l a  Recherche  S c i e n t i f i q u e  ( F r a n c e ) .  
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Resonances, Radiation Pressure, and Optical Scattering Phenomena of Drops and Bubbles 
P. L. Marston, S. G. ~ o o s b ~  ,* D. S. Langley, and S. E. LoPorto-Arione 
Department of Physics, Washington State University, Pullman, Washington 99164 
Abstract 
Acoustic levitation and the response of fluid spheres to spherical harmonic projections 
of the radiation pressure are described. Simplified discussions of the = 1, 2 ,  and 3 
projections are given. A relationship between the tangential radiation stress and the 
Konstantinov effect is introduced and fundamental streaming patterns for drops are predic- 
ted. Experiments on the forced shape oscillation of drops are described and photographs of 
drop fission are displayed. Photographs of critical angle and glory scattering by bubbles 
and rainbow scattering by drops are displayed. 
Introduction 
This paper summarizes research into resonance, acoust-ical, and optical properties of 
drops and bubbles. In addition to reviewing earlier work, models concerning tangential 
stresses, streaming, and the hexapole projection of the radiation pressure are given. 
These may be applicable to the enhancer.1ent of circulation in containerless conditions. New 
experiments are described. The methodology and notation are simplified from that in 
earlier papers to manifest the essential results. A review of research into optical pro- 
perties of bubbles will be published separately1 so that research is only briefly sum- 
marized (near the end of this paper) in a section which may be read independently of the 
others. 
Acoustic Levitation 
Experiments on a single drop with a stationary (or nearly so) center-of-mass are pos- 
sible by counteracting gravitational buoyancy forces with forces due to acoustic radiation 
pressure. This technique has been particularly useful for obtaining physical properties of 
metastable liquids (for a review of this application see Ref. 2); however, the present 
paper is concerned with the mechanics of drops rather than the properties of the constit- 
uent fluid. The fluid in the drop is-fssumed to have a density pi, sound speed ci, and 
adiabatic compressibility Bi = (p.c.) . It is assumed to be immiscible in the surrounding 
host fluid which has correspondink Broperties co, p , and 8 . The i and o diacritics refer 
to the inner and outer fluids, respectively. In th8 diagr&s which follow, the z axis is 
chosen to be up, antiparallel to the acceleration of gravity. The incident acoustic wave 
(neglecting scattering) will usually be taken to have uniaxial flow parallel to the x axis. 
The time averaged stresses lf the incident and scattered haves not only levitate the drop, 
they also change its shape. These effects are roughly independent for small deformations 
and in this section the drop wili be assumed to be spherical with a mean radius a with a 
center at z = 0. 
To obtain sufficient radiation pressure forces to counteract buoyancy, the incident 
sound wave approximates a standing wave, which (for the case of uniaxial flow) has the fol- 
lowing pressure p(z,t) = p cos(kz + kh)sinwt where k = w/c = 2n/X and z = -h is the loca- 
tion ?f an adjacent velocity node. The average force vectop o the fluid sphere due to the 
acoustic radiation pressure (which is second-order in ps) is 4 3  
where 2 is the z axis unit vector, q is p /po, and the effects of the viscosities of the 
inner and outer fluids have been neglecteb. The derivation of Eq. (1) assumes that both 
X E ka c t  1 and X < <  Xm where X = aw /c and w is the lowest radial (or monopole) reso- 
nance frequency of the sphere. m ~ h e  lvttgr requTrement is due to the omission of the dynam- 
ical effects of resonance; in traveling waves these may be included by taking the appro- 
priate case of an expression derived for elastic spheres (see discussion in Ref. 6 of 
Eq. 24). [It can be shown that the lowest non-zero root of (l-q)tanX = Xi gives X = 
c.X /co. Drops in liquids with 1 l-qI << 1 have X. = n/2 and X = nc )2c Dro s is air 
hkvh q > >  1, Xi = n and X,, = nc i /c 0' Gas bubbleslhave q < <  1 End xmi= (98,/~~)4 << 1.1 
The cause of the term proportional to B is illustrated in Fig. 1. Assume that 6. > >  Bo 
and pi i po so that Bi >>  BOD. For 0 < h 4 114, as in Fig. 1, <F> is directed downward 
*present address : Naval Undersea Warfare Engineering Station, Keyport, WA 98345. 
Fig. 1. The solid and dashed curves 
iliustrate p of the incident wave for Fig. 2. Local mean Fig. 3. Streamlines for 
wt = n/2 and 3n/2, respectively. stresses on a quad- inviscid low frequency 
Quasi-static responses of the sphere rant of the sphere's flow past a sphere and 
and the a~sociated instantaneous forces surface. (cashed) the favored 
due to Vp ;.re illustrated on the left. deformation. 
3 since the sphere's volume, V(t) = (4na /3)[1-8 p(O,t)], is largest during that part of the 
cycle when (-Vp) is downward; conversely, <F> fs upward if A/4 < h < A/2. In a gravita- 
tional field g, there is an equilibrium position where <F> = g4na3(p -p0)g/3 provided ps is 
sufficiently large. Equilibrium is slightly above a velocity node il p < p 2atd ~li~htly 
below one if p > pi, provided BOD is negligible. For bubbles, u = (3) 0 p % ) and if 
w > um the of the response is reversed from that shown in fl . 1. ih? direction of 
<F> is reversed so that the bubble is attracted to pressure nodes.? There are ordinarily 
transverse pressure gradients which make the equilibrium unstable in this case. 
For drops of hydrocarbon liquids in water, 0 .  > B D and the equilibrium position is close 
to a pressure antinode due to the phenomena illhstraved in Fig. 1. Levitation apparatus 
often have a dependence of2p4tgagsverse to the z direction which stabilizes the horizontal 
position. Typical designs ' ' at ultrasonic frequencies require p = 2 x 105pa. The 
neglect, implicit if the dgrivations of Eq. i(l), 06 viscous and thermal effects requires 
that the viscous (6 and 6 ) and thermal (6 and 6 ) penetration lengths be << a. These 
are given by 6 = ( $ / w ) *  aXd 6 = ( X / w ) &  whgre, for the inner or outer fluid, v is the kine- 
matic viscosit# and x is the tierma1 diffusivity. For macro~cog~p~drops the above condi- 
tions are satisfied and there is sohe experimental confirmation of Eq. For micro- 
scopic objects, e.g., red blood cells, viscous corrections bwome significant. 
For the levitation of liquid or solid spheres in air, - $ D) = -0 512 and'Eq. (1) 
reduces to the well known expression first derived by yin:!~~. ?he signoof <F> is reversed 
and equilibrium positions are near pressure nodes. Attraction to the velocity antinodes 
occurs because the average reduction in pressure due to the Bernoulli effzct is strongest 
on that side of the drop. Equation (1) neglects harmonics generated from the nonlineari- 
ties of the equfjions-of-state. Larmonic effects can be significant in gases unless they 
are suppressed. 
Multipole Projections of the Radiation Pressure 
The radiation pressure on the surfacv of a compressible sphere is distributed nonuni- 
formly. To describe tht: response. cf the sphere, it is convenient to use spherical harmonic 
(or "multipole") projections of the radial stress 
where 8 is the polar angle illustrated in Fig. 2; $ is the azimuthal angle; p ,v, and v 
aenote the total (incident + scattered) first-order pressure, velocity, and ridial veloEity; 
< >  aenotes an average over an acoustic period; and the Y are real-valued spherical har- 
monic functions described in Ref. 14.** Equation (2b) e&#luated for the conditions at the 
inner side of the sphere's surface gives the radially outward forcelarea; evaluated at the 
- - 
 he notatjon is simpler than in Ref. 14 and 15 since we first consider unmodulated 
incident waves. Correct prescriptions for the Y with t 2 jmjf0 are given n footnote 4 
printed incorrectly in Eq. (Y2). 
a of Ref. 14. Due to an error of transcription ingAef. 15, the sign of the <vr> t e n  was 
outer side, it gives the inward force/area. Hence Eq. (2a) 
is the projection of the second-order radially outward 
force/~rea. Derivations of the stress tensor for Eq. (2b) 
ure cited in Ref. 15. For incident waves characterized by 
uniaxial !lows along the z axis, R = 0 for m # 0 and the 
relevant yea tee ordinaryei = 0 s herical har- 
monics: yOD Y;4?Ysk Y = 3/4n)lcos~, f = ( ~ / l ~ n ) t  
(3cos26-1). and Y30 = ~ ( I ~ P B ~ ) ~ ( ~ c o s ~ B - ~ c o s ~ ? ~  We retain 
the m subscript to allow for other incident waves. PLATE A 
For incident waves with no dependence on I$ (e.g., the Fig. 4. Reflection of sound 
uniaxial case mentioned), the continuity of v and pl from a rigid plate produces 
(bothoscillateat f r e q u e n c y w ) a t t h e b o u n d a F y g i v e t h e 1 0  tangentialstresses. 
following local radiation stress on the sphere's surface 
where d = q-1, Q is the inner acoustic velocity potential and the derivatives are evalu- 
ated wiih the radial coordinate r = a; Eq. ( 3 )  neglects viscous effects. Expressions for 
y at r = a and the Q are derived in Ref. 5. If the incident wave is again the standing 
wive p(z, t) = cos(k& + kh)sinwt, then Eq. (3) is applicable. From Fig. (2) we expect that 
iF1 = (4n/3)haP~ . indeed. a laborious computation of R reproduces Ep. (1) for the same 
conditions on X Q8Ln though Eq.  ( 1) was originally derive8 by a slightly different method of 
averaging. 
To obtain those radiation stresses which favor the spheroiffl (or "quadrupole") deforma- 
tion of a compressible sphere, we used Zq. (3) and found that 
2 
where d 1 d /d . d = 1 + 29, d = 2 + 38, and b = B /Ilo - c2/qc . It is assumed that 
X = ka annh that f << . A ranarkable feature of kq. (4) 9s that if q # 1 and the 
sphcre is not precisely cen 'h ered on a velocity node, then sinkh + 0 and R20 does not vanish 
as X + 0 (that is as A / &  * 0). The reason for this is illustrated in Fig. 3. Assume also 
that p i  ?' p (as for a drop in air) so that translational motion of the sphere is negli- 
gible. A t  tHe equator ( 0  = 90.) the mean pressure is less than at the poles since the poles 
are stagnation points. Consequently, there is an outward directed stress on the equator 
whicQ6will tend to deform a drop into a nearly oblate spheroidal shape as has been obser- 
ved. 'fQ~l$quilibriun shape is determined by a balance of R with stresses due to fyrface 
tension. The pressure distribution of oscillating incom6gessible potential flow has 
been used to give an independent derivation of Eq. (5a) which does not even require that 
oi >> P . This argument has also been extended to traveling waves, where as X + 0, 
R + with p equal to the pressure amplitude of the incident wave. The only Re, which 
d8'not ii8cessarify vanish as X + 0 have t = 2 or t = 0. 
Compressible liquid drops (e.g., silicoqe oil or xylene) in water are attracted toward 
velocity nodes where the part of R = sin lih is small and R is dominated by RW0. For 
these drops R" , and hence R areOnegative numbers because2f2+q)b dominates thh other 
terms in the &entheses in id: (5b). The tendency is again to deform into an oblate spher- 
oid but for a different reason than that depicted in Fig. 3; it appears that the attraction 
depicted in Fig. 1 of compressible fluids to the velocity node can also deform a drop. If a 
drop with 6 > 0 is somehow constrained ( e . g . ,  with the r diation pressure of a secon 9 wave) to 114 neap a pressure node, the term of Eq. (4) X sln2kh may be dominant if 3 is 
not too small. Then R is positive and the drop will tend to elongate. This is apparently 
due to the repulsion o#Ohighly compressible fluids from pressure nodes by the mechanism 
depicted in Fig. 1. 
To obtain the hexapole projection, which favors a "pear" 8 aped deformation of a compres- P sible sphere, re used Elq. (3) and found that R -p%~~(n/7) X [(3qd /dzd3) + 0(~~)lsin2kh. 
It is aarumed that X << 1 and that X << X,,. ~1: dependences on kh ani X differ from those 
of RaO but tbe periodicity in h may be argued from elementary considerations. 
Equat on (2) and these results for Hz and R3g neglect the previously mentioned harmonic 
e H e c t d l  which are known to alter the <#> exerted on npherss In air when the fuaduatal 
amplitude, p is large. Harmonic effects should bo negligible when the outer fluid is 
liquid or, i! 'it is a gas and pa is e~mall. 
I ENVELOPE 
L 
SPECTRUM 
Fig. 5 .  Streaming patterns driven by pro- Fig. 6. An appropriate modulation of 
jections of POT with (a) L = 2, m = 0, and p gives equal oscillating and static 
(b) L = 1, m = 0. terms in the Rem. 
Tangential Radiation Stresses, the Konstantinov Effect, and Streaming 
Let T = 8nor + $"r denote the time-averaged tangential force yector per area of an infib 
itesimal region of surface on a compressible sphere. Here 0 and $ denote the local unit 
vectors (at the surface point specified by 0 and 4 )  in the direction of increasing polar and 
azimuthal angles, respectively. The stress T is taken here to denote the total radiation 
stress due to the inner and outer (incident + scattered) acoustic waves. Marston has 
shown14 that T vanishes if the first-order (or acoustic) flow is assumed to be adiabatic- 
inviscid (or "potential") flow. Viscous or thermal dissipation near the sphere's surface 
produces tangential stresses. The purpose of this section is to comment on these stresses 
and on the associated acoustic streuaing. 
The oonnection between dissipation and tangential stress is illustrated by the "thought 
experiment" shown in Fig. 4 .  A sound beam with a mean energy density E and area A' is 
reflected off a rigid plate of area A = At/cosY. The reflected beam has mean energy den- 
sity TE where T < 1. The y coordinates at which these energy densities are specified are 
much greater than the viscous and thermal penetration lengths for the fluid, 6, and 62. 
Attenuation due to any absorption in the bulk fluid (which leads in part to "volume" acous- 
tic streaming) is neglected here so that T is associated with the losses locslized within 
the region extending a few penetration lengths from the plate. The incident and reflected 
waves have pseudomomentum densities17 of E/c and TE/c where c is the fluid's sound speed. 
Time rates-of-change of the incident and reflected pseudomomenta (in their respective direc- 
tions of propagation) are EA' and TEAf. The plate feels a tangential radiation force in the 
x direction equal t,o the rate of x-pseudomomentum loss, (1-T)EAqsinY. Consequently the tan- 
gential radiation stress Ilx = E(l-T)(A'/A)sinY = (E/2)fl-T)sinZY, For an inviscid fluid, 
T = 1 and n = 0 at a rigi8 plate. An equation similar in form to this expression was 
derived by ii8rgnis18 in a different context. He neglected the possibility of viscous and 
thermal boundary lnycrs but attributed (1-T) as due to refracted waves within the (now elas- 
tic) reflector in an inviscid fluid. That interpretation would require that the refracted 
waves are absorbed wirhin the plate. Also it neglects dissipatjon external to the plate. 
A theory for the dependence,of the intensity reflection coefficient T on the angle of 
incidence V was given by ~onstantinovl9 for a rigid plate maintained at a fixed temperature. 
For the purpose of estimating the dependence of nx on Y and its maximum value l l i  , our 
numerical tests show that the following approximatxon (Ref. 20, Eq. 1) to ~onstaneinov's 
T (see Ref. 19, Ey. 53) is applicable 
where Yl = (1112) - Y radians is frequently called the "grazing angle" and Y2 = 8, + PT 
where Y, = k6, and Y, = (y-l)k6 . Here 6, and 6, are the penetration lengths of the sur- 
rounding fluid as previously deiined and y i the at lo of specific heats at constant pres- 
sure and volume. There ie a minimum 7 of (2i - 111 = 0.176 which occurs for YI = Y2. 
Unless the acoustic frequency f = w/2n is quite large ( 2  1 GHz), most fluids have A ,> 6, 
and X >>  b T  so that the minimum in 7 usually occurs for Y near 90.. For most liquids 
Y, >> P, and the thermal boundary condition is not important. 
In the following discussion of T and its influence on nxy,  it should be remembered that 
for a given fluid, Y2 a n. Consider the cases of air and water at a temperature of 2O.C 
and f = 1 YIz: for air, 6, = 1.5 urn, 6, = 1.8 pm, and \Y2  = 2.4.; for water, 6, = 0.4 ua, 
6,.= 0.15 pm, and Y2 0.10*. Numerical computations give lIiy o: Y2 with Jl;cy a 0.043Ewhen 
C?ib3!X+,L P i t h i  
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Fig. 8. Far-field scattering for: (a) the rainbow 
region of a xylene drop (a-500 urn) levttated in water; 
and (b) the critical reg ion  of an air bubble (a=480 Urn) 
in water.  In both caaes the i n c i d e n t  l i g h t  had a wave- 
l e n ~ t h  {in water )  of 632.8 nm/n, where n , = 1 . 3 3 .  In 
0 4 [a) the scattering angle (denoted by b in Fig. T I  
increase8 from left to right; the angular width o f  the  
photograph 7.. The coarse structure (broad verticel 
banes) is described by Airy's diffraction integral. In 
(b) the scattering angle (9 in Fig. 11) decreaees from 
F i g .  7 .  Rays fpr a spherical drop left t o  r ight  (with $c near the left e d ~ e )  and t h e  
of xylene i n  water which  contribute width -14' .  The coarse s t r u c t u r e  in (b) is due to 
to rainbow scattering. The dashed critical d i f f r a c t i o n  and interference. The scattering 
profile is when x tm( t )  > 0, t = 2 ,  plane and the incident electric field are perpendicu- 
n~ = 0 .  lar in (a) and parallel in (b). 
Y - 1". The sin2Y factor in TIxy ckusea n; to occur with Y 1  > T 2 .  (The C1 associated w i t h  
mpproaches 6' as Y 2  - 0 ;  It Increases ~11th increasing Y 2  w i t h  a slope of roughly 8 until 
Y 2  = l0 and more slowly thereafter.) The maximum in n 1s broad: I7 ( I f  - 4 5 " ]  = 0.03 E 
when Y 2  = l o  and I, ( 4 5 ' )  is roughly T 2 .  For 1 s 70': Konstantlr~ XYs T depends rornewhat 
on QV/I, ; however, This dependence is not retained in Eq. ( 6 )  and in these estimates. 
l!erreyz1 has measured radiation stresses on a copper plate In water but did not d e t e c t  
tangential stresses for f = 1 MHz and P s 50".  I t  may be that for these P t h e  experiment 
was not able to discriminate between the Tixy and the nwch larger normal st:.ess whose magni- 
tude = 2 E w h e n  Y = 0 ,  Secon order acoustic torques  on a rigid s u r f k c e  caused by tangential 
etresaes have been observcd. $5 
It might appear that the expression for  ll does not allow for t h e  momentum o f  f l u i d  
streaming near the surface. If the extent oYYtht? plate is l e n g t h e n e d ,  however, so that V i s -  
cosity transfers the x-momentum of the second-order flow to  the plate, the apparcnt nxy on 
the  plate is st i l l  given by t h i s  expression. T h i ~  may also be shown by c o n s i d s r i n b  ?,he 
momentum flux across a control surface which e n c l o ~ e s  both t h e  p l a t e  and the confineu strea- 
ming. One procedure for describing how the first-order velocity Y iR coupled to the second- 
order ve loc i ty  u is to c o n s i d e r  the equation for the second-order vorticity: 2 3  
where SE is Eckart 's "volume" source of vortickty23 which is negligible near the surface in 
comparison to tlte "surface" sources SR and ST. This procedure i s  useful for the description 
of streaming near rigid surfaces provided t h e  Reynold" number (for u )  i s  vmall. 
An approximation for u wbich should be useful near the fluid-fluid interface of a drop or 
a bubble was introduced by marston .14 It is to neglect the source terms in Eq. (7a) and to 
so lve  the resulting homoge~eous vorticity equation subject to boundary conditions which 
include the tangential (TI arid radial ( R a m )  radiation stresses on the interface. As 
reviewed subs~quently, this procedure is particularly useful for describing the response t o  
oscillating R u m  due to modulated sound. In this section the sound has no modulation and u 
is driven only by the T. By inspection of Eq. (7) and extension o f  the previous momentum 
arguments, t h i s  procedure should be useful i f  the spatial e x t e n t  of  the region of signili- 
cant I v * v ~  Is c <  a; this will be so i f  6, c r  a which is usually the case of inteiest. The 
resulting u can be written in a w r i e s  which makes use of multipole projections  POT)^,,, of 
the tangential divergence of T (see Eq. ( 1 4 )  and Appendix B of Ref .  k4). As noted prs- 
viously , l 5  for steady flows the coup1 ing coefficients in Ref. 14 were illcorrect due to 
error8 in the assumed boundary condit ions (Ref .  1 4 ,  Eq. C6 and C10). Theee errors have been 
corrected in the result given beloc. For incident acodstic waves with no $ dependency 
R = 0 and llq, is independent o t  Q. This T ( S )  must be present because of the dissipation 
ofraound present ut interfaces separqt in. real fluids. Its descrlpt ion may be facilitated 
w i  t b  methods developed for torques. 2' 
Consider t h e  articular case of !Ig, = 82 ~ i n 2 8  where 82 is a constant. This IIBr has 
( P . T ) 1 0  = ~ ( n 3 5 1 0  B2/a rind a l l  other   TOT)^, - 0 as does the tnrque. The interface Is 
Fig. 4. A 2 nun radius drop underp ing forced Fig. 10. A 1.7 tmn radius drop splitting 
quadrupole oscillations with  f = 18 Hz. Here into two drops as a consequence of forced 
and En Fig. 10, iime Increases fram left to quadrupole oscillations w b t h  f 24 Hz. 
r i g h t  and from top to battom. Here, and in Pig. 9, the z a x i s  is vertical. 
assumed to be ideal (free of surface v~ .scos i ty )  and t h e  boundary conditions are continuity 
nf normal and tangential velocities and the balance of forces. These give t h e  following 
velocities inside ( i ) ,  and outside (o), the sphere: u i  = (GF/2 (5?2-3)sin28, u$ = 
Gf(1-F2)(3 coa26-l), u sin28 and u: = GF-6 <l - r2 ) (5  cos 1 0-1) where F = r /a ,  G = 
B 2 a / 5 ( p i  * p o ) ,  and viscosity of the indicated fluid. Resulting streamlines 
are illustrated in Fig. 5(a) .  In addition t o  acoustic stresst:s, externally a p p l i e d  electric 
f i e l d ~ 2 ~  can cause tangential etresses with t h i s  dependence on 8, With an appropriate 
chnice of material parameters, and Bt, we f i n d  t h a t  u and the radial stresses caused by u 
(described i n  the next sectfon) agree w i t h  thase predicted by Taylor" specialized method 
after correcting his algebraic errors. 2 5  Tbr outcr f i u i d  is unbounded i n  this computation. 
Consider now the case of n A  sine where the only ( V m l ' j Q ,  # O has 1 = P and = 0 .  
This stress Is predicted to d r  e following velocity f i e l d :  uh - ~(2i~-l}sine, u i  
~ ( l - F ~ ) c o s ~ ,  u8 = ( ~ ~ 2 ) ~ - ~ ( 1 * ~ ~ ) s l a ~ ,  and u? = ~~-1(?-*-l)cos~ where G = BZa/B(u + u,). 
Interior atreamlines are shown in Pig. 5(b)  ; they are the same as those for emnlt Reynolda 
number flow past a drap calculated by Hadamard and obser,,ed by Far outside t h e  
drop,  the streamlines are those f o r  a stokeslet. which is the creeping motion generated by a 
force concentrated at a point (see Fig. 5 of Ref. 2 1 ) .  This t ype  o f  tangential stress will 
alter the net z directed force on a sphere from t h a t  given by Eq. (1). 
For a large drop with Bi c c  B, in an incident wave w i t h  K >> 1, Eq. (6) and t h e  consider- 
at ions  illustrated in Fig. 4 may be used ta o b t a i n  the signs of Dl and B2. Ef a traveling 
wave is i n c i d e n t  from above, i t  is clear that B1 > 0 due ta the Konstaotinov effect. I n  a 
s tanding  save it" is ta b e  expected tha t  B 3 0 due to stress concentrations between 13 2 45. 
t o  85' i n  opposition tu t b  those be ween 99' to 135' ; however B t  should also deppnd on h .  1 1 I n  e ~ t h e r  case, BI = p and B2 a ps unless the incident pressure amplitude ps Is large. IAa 
I w i t h  acoustic torques,q2 Il may contain a term = ps when t h e  f irst  order displacement ompli- 
tude ( p  /PC-)  1 6,. ) The aotal u will be the superposlrlon or rhoee driven by the individ- 
ual (P*?)~,,,. 
Deformations Induced by Steady Radiation Stresses 
Radiation stresses induce a mean displacement of t h e  interface of a drop or bubble ahieh 
is opposed by surface tension. The mean di~plaeement (averaged over a pcriad of the BCOU6- 
tic rave)  of t h e  interface from that  of a s p h e r e  of radius a will be denoted as x(O,&,; )  
and may be described using the ZolPowEnR spherical harmonic ~erkes: 
m F 
where is a time-independent projection and xe, is an orreillatiag one. The latter van- 
ishem 11 the wave is not modulated end i n i t i a l  t ransfents are n l  lowed to fecag. It will be 
agsumed I n  t h i s  section that i t )  < a so that for  drops the tern1 r o ( t ) /  I ~ m u c h  
smaller than the largest ( x t m  The P I terms represent translations of t h e  sphere's 
center which lead t o  t h e  balance between <F> and buoyancy. The terms repre~enting stmtic 
deformations, the Rp with L > 1, arz proportional to the radiation stres!es on a sph+.re 
given by Eq. (2) (whTch neglect the deformation) provided the-resulting IxL I <<  a. [Cor- 
rections to the first-order scattering when X < <  1 will be O(xp /a) or smalyer and will 
induce only small changes in the stresses. ] A balance of norma!! and tangential radiation 
stresses at an ideal interface with those due to the surface tension o and the second-order 
flow gives 
where ? = tyo+(t+l)pi. The magnitude of T can be estimated uaing Eq. ( 6 )  and the expres- 
' 
sion for nxy. Unless f is so high that 6 ,  + A ,  one expects to have IRp I>>la(V*T)p I for 
1 > 1 so that i should be largely determined by the radial stresses. !he deformat~yns 
x may-easily (xceedl4 the first-order particle displacements (ps/pcu); they are a pa pro- 
vfged Ixp I < <  a and (p /pew) ( <  5 , .  The most noticeable effect of the (P-T)ILm may be the 
second-orter flow descrfbed in the previous section. 
Shape Oscillation Resonances Forced by Modulated Radiation Stresses 
Second-order flows and deformations may be greatly enhanced by modulating the incident 
acoustic wave at a frequency so as to fofte fhape oscillation resonance. The purpose of 
this section is to summarize the theory. There is a slight change of notation from the 
previous sections: fc will denote the frequency of the incidet~t sound in the absence of 
modulation (typically fc > 100 kHz), and f (which is < <  fc) denotes the frequency of the 
shape osciliations. To drive the shape oscillations, the incident wave is a standing wave 
of the following form p(z,t) = -2pcsin(wct)cos(&wt)cos(kz+kh) where w = 2afc, k = wc/c 
u a 2nf. and z = -h is again the location of the adjacent velocity nose with z = 0 at tf; 
drop's center of mass. The factor (-2) is included only as a matter of convention.14m1 
That nonlinearities are essential to the generation of the low frequency shape oscillations 
is illustrated in Fig. 6. The upper part shows the modulation envelope and the spectrum of 
the incident sound which consists of two sidebands, each with an amplitude p located at 
fc-( 112) and f +(f/2). The wave at the carrier frequency fc is suppressed, B;e to the modu- 
lation. From Eq. (2) it can be shown15 that the radiation stresses vary in time such that 
RQm(t) = APm[l+cos(wt)~ and this has a time dependence and apectrum illustrated in the lower 
part of Fig. 6. The radiation stress contains a static term and one which oscillates at the 
difference f~equency of the sidebartds. The confitant 8 is given by the R associated with 
a steady incident wave of frequency fc and pressure amaPitude p = pea. &nsequen t ly 
Eq. (4) and the result for R may be used here but with a simpfe substitution. For small 
pC, the tangential stress T ?Pi1 also be proportional to p~[l+cos(ut)]. 
The theory for the response 14*15 is complicated by the nature of the boundary layer dam- 
ping. In the present treatment we simplify the results by omitting the small deformation 
and flow induced by the oscillating part of (V*T)Pm. For incident waves with no dependence 
on 4 ,  all projections with m # 0 vanish. Consequently the subscript m will be omitted. The 
oscillating parts of Eq. (8) are given by 
and the static parts, 9 , are given from Eq. (9) by omitting the (V*T). ferm. In Eq. (lla) 
wf is the natural frequ&ncy (neglecting viscosity) of the lth mode andLr = tpo+(P+l)zi. 
Here u and y are damping parameters (gikpn by Eqs. (22) and (23) of Ref. :41 which are 
functions of Q, a, ui, v0, pi, and po; a is due to the damping of the ~~~~~~~~y layer since 
it vanishes if either 0i1.1~ + 0 or popo + 0. For drops surrounded by a liquid, y is typi- 
cally c aw'h but it is similar in magnitude to a2. It was assumed in the theary for a and 
ythatthe interface was ideal and thus free of surfactants. 
From Eq. (lob), &Q depends both on the frequency end Pth projection of the stress. As 
quantified below, when w is slightly less than wk, lxel is maximized; depending on the 
stress distribution, other modes may be driven but at lower (nonresonant) amplitudes. An 
example of a pure O = 2 profile is shown in Fig. 7 .  It is convenient to omit the t sub- 
script when possible in the following discussion. The phase delay of oscillations E is 90' 
when w is chosen to be the uadrature frequency 3. The prediction is that V ( B )  = 0 which 
gives 3 = w* - (u/2)w44 + a9/4. D,e to the inertia of the boundary la I* t u*, unlike 
the case of ordinary damping. The mechanical Q of the Ltb mode is wXil;i(w*) provided ui 
and u0 are spll enough to make this ratio somewhat larger than unity. [Evidently 
3 1 w*(l-4Q ) for liquid-liquid systems.] The response amplitude 121 is maximized when 
w 1 G. At this m?ximum, i = Qx, so the oecillations should be enhanced by a factor of Q. 
As W / U *  + 0, i + X; however, as w/u* + a, i/k + 0. 
A matrix. Eq. (17) of Ref. 14, makes it possible to compute the oscillating part u. (The 
total u also contains a static part driven by the static part of T.) In this matrix and in 
Eqs. (7), (9), (lo), and (ll), convection of momentum by the second order flow was neglec- 
ted. This o~nission should have a negligible effect on the oscillations provided a Reynolds 
number R = wlfla/vo and the static part of u are small. 
Observations of Forced Shape Oscillations and Rainbow Scattering from Drops 
Three groups of experiments on forced resonan will now be sumaarized. The reader 1 .  
encouraged to refer to the original papers3*a*g.98 for details. The first and second ; .. . . 
made use of proper tie^ of scattered light,28 to detect quadrupole ( K  = 2) oscillatio!. In 
which f was a few um and smaller. A profile of a drop and the relevant light rays a shown 
in Fig. 7. Yost of the observations were done for drops of benzene and p-xylene in uis- 
tilled water. The drops were levitated by a continuous acoustic st~nding wave with a typi- 
cal frequency of 51 kHz which was c <  fc. Their radii were in the range 150 um to 1.2 mm and 
the corresponding natural frequencies w*/2r were predicted to be 1.1 kHz to 50 Hz. 
In the first e~~eriments,~ fc was typically 679 kHz. When f = 0, the interference of 
rays labeled 0 and 2 in Fig. 7 produces a fine structure in the scattering visible to the 
eye via a telescope. This structure gives the closely spaced vertical fringes in Fig. 8(a). 
Conditions on the modulation leading to shape oscillations were mapped by making use of a 
blurring of the fringes induced by small f. The conditions on w were consistent with the 
forcing of qundrupole resonance. Large f leading to drop breakup were also observed. 
The second group of experiments gave quantitative resonance properties. These made 
use of photometric aspects of the coarse structure in the monochromatic rainbow scattering 
shown in Fig. 8(a). The "rainbow hotometry" technique gave absolute measurements of E and 
relative measurements of 1 with I ~ P  < 25 rn and 0.5 mm < a < 1.2 mm. Here fc = 217.5 kHz 
and pc 5 70 kPa. The results are summarized as follows. (i) The dependence of 5 on w is 
consistent with Eq. (IOc) except that o is larger than calculated and the inferred o is 4% 
lower than expected. (ii) With the empirical o and a, the data give a dependence of 0 on 
radius consistent wi h predictions. (iii) f is maximized when w Q. (iv) Provided h is 
held constant, f a pi aa expected. (v) The empirical o gave 2 values which were 70% of the 
modeled values; however they are consistent with the presence of a film of impurities at the 
interface. (It is unfortunate that the drops were xylenea and ben~ene.~ We have recently 
learned that these liquids almost always form nonideal interfaces with water.) (vt) Uncer- 
tainty in a conversion factor precluded the absolute measurement of % ;  however, the estima- 
ted 121 are consistent with the R20 from Eq. ( 4 ) .  (vii) Empirical Q were typically = 7.  
In the third group of experiments, Cioosby9 and Yarston made hi-speed motion-picture 
photographs of drops undergoing forced shape oscillations. The drops consisted of a dyed 
silicone oil with v = 2 CS and pi = 0.88 gm/cm3. They were levitated by a 55 kHz wave in a 
water-filled resonator consisting of 50 mm x 75 mn glass microscope slides cemented along 
their long sides. A PZT disc (38 mn dia., 13 mn thick) drove both the 55 kHz wave and a 
modulated wave with f, = 170 kHz. Drops were levitated and f was adjusted to maximize ):I 
for quadrupole oscillations apparent to the unaided eye. Figure 9 is taken from a sequence 
in which every third frame was printed giving a time interval between printed frames of 
5.7 ms. Timink marks on the film revealed that 5 = 90. ? 9' rshich agret with predictions. 
This is noteworthy because here Ikl/a = 0.4 and the Reynolds number R = LEO. For this mea- 
surement kh < <  l and Eqs. ( 4 )  and (9) p~edict that 2 < 0. The photographs and timing marks 
when combined with Eq. (lob) also give x < O.with K - 2 and m = 0. 
As in Ref. 3, it was observed that oscillation amplitudes could be made large enough to 
fission the drop. Figure 10 shows the details of the fission process. The time interval 
between frames was 1.2 ms. This is a new acoustic technique for splitting drops since it 
relies on the modulation of the radiation pressure. Previous acoustic methods ty ically 
depended on transient cavitat icm f o generate shock rnves which could split drops .49 
The Physical Optics of Light Scattering from Bubbles 
Unlike the cas- of scattering from drop-like objects, the physical optics of scattering 
from bubbles (where the refractive index of the scatterer ni is less than that of the sur- 
roundings no) has been explored only recently. This study has emphasized those angular 
regions of the scattering where diffraction corrects for divergences predicted by geometric 
optics. 1 Th Lie include glory or backscattering, 30 forward scattering , l  and critic111 angle 
scattering. 3r* l2 The follo*ing is only a brief surmnary, the interested reader should consult 
Ref. 30-32 and papers cited therein. In this section, Q denotes the scattering angle 
(Fig. 111, X denotes the wavelength of light within the outer fluid, 0 denotes the local 
angle of incidence at the bubble's surface for a ray with p internal cRords, and m I ni/n,. 
Far-field scattering will be described which is that observed by a camera focumed on -. 
The critical scattering angle, 0. : 2 arccos(m), is where the surface reflected ray has 
an angle of incidence 80 = arcsin(my. 'or 6 5 Oc, geometric optics predicts that reflection 
CCI?,!l'!@,L ?'t',C? 
BLACK A[\lD WHITE PHOTSGRAFkf 
will be total ,  however models31 and Hie theory32 show 
that i a  not t h e  case a t  &, due to diffraction. For 
@ -= &,(=R3" f o r  bubblea i n  water) there is a coarse 
structure to the acntterinu due to  this diiiraction 
and to the interference w i t h  t h e  p = 1 ray .  Thin  
structure { v i s i b l e  in Fig. I Bb) ) h s an an~ular 
spacing which La typically 5 ( \ / a ) f  n d .  Physie.1 
o p t i c s  m d ~ l s  o f  this ~ t r u e t u r e 3 ~  agree with Mie 
theory when a > 41. For a bubble and drop of the 
same size, each w i t h  a >, I, the bubble's Coarse 
structure Is broadrr than the rainbow" since thp 
latter's quasi-perlod can be ~bown from Eq. 5 af Ref. 
28 to  be 5 ( ~ / a ) 2 / 3  rad. Other p h o t u ~ r a p h s  a? scat- 
tering by bubbleslr jl reveal a f ~ n r  s t r u c t u r e  dup 
primari ly  to tho iriterfrrencp of p = O and 2 '  rays. 
Its spacing is typically 5 0 . R  X/a radians. Back- 
scattering from bubblea i n  our model can emf ly 
exceed that  lrom a perfectly reflecting ~ p h e r e  of tho f -  
shme size. I t  has a quasi-periodic structure which 
1s especially rr~ular for  t h e  cross-polnrlzed scat- 
tering. Observations of t h i s  ~ t r u c t u r ~  affrei? well 
w i t h  thcnry.l0 T h i s  structure is evident I n  Fig. 12 
as the concentric rings centered in the $ 180" P i u .  11. Rags for a b u b b l ~  i n  water. 
direction and spaced st 0.05' intervals. 
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Abstract 
In this paper a boundary integral numerical method for the dynamics of non-spherical cav- 
itation bubbles in inviscid incompressible liquids is Cescribed. A very efficient feature of 
this approach is that ~t involves only surface values of the velocity potential and its first 
derivatives, thus avoiding the problem of solving the Laplace equation in the entire domain 
occupied by the liquid. To illustrate the performance of the method the collapse of a bubble 
in the vicinity of a solid wall and the collapse of three bubbles with cc'linear centers are 
considered. 
Introduction 
The development of the study of the dynamics of non-spherical bubbles has been seriously 
hindered in the past by the lack of computational tools applicable to severe deformations of 
the spherica'. shape. Existing methods I - '  are cumbersome to implement and require long exe- 
cution times. These problems have prevented their widespread usage and common acceptance. In 
this study we shall present a much more efficient method based on the boundary inteq-a1 ap- 
proach which can be implemented in a relatively small number of program instructions (500- 
600). It is flexible, precise, and requires short execution times (typically 3-5 minutes on 
a Univac 1100). The method is applicable to irrotational, incompressible, inviscid flow and 
we present an axisymmetric version of it. To illustrate the results obtainable in this way 
we consider the Rayleigh problem, one of the cases studied by Plesset and Chapman ', and the 
collapse of three bubbles with collinear centers. 
Mathematical formulation 
We consider the flow induced by one or more bubbles in a liquid occupying a domain R 
bounded by the surface of the bubbles, S , rigid boundaries, S , and a "surface at infinity" 
S .  In the hypotheses of inviscid irrotakional flow the velocity field g can be derived from 
a potential, 2 = I$, and the mathematical problem can be put in the form' 
3 = o  o n s  
an r p  
where p is the pressure, p is the density, a/an is the normal derivative, and d/dt=a/at+P@* 
is the convective derivative.The pressure in the bubble,pb,and at infinity, p-, are taken 
constant in this study, although this is by no means required by the method. Surface tension 
effects have been disregarded, but they can be included with relative ease. 
The strategy of solution is in principle quite straightforward. Suppose that the position 
of the bubble surfaces Sb and the value of @ on Sb are known at time t. Then Eq.(l) can be 
solved using the houndary conditions (2),(5), and the known 4 on Sb. From a knowledge of the 
potential it is then possible to evaluate the right-hand sides of (3) and (41, which allows 
the computation of the new configuration of Sb and of the potential on it at time t+At. The 
cycle is then repeated. 
The crucial step in this procedure is the solution of the potential problem. In the past 
this has been done by finite differences ' r 2 r '  or by singularity ;;lethods '@'. The first ap- 
proach is wasteful because it requires tha: the potential be knorn over the entire domain n, 
although only free surface values are needed . In addition, the position of Sb does not co- 
incide with grid nodes in general, which leads to well-known problems of accuracy, coding. 
and others. The second method avoids the explicit solution of (1) because the assumed form 
for 4 already is a solution of the Laplace equation. However a certain amount of guessing is 
necessary, and it is not clear whether very extreme bubble deformations can be described 
sattsfactorily dth this approach. Our technique, based on the boundary integral, or bound- 
ary element,method5, retains the advantages of the singularity method wnile avoiding its dis- 
advantages since it is based on an exact relation, Green's identity. This identity for a 
point !! belonging to Sb or S has the formS 
r 
In conditions of axial symmetry, which we assume, this relation can be simplified by carrying 
out the integrstion over the azimuthal angle explicitly with the result 
In this equation x and I' belong to a meridian (halflplane passing through the axis of sym- 
metry and rb and rr are the traces on this plane of Sb and Sr respectively: s' is the arc 
length on these curves r. In the meridian plane we choose a Cartesian system of coordinates 
(r,z) , of which the z-axis coincides with the axis of symmetry. Then G,H have the form 
where A = (r+r')'+ (z-z')', m=4rr1/A, and K denotes the complete elliptic integral of the 
first kind. 
In the applications to be described in this paper the existence of the riqid boundary is 
accounted for by introducing a system of "image" bubbles. Therefore condition (2) will be 
implicitly satisfied and it is no longer necessary to indicate explicitly the rigid boundary 
Sr or rr. Accordingly, we shall not carry these symbols along in the following equations and 
we shall denote rb simply by r . 
Numerical method 
Since 4 is known on r from the previous time step, Eq.(7) can be regarded as an integral 
equation for am/anS. To solve it, we approximate the line I' by a polygonal line consisting 
of n segments 1. on each of which 4 and3@/an1 are taken constants.(rJe have also made some 
numerical experiments assuming a 1 inear variation of 4 obtaining virtual1 y identical results) . 
In this way we obtain from (7) a linear system 
n 
where w = a@(yj)/ an' can be interpretecl as the value oi: the normal velocity at the mid- 
point of Tj and 
a = G r , z r , z 0  d 8  , bi= ((4) + I , I ~(r~,z~;r'.z') $(r',z8) ds' . (10)  
i j 
r j=l 
Here r ,ai are to be interpreted as the coordinates of the midpoint yi of r The integrals i' in (lot are performed numerically by a six-point Gaussian formula except for those over rj-ri 
for which the integrand has an (i-tegrable) logarithmic singularity. A series expansion in 
the neighborhood of this singularity coupled with Simpson's formula over the rest of the 
interval is used in this case.The elliptic integrals are computed using the simple approxim- 
ate formulae of Ref. 8. The tangential velocity along the bubble surface is computed to the 
same accuracy as the normal velocity as follows 
where ri+1 and zi are the extrema of the segment Ti. The normal and tangential velocities 
computed in this way are then referred to the (r,z) system of coordinates and transported 
by linear interpolation from the midpoints to the extrema of the segments ri. 
At this point Eqs. (3) and (4) can be used to compute the advanced-time values of the 
positions of the vertices of the polygonal line and of the associated velocity potentials. 
For this purpose the following second-order formula is used 
where T= At / At - and Atnut -t . A similar relation is used to compute the new values 
fie of thg posftlons of xi. ~ ~ : ~ p o ~ s i b i l i t ~  of using higher order time integration formu- lae ot this type is a distinctive advantage of the present method over finite-differences 
ones. This advantage stems from the fact that here it is possible to follow the individual 
trajectories o: +he vertices of the polygonal line during the entire calculation. The time 
step used in (12) is adjusted during the calculation so as to prevent excessive variations 
of ri, zi during a single step. 
Results 
We shall present the results in terms of lengths and times made dimensionless with re- 
spect to %, the initial bubble radius, and { p/ (p,-pb) ) ' '' . The pressure inside the 
bubble and at infinity have been kept constant in all the exam:)les discussed. 
To test the reliability of the method and of the code we have fimt of all computed the 
collapse 3f a single spherical bubble in an unbounded liquid, the well-known Rayleigh prob- 
lem . The calculation started to-develop instabilities in the velocity for a bubble radius 
R-1.411 x lo-', radial velocity Rr483.7, at time tz0.9162. It is well known that this spher- 
ical collapse is unstable . Therefore, the ability of the code to compute a decrease in rad- 
ius by nearly two orders of magnitude with no smoothing techniques applied and within a max- 
imum 1.8% deviation from sphericity is an indication of an excellent performance. The ana- 
iytical result for the radial velocity for the value of the radius indicated above is 
R~487.4, again in excellent agreement with the numerical result. Finally, the analytical 
value of the total collapse time is tc=0.91468, in very good agreement with the computed 
value, which practically corresponds to total collapse. 
As a second test we have considered one of the cases studied by Plesset and chapman1 .Here 
the bubble collapses in the presence of a plane rigid wall, from which it is separated by a 
distance equal to half the initial radius at t=O. In the calculation the plane was simulated 
by introducing an image bubble equal and symmetrically located with respect to the real bub- 
ble. By taking advantage of the symmetry of the problem it is possible to inaintain the num- 
ber of unknowns in the system (9) equal to the number of segments of the real bubble. We 
show in Fig.1 the bubble shapes at selected instants (heavy lines) and the trajectories of 
some of the points on the bubble surface (light lines). It is interesting to observe the very 
strong convergence of streamlines in the jet which evolves in the Inter stuqes of the collapse. 
The shapes of Fig.1 agree with those of Ref.1, but a more stringent comparison is afforded by 
the values of the velocity of the "north pole* of the bubble as computed by us (Fig.2, upper 
line) and as given in Ref.1 (Fig.2, open circles). Although the comparison is good, some minor 
discrepancies exist the origin of which is not clear at the present ti-. It may be noted how- 
ever from the shapes published by Plesset and chapman' that some imprecision affects their 
method near the *north pale* of the bubble, where the tangent fails to be zero as it should. 
The lower line of Fig. 2 shows the time development of the velocity of the *aouth pole* of 
the bubble. 
As a final example we consider the collapse of a system of three equal and equally spaced 
bubbles, with centers on the axis of symmetry. The evolution of the process is shewn in Fig. 
3 for initial bubble spacings of 0.5 (left), 0.2 (center), and 0.1 (right). Because of the 
symmetry of this situation only the upper bubble and the upper half of the middle bubble are 
shown in the figure. The collapse of the central bubble is strongly inhibited by that of the 
other two and its "poles* move very little. This effect of course increases with the proxim- 
ity oC the bubbles. 
Finally, to give an idea of the computati.ona1 requirements we present in Table 1 some in- 
formation on the number of segments used (for all the examples this is the number of segments 
in the first quadrant of the (r,z) plane) . the number of time steps, and the CPU needed for 
the calculation on a UNIVAC 1100/8. Note that we have not tried yet to optimize the method 
with respect to time step size and number of segments used. For instance, it is believed that 
the latter quantity, in the cases of Fig. 3, could be reduced substantially without appreci- 
able loss of accuracy. 
Table 1. Some details on the computation 
Case Number of segments Number of time steps CPU time(mins and secs) 
Rayleigh problem 16 105 1 7 
Figure 1 3 2 79 3 15 
Figure 3, left 4 8 91 8 30 
Figure 3, center 4 8 9 9 9 12 
Figure 3, riqht 4 8 100 9 7 
Conclusions 
The boundary integral method described in the present study has proven to be a very effi- 
cient and accurate tool for the study of non-spherical bubble dynamics. It makes possible 
extensive investigations of non-spherical bubble behavior at a fraction of the effort and 
cost required by other methods. In addition to its value for specific problems, we think that 
this feature is particularly important in the present state of research in this field because 
in our opinion only numerical experiments can help develop the intuition necessary for fur- 
ther progress. 
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Figurc :. Collapse of an initially spherical bubble in tl e neighborhood of a solid plane 
:- l fro- which it is separated by 0.5 times the initial radius. The shapes shown (heavy lines) 
P 3.e at t=O, ta0.950, t11.010, and t=l.C33. The collapse was completed during the time step 
3 after the last one shown. Light lines are particle trajectories. 
t 
Figure 2. Comparison between the velocity of the "north pole" 
of the bubble of Fig. 1 (upper line) and the values given by 
Plesset and chapmanl(open circles). The lower line shows the 
velocity of the "south pole". 
Figure 3. Collapse o f  t h r e e  equal  and equa l ly  spaced bubbles wi th  c o l l i n e a r  c e n t e r s .  The process  
is synanetric about  t h e  z=O plane.  The i n i t i a l  bubble spac ings  a r e  0.5 (left), 0.2 ( c e n t e r ) ,  and 0.1 
( r i g h t )  t i m e s  t h e  i n i t i a l  r ad ius .  The shapes shown a r e  f o r :  A,  t = O ;  B, t=0.950; C, tz1.063; D, 
t = 1  . I05 ( l e f t  and r i g h t ) ,  t=1  .I03 ( c e n t e r ) ;  E, t=1.130; F, t=1.135. 
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A b s t r a c t  
The d e t e r m i n a t i o n  o f  t h e  s i z e  o f  o c e a n i c  a i r  b u b b l e s  p r o d u c e d  by  w h i t e c a p s  a n d  w a v e - b r e a -  
k i n g  i s  o f  g r e a t  i m p o r t a n c e  f o r  p r e d i c t i n g  t h e  ~ r o d u c t i o n  o f  l i q u i d  a e r o s o l s  a t  t h e  s e a  
s u r f a c e .  T h e s e  l i q u i d  a e r o s o l s  a r e  a t  t h e  o r i g i n  o f  m o s t  o f  t h e  p a r t i c u l a t e  m a t e r i a l s  e x c h a n -  
ged h e t w e e n  t h e  o c e a n  a n d  t h e  a t m o s p h e r e .  As no s t a n d a r d  m e a s u r e m e n t  t e c h n i q u e s  a r e  p r e s e n t l y  
a v a i l a b l e ,  a p r o t o t y p e  h a s  b e e n  e s p e c i a l l y  d e s i g n e d  a n d  b u i l t  u s i n g  a n  o p t i c a l  t e c h n i q u e .  
T h i s  t e c h n i q u e  i s  b a s e d  o n  t h e  p r i n c i p l e  o f  l i g h t  s c a t t e r i n g  a t  a n  a n g l e  o f  n i n e t y  d e g r e e s  
f r o m  t h e  i n c i d e n t  l i g h t  beam.  The o u t p u t  v o l t a g e  i s  a  d i r e c t  f u n c t i o n  o f  t h e  b u b b l e  d i a m e t e r .  
C a l i b r a t i o n  o f  t h e  p r o b e  h a s  b e e n  c a r r i e d  o u t  w i t h i n  a  r a n g e  o f  3 0 0  ,dm t o  1 .2  mm. B u b b l e s  a r e  
p r o d u c e d  by  w a v e - b r e a k i n g  i n  a  l a r g e  a i r - s e a  i n t e r a c t i o n  s i m u l a t i n g  h c i l i t y .  E x p e r i m e n t a l  
r e s u l t s  a r e  g i v e n  i n  t h e  f o r m  o f  s i z e  s p e c t r u m .  
I n t r o d u c t i o n  i 
l o  ' 
The p r o d u c t i o n  o f  m a r i n e  a e r o s o l s ,  r e s p o n s i b l e  f o r  t h e  t r a n s f e r  o f  l a r g e  q u a n t i t i e s  ( 1 0  
t o n s  f o  s a l t  p e r  y e a r )  o f  m a t e r i a l s  f r o m  t h e  o c e a n  t o  t h e  a t m c s p h e r e ,  is  governed by t h e  b u r s t i n g  
t i n g  i f  a i r  b u b b l e s  a t  t h e  a i r - s e a  i n t e r f a c e .  T h e s e  a i r  b u b b l e s  a r e  p r o d u c e d  in bulk Sea Water 
by  w a v e - b r e a k i n g .  A f t e r  a  v a r i a b l e  l i f e - s p a n  i n  w a t e r ,  t h e  b u b b l e s  move up t o  t h e  s u r f a c e .  
b u r s t  a n d  p r o d u c e  e i t h e r  j e t  d r o p s  ~t f i l x  d r o p s  o r ,  mos t  commonly,  b o t h  s i m u l t a n e o u s l y .  The 
p r o d u c t i o n  o f  w a t e r  d r o p l e t s  d e p e n d s  on  t h e  s i z e  o f  t h e  g e n e r a t i n g  a i r  b u b b l e .  C o n s e q u e n t l y  
we h a v e  t o  d e t e r m i n e  t h e  s i z e - d i s t r i b u t i o n ,  t h e  c o n c e n t r a t i o n  a n d  t h e  i n j e c t i o n  d e p t h s  o f  
t h i s  a i r  b u b b l e  p o p u l a t i o n  i n  o r d e r  t o  b e  a b l e  t o  p r e d i c t  t h e  p r o d u c t i o n  o f  m a r i n e  a e r o s o l s  
u n d e r  v a r y i n g  wind  c o n d i t i o n s .  T h i s  i s  o f  f u n d a m e n t a l  i m p o r t a n c e  f o r  o u r  p h y i i c o - c h e m i c a l  
e n v i r o n m e n t .  
The p h y s i c a l  m e c h a n i s m s  o f  b u b b l e  a n d  d r o p  p r o d u c t i o n  
When t h e  wind  s p e e d  i s  h i g h  e n o u g h ,  t h e  w a v e s  become u n s t a b l e  a n d  b r e a k .  T h i s  l e a d s  t o  t h e  
p r e s e n c e  o f  w h i t e c a p s  a t  t h e  s e a  s u r f a c e  a n d  t h e  p e n e t r a t i o n  o f  a i r  b u b b l e s  i n t o  b u l k  s e a  wa- 
t e r .  A l t h o u g h  t h e  m e c h a n i s m  by w h i c h  t h e s e  b u b b l e s  a r e  i n t r o d u c e d  i n  w a t e r  i s  n o t  y e t  c l e a r ,  
i t  i s  t h o u g h t  t h a t  . t h e i r  p r e s e n c e  m i g h t  r e s u l t  p r i n c i p a l l y  f r o m  t h e  t h r e e  f o l ! o w i n g  p r o c e s -  
s e s  : i )  t h e  f o r m a t i o n  o f  a  r o l l e r  a t  t h e  g a v e  c r e s t  e n g u l f s  a c e r t a i n  amoun t  o f  a i r  w h i c h  1 % 
i s  b r o k e n  up i n  t h e  w a t e r .  T h i s  l e a d s  t o  t h e  p r e s e n c e  o f  l a r g e r  b u b b l e s  c l o s e  t o  t h e  s e a  t 
s u r f a c e .  !. 
i i )  t h e  wave c r e s t  p r o d u c e s  a  p l u n g i n g - l i k e  l i q u i d  j e t  w h i c h  p e n e t r a t e s  t h e  s e a  w a t e r  
a n d  l e a d s  t o  t h e  p r o d u c t i o n  o f  b u b b l e s  o f  v a r i o u s  s i z e s  a t  v a r i o u s  d e p t h s .  
I !. 
i 
i i i )  t h e  t w o - p h a s e  f l o w  r o l l e r  o f  t h e  b r e a k i n g  wave s l i d e s  uown by g r a v i t y  a l o n g  t h e  
wave s l o p e .  T h i s  g r a v i t a t i o n a l  a c t i o n  c o m b i n e d  w i t h  t h e  h o r i z o n t a l  s h e a r  s t r e s s e s  p r o d u c e d  
a t  t h e  b a s e  o f  t h e  r o l l e r  i n t r o d u c e s  a  1  r g e  number  o f  a i r  b u b b l e s  n e a r  t h e  t h r o w  o f  t h e  w a v e ,  
I 
a j u s t  a s  i n  t h e  c a s e  o f  a n  h y d r a u l i c  jump . 1 
The i n j e c t e d  b u b b l e s  a r e  c a r r i e d  downwards  by  means  of  a  w a t e r  f l o w  i n  o n e  o r  a c o m b i n a -  
t i o n  o f  t h e  a b o v e  p a t t e r n s .  
D u r i n g  t h e i r  l i f e - s p a n  i n  w a t e r  ( s e e  f i g u r e  I ) ,  t h e s e  a i r  b u b b l e s  w i l l  b e , e x p o s e d  t o  
d y n a m i c  f o r c e s  ( d r i f t  c u r r e n t s ,  o r b i t a l  m o v e m e n t s ) ,  m a s s  e x c h a n g e s  ( g r o w t h  o r  d i s s o l u t i o n )  
sad c h e m i c a l  r e a c t i o n s  ( c o l l e c t i o n  o f  s u r f a c t a n t s  a t  t h e i r  i n t e r f a c e ) * .  
Owing t o  b u o y a n c y  f o r c e s ,  t h e s e  b u b b l e s  r e t u r n  t o  t h e  s e a  s u r f a c e  a n d  b r e a k .  T h i s  b r e a -  
k i n g  l e a d s  h e  f o r m a t i o n  o f  two  f a m i l i e s  o f  d r o p l e t s .  t h e  s o - c a l l e d  * ' f i l m  d r o p s "  a n d  
" j e t  d r o p s  It!; 8. 
I 
I '  
* ~ e s e a r c h  d o n e  a t  t h e  " I n r t i t u t  d e  H g c a n i q u e  S t a t i s t i g u e  d e  l a  T u r b u l e n c e " .  L a b o r a t o i r c  a s r o -  
c i i  a u  CNRS, U n i v e r s i t g  d ' A i x - H a r r e i l l e ,  1 3 0 0 3  H a r r e i l l e ,  F r a n c e .  i 
F i l m  d r o p r  a r e  m i c r o n i c  i n  r i z e .  T h e i r  number i r  a n  i n c r e a r i n g  f u n c t i o n  o f  t h e  g e n e r a t i n g  
b u b b l e  d i a m e t e r .  J e t  d r o p r  a r e  of a  r i s e  a p p r o x i m a t e  t o  1 / 1 0  o f  t h e  d i a n e t c r  o f  t h e  g e n e r a -  
t i n g  b u b b l e  and t h e i r  number i r  d e c r e a r i n g  f u n c t i o n  of t h e  s i z e  o f  t h e  g e n e r a t i n g  b u b b l e .  T O  
d a t e  l i t t l e  i s  y e t  known a b o u t  t h e r e  two f u n c t i o n r  due  t o  t h e  l a r g e  number o f  p a r a m e t e r 8  
i n v o l v e d .  
I t  i n  t o  be  n o t e d  t h a t  t h e  b u r r t i n 8  phenomenon i r  r t r o n g l y  d e p e n d e n t  on t h e  c h e m i c a l  
c o m p o r i t i o n  o f  t h e  i n t e r f a c i a l  m i c r o l a y e r .  
To rummar ize ,  t h e  p r o d u c t i o n  of  m a r i n e  l i q u i d  a e r o r o l r  a p p e a r s  t o  r e s u l t  f r o m  a  " c a s c a d e "  
o r  " c h a i n "  p r o c e r r 5  a s  s c h e m a t i c a l l y  rhown on F i g u r e  2 .  
From t h e  above  d e s c r i p t i o n  i t  a p p e a r r  e v i d e n t  t h a t  t h e  d e t e r m i n a t i o n  o f  b u b b l e  c h a r a c t i -  
r i r t i c r  ouch a s  r i z e ,  i n j e c t i o n  d e p t h  and c o n c e n t r a t i o n ,  i s  o f  a  p a r t i c u l a r  i m p o r t a n c e .  
The measurement  o f  b u b b l e  r i z e  
To d a t e  few i n v e r t i g a t o r s  have  t r i e d  t o  u s e  v a r i o u r  t e c h n i q u e s  t o  m e a s u r e  o c e a n i c  a i r  
b u b b l e  s i z e .  An a c o u r t i c  t c h n i g u e  war u r e d  by Fledwin6, a  t r a p p i n g  t e c h n i q u e  by B l a n c h a r d  and  
W o ~ d c o c k 7  and by K o l o v a y e v ~  and  a  p h o t o g r a p h i c  method war used  by J o h n r o n  and ~ o o k e g .  The 
r e s u l t s  of  t h e r e  measurements  have  b e e n  c a r e f u l l y  r e v i e w e d  and compared by wulO.  The n e t  r e -  
s u l t ,  however ,  i s  t h a t  more s y s t e m a t i c  measurements  must b e  o b t a i n e d  by means of  a  r e l i a b l e  
and p r o v e n  t e c h n i q u e .  
A f t e r  r e v i e w i n g  t h e  v a r i o u s  techniques a v a i l a b l e  f o r  d e t e c t i n g  b u b b l e  s i z e  w i t h i n  t h e  
r a n g e  5 0  t o  5 m m ,  a  l o c a l  o p t i c a l  p r o b e  was c elect id!^ 
1 - The p r i n c i p l e  of o p e r a t i o n  
The p r i n c i p l e  o f  o p e r a t i o n  o f  t h e  o p t i c a l  p r o b e  i r  b a s e d  on t h e  measurement  o f  t h e  l i g h t  
f l u x  r c a t t e r e d  a t  an a'ngle of n i t i e t y  d e g r e e s  from t h e  i n c i d e n t  l i g h t  beam when a  b u b b l e  i r  
p a r s i n g  t h r o u g h  t h e  " s e n s i n g "  volume.  I n  t h e  d i a m e t e r  r a n g e  c o n r i d e r e d ,  t h e  o u t p u t  s i g n a l ,  
a  d i r e c t  f u n c t i o n  of  t h e  s c a t t e r e d  f l u x ,  i s  p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  t h e  b u b b l e  d i a m e t e r .  
A s i m p l e  c a l i b r a t i o n  o f  t h e  p r o b e  p e r m i t r  one t o  know t h e  c o e f f i c i e n t  o f  p r o p o r t i o n a l i t y .  
2  - C h a r a c t e r i s t i c s  o f  t h e  p r o b e  
The o p t i c a l  p r o b e  i s  s c h e m a t i c a l l y  r e p r e s e n t e d  on F i g u r e  3.  The l i g h t  r o u r c e  i r  made of  
a  2  mW He - Ne l a s e r  t u b e .  The s e n s i n g  volume.  d e t e r m i n e d  by t h e  s l i t  Dl and t h e  d i a p h r a g m  D2 
a p p r o x i m a t e l y  c y l i n d r i c a l  i n  s h a p e  w i t h  a  500 u m  d i a m e t e r  and a  300 um h e i g h t  ( s e e  F i g u r e  4). 
The l i g h t  i n t e n s i t y  s h o u l d  be  unLformly  d i s t r i b u t e d  i n  t h i s  s e n s i n g  vo lume.  T h i s  i s  a c h i e v e d  
by t h e  p r e s e n c e  of t h e  two above-ment ioned  d i a p h r a g m s  Dl and D2. 
.I 
I t  i s  i m p o r t a n t  L O  m e n t i o n  t h a t  i t ' i r  n o t  t h e  r e a l  b u b b l e  d i a m e t e r  d  which  i s  d e t e c t e d ,  
b u t  o n l y  t h e  image of  t h e s e  d i a p h r a g m s  t h r o u g h  t h e  l e n s e r  i n  t h e  b u b b l e .  T h i r  l e a d r  t o  a n  
a p p a r e n t  d i a m e t e r  kd o f  t h e  b u b b l e ,  where  k  i s  i n d e p e n d e n t  o f  d  and ( h e r e )  o f  t h e  o r d e r  o f  
1 /20 .  T h i s  e n a b l e s  one t o  measure  b u b b l e s  w i t h  a  d i a m e t e r  l a r g e r  t h a n  t h e  " r e n r i n ~ "  volume.  
%+ The l a s e r  s o u r c e ,  t h e  o p t i c a l  s y s t e m ,  t h e  p h o t o a m p l i f i e r  and i t r  a r s o c i a t e d  e l e c t r o n i c s  
a r e  g a t h e r e d  i n  a p a r a l l e l e p i p r d i c  w a t e r p r o o f  s t a i n l e s s  s t e e l  c a r e  o f  5  cm x  10 cm x  30 cm 
( s e e  F i g u r e  4 ) .  A more d e t a i l e d  d e s c r i p t i o n  of  t h e  p r o b e  i r  g i v e n  by A v e l l a n l l .  
3 - C a l i b r a t i o n  o f  t h e  p r o b e  
iC. 
* .  
As ment ioned  a b o v e ,  c a l i b r a t i o n  of  t h e  p r o b e  i r  n e c e r r a r y  i n  o r d e r  t o  c o n v e r t  t h e  o u t p u t  
6' s i g n a l  v o l t a g e  i n t o  b u b b l e  d i a m e t e r .  F o r  t h i s  c a l i b r a t i o n ,  b u b b l e r  o f  a  g i v e n  and u n i f o r m  d i a m e t e r  a r e  p roduced  by means of c a p i l l a r y  g l a s s - t u b e r  i n  a u n i t  e s p e c i a l l y  b u i l t  f o r  t h i s  & p u r p o s e  ( s e e  F i g u r e  5 ) .  
S p 5 c i a l  c a r e  war g i v e n  s o  t h e t  t h e  b u b b l e  c o m p l e t e l y  c r o p ~ e d  t h e  " r e n r i n g "  vo lume.  A few 
t h o u s a n d  b u b b l e s  were s o  p r o d u c e d ,  t h e i r  number c a r e f u l l y  r e .  rded  and t h e  t o t a l  volume o f  
a i r  measured  w i t h  a c a l i b r a t e d  g l a r e  t u b e .  I t  war t h e n  p o s s i b l e  t o  r e l a t e  t h e  ou'put v o l t a g e  
t o  b u b b l e  d i a m e t e r .  T h i r  was done  f o r  f o u r  d i f f e r e n t  b u b b l e  s i z e s  a n d ,  a s  e x p e c t e d ,  t h e  o u t -  
p u t  v o l t a g e  i s  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  s q u a r e  o f  t h e  b u b b l e  d i a m e t e r  ( i c e  F i g u r e  6 ) .  
E x p e r i m e n t a l  r e s u l t 8  
A 
1 I - D a t a  r e c o r d i n g  c o n d i t i o n s  and  a n t i c i p a t e d  e r r o r s  
Mearurement r  were  d i g i t a l l y  r e c o r d e d  on  m a g n e t i c  d i s c r  and t a p e r  t h r o u g h  a n  a n a l o g  t o  
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difiitrl converter combined with a mini-computer. In order to record only t~ie prerence of bub- 
bler pasring through the senring volume o f  the probe, an hardware voltage amplitude thresh- 
btd system was designed. 
Side effect errorr are porsible when a bubble ir only partially detected by the renring 
volame. Thir error is an increaring function of the ratio of the bubble volume (bared on 
the diameter kC) to the "renring'"vo1ume . IIA a firrt approximation thir error w a s  neglected 
(the maximum value o f  kd being 2 I x 5 0 0  - 2 5  Urn is to be compared with the 3 0 0  ~ m / 5 0 0  p m  
dimensions of t ) ~  senring v o 1 u m e ) F ~  more complete statistical derivation har been develo- 
ped by Avellan 
The error due the s i m u l t a n e o u ~  pasrage o f  more than one bubble in the detecting volume 
V has also been disregarded. The concentration is no small that the probability o f  finding 
more than one bubble at tte name time in the volume V is very lov. 
2 - Experimental conditions 
Experiments were carried out in the large air-sea interaction facility o f  the "Institut 
de MEcanique Stetistique de la Turbulence" (I. M. S. T., Hrrreille, France) 12.  B r e a king 
waves were produced by both wind blowing (at 14m/r) and s wave generator. The probe WA8 com- 
pletely immersed in the water to a depth o f  few centimeters below the throw of the wave. 
Data were recorded during a three hour period. Approximately 5 0 0  bubbler were detected. 
3 - Bubble rize dirtribution 
Voltage histogram and bubble aize dirtribution are shown in Figure 7 and 8 rerpectively. 
They are normalized by the exact total number of bubbles detected. 517, and by the voltage 
window widtn, 156 mv. On the bubble size spectrum, cinfidence intervalr have been reported. 
On the voltage histogram. larger bubbles. corresponding to valuer o f  voltage larger than 
8 volts, were not taken into account as the photomultiplier gain war purporely limited. 
Discusrion and Conclusionr 
These preliminary results show that such an optical probe can be used with succesr to 
determine the size spectra of oceanic air bubbler entrained i n  rea-water by wave-breaking. 
The first obvious observation is that very large confidence intervals exist in the data 
plot. This is due to the overly rmall detecting volume for a two-phare flov configuration 
with a very small concentration of bubbles. If it looks advirable t o  limit, even to reduce, 
the recording time, it is then necessary to increase the detecting volume widely. With such 
a configuration, a factor of 1000 timer larger for thir volume, i. e. of 10 on the linear 
sizes would be suitable. This would allow ones nbt only to decrease the duration of the ex- 
periment and to limit the rtatistical uncertainties but would alro drastically decreare the 
side effect error. In return. the coincidence effect could be increased, but could be earily 
tzken into account during data processing. 
It vould also seem necessary to improve the resolution of the probe towards the smaller 
diameters, e. g. less than 2 0 0  Um. This ir presently being done by rep lac in^ the hardware 
voltage threshold rystem by a roftvare one and by increasing the rensitivity of the photo- 
amplifier. The software data acquisition control alro allows one to record the tise intervals 
between bubble appearance in the "sensing volume" which subsequently giver more information 
one the two-?hare flow configuration. 
Thanks to thir first ret of experimental rerultr prerented above, new additional experi- 
ments have been performed with the benefit o f  cuch iaprovementr a8 o n  the probe characterir- 
tic8 and the data treatment. They were performed in the rame simulating frsility applying 
various wind conditions at various depths. They are prerently under processing. 
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Figure 1 .  Schematic reprerentation of the Figure 2. Phyaical mechanirms for ihe 
air-rea particulate exchanger. production of marine liquid 
aeroaolr. 
Figure 3. Schematic diagram of the optical F i ~ u r e  4. Optical probe vith detailr of the 
part of the probe. renring volume. 
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Collapse of larqe vapor bubbles 
J a m s  Tegrrt and Sam Dominick 
Propulsion Section. Martin Marietta Denver Aerospace 
P. 0. Box 179, Wnver, Colorado 80201 
Abstract 
-- 
The refilling of propellant tanks while in a low-gravity environment requires that en- 
trapped vapor bubbles be collapsed by increasing the system pressure. Tests were pcr- 
foract! to verify the mechanism of collapse for these large vapor bubbles with the therlo- 
dynamic conditions, geometry. and boundary conditions being those applicable to propellant 
storage systems. For these conditions it was found that conduction heat transfer deter- 
mined the co' apse rate, with the specific bubble geometry having a significant influence. 
Introduction 
The capability of refilling the storage tanks for liquid propulsion systems while a 
spacecraft is in earth orbit will yield a number of benefits. With refillins, the life of 
a spacecraft can be extended or a space-hased vehicle could be reused for rumerous sis- 
sions. Methods of refilling a pr2pellant tank while in low-qravity are currently being 
developed. This paper considers one aspect of tank refilling: the collapse of vapor bub- 
bles that may become entrapped within the tank during filling. 
Expulsion of liquid propellants from a tank under low-gravity conditions requires some 
means of ensuring that only liquid will be supplied to the engine. Capillarv propellant 
management devices, using fine-mesh screen to orient liquid and exclude gas are the likely 
choice for the expulsion system, especially for cryogenic propellant applications. These 
devices are now being .std for propellant expulsion on the Space shuttle1 and various 
comunications satellites. In one confisuration, the fine-mesh screen is used on channels 
mour ad near the tank wall an3 encircling the tank. These channels form a flow passage 
from the bulk liquid, regardless of its orientation, to the tank outlet. Liquid flows 
through the screen in preference to gas, due to the capillary pressure differential devel- 
oped at the pores of the screen. 
During the filling of the tank, vapor bubbles can be entrapped within the channels of 
the capillary device if the screen becomes wetted before the vapor can escape. Vapor can- 
not be permitted to remain within the channels of the device since it could cause drvout 
of the screen and failure of the ability of the device to expel ?as-free liquid. Such va- 
por bubbles can be eliminated by pressurizing the tank, makinq the liauid subcooled with 
respect to the vapor pressure and causinq the vapor to coneense. Collapse of the vapor 
bubble must occur within a reasonable length of time (pr~ferably minutes) so that the re- 
filling process can be completed and the subsequent mission for the spacecraft hegun. 
A survey of the analytical and experimental investigations of buhble collapse can be 
,s, fouc* in reference 2. Of the work surveyed, that of Florschuetz and Chao) seems the 
amst romprehensive. It defines the reqimes in which inertia, heat transfer, or both mech- 
anisms determine the bubble collapts rate. For the case of heat transfer colrtrolled col- 
lapse (of interest here) Florschuetz and Chao consider a solution based on the Plesset- 
,- P Zwick temperature integra14 to be an uoper bound for the buhble size versus time curve 
. $ and their "plane interfacea solution to be an 'approximate lower limitw. However, 
' -  2 prisnyakov5 obtained a solution that "gives better agreement with experimentsa and pre- 
" .  dicts a faster rate of collapse. Likewise, the analysis of ~heofanous2 predicts a fas- 
. + ter collapse rate than Florschuetz and r C a ~  and 'improvements in the agreement are noteda 
P : when non-equilibrium effects were consl.:,ied. 
In applying any of the above theories to prcdict collapse t i ~ ~  during tank refilling 
there are two concerns. One is that the collapee time for bubble. with voluaes on the 
order of 100 -3 is desired, while the above theories h a m  only been verified with tests 
of bubbles on the order of 1-3. The second concern is that bubbles in contact with 
the inside walls of the channels will be elongated in ahape, while the existing thcarv is 
applicable only to spherical bubbles. An analytical and experimental investioation was 
therefore performed to determine the influence of hubble site and shape on the collapse 
tilt. 
Analysis 
Florschuett ar.d ~hao3 define a diwnsionless patalttet, &fir to classify the mode 
of bubble collapse. Por values of Beff less than 0.05 heat transfer controls the col- 
lapse while values greater than 10 indicate inertia controls. An intermediate case exists 
between these values. The parameter is defined as 
(A list of symbols can be fcmd at the end of this paper.) 
Values of Beff were calculated for typical conditions in a propellant tank and the range 
of conditions planned for the experiments, and it was established that in all cases Beff 
is much less than 0.05 (on the order of 10-51, indicating that heat transfer will con- 
trol the rate of bubble collapse. 
The configuraton of the bubble within the 
channel is as shown in Fiquro 1. Both 
screen an* sheet metal surround the bubble Vapor - Liquid 
on four sides with a vapor-liquid interface Interface  
at each end. Under low-g conditions the 
liquid interface will have curvature, but a 
flat interface has been assumed here to sim- 
plify the analysis. It was assumed that the Vapor 
vapor bubble and liquid are initially in 
equilibrium and then the system pressure is 
instantaneously increased by some amount. T S o l i d  o r  Screen The increase in pressure increases the sat- Channel uration temperature of the vapor above the (4 Ver t i ca l  S ides)  
liquid temperature. This change in the 
thermodynamic condition results in condensa- 
tion of the vapor and.collapse of the 
bubble. 1 Vapor - Liquid Interface  The change in the volume of the- 
bubble is dependent on the rate at which 
vapor condenses. 
1 dV = - dm 
Pv 
( 2 )  
Figure 1 .  Bubble Geometry 
 he rate of condensation is dependent upon the rate ?t which heat is transC~rred r:om the 
vapor to the surrounding liquid. 
Therefore 
The greater saturation tesperature causes the vapor to condense on the liquid, creating 
a liquid tila that is at the saturation temperature. Condensation continues based on the 
rate at which this heat can be conducted into the liquid. Convection heat transfer is 
negligible since the vapor tenperature remains essentially unchanged during collapse. The 
unsteady heat conauction into a semi-iqf inite solid is given by 6 
MAT Q - -  (5 
f= 
The ~ond~ctivity is that of the liquid only since the contribution of the thin sheet metal 
and screen has a neqlibible effect on the heat transfer rate (this assumption will be dis- 
cussed in more detail later). Then 
which can be reduced to 
where Ja, the Jacob number, is defined as 
ATc p' 
Ja - 2
Based on the bubble geometry in Figure 1, 
dV = ab dc 
and 
After integration, the following equation is obtained for the collapse of the bubble from 
its lnitial length (ci) to any final length (cf) . 
* ? For complete collapae ot the bubble cf equals taro. It wa8 a88uned that only the length 
? of the bubble changes as it collapses, but there would be a tran8ifion to a spherical bub- 
t ble when the length c approached the channel thickness, a. 8ased on the assumptions it 
gb would be expected that this equation would be lost applicable to the collapse of larger C $ bubble. and be least accurate for the collapse of smaller bubbles and the final stages of collapse of any bubble. 
P 
It is interesting to note that if a spherical bubble geometry is used in solving equation 
(71, then dV = dr and the time for a bubble to completely collapse from an initial radius 
(ri) is: 
This is the same result Florschultz and chaos obtained for their plane interface soJu- 
tion. ~risnyakov5 obtained a similar result except that the coefficient was 16 instead 
of 4. 
For a given bubble volume, equations (11) and (12) were used to calculate bubble col- 
lapse times. for larger bubbles the difference in geometry causes the rectangular shaped 
bubble to collapse a h u t  four times as fast as a spherical bubble of the same volume. 
Experiments 
In order to verify the analytical model presented in the previous section and to inves- 
tigate the influence of bubble geometry and the channel on bubble collapse, an experimen- 
tal investigation was performed. The approach was to form a bubble within a channel, 
pressurize the container in which the channel was installed and monitor the collapse of 
the bubble. Since a stationary bubble can be formed and confined within the liquid by the 
channel, a one-g test closely represents the low-g conditions. The mechanism of the bub- 
ble collapse, conduction heat traabfer, is independent of the g-level and only minor chan- 
ges in the shape of the vapor bubble would be expected in low-g. 
A transparent channel, to permit viewing of the vapor bubble, was fabricated from plas- 
tic. It had an inside cross-section of 2.5 cm by 7.6 cm and was 3U.5 cm long. One side 
of the channel (see Figure 2) was a fine mesh screen having a 325 x 2300 (wires per inch 
in warp and shute directions) mesh, Dutch twill weave and an effective pore diameter of 7 
microns. This acreell was capable of retaining any size vapor bubble within the channel. 
The channel was installed vertically within a transparent pltstic box (Figure 3). 
Freon 11 (CCljF) was selected as the test liquid. This Freon has a boiling point of 
23.80C at 1 atm so vapor bubbles could be easily created under ambient conditions. Liq- 
uid Freon 11 has the following proper ies at 2OoC: p = 1.49 gm/cmJ, L = 43.1 cal/gm, 
cp = 0.205 cal/gmoC ana 0 = 2.5 x 10'4m2/hr. The saturation curve is linear, 
having a slope of 0.320K per kPa. 
The test procedure was to f ~ l l  the channel and container with liquid so the channel was 
completely filled and submerged, excluding a11 air from the channel. While maintaining 
the container at a higher pressure to inhibit boiling, the channel was vented to form the 
vapor bubble. If necessary, a vapor generator could be used to aid in forming a bubble of 
the desired initial sire. The size of the bubF.le was monitored to ensure that the vapor 
was initially .n equilibrium with the liquid. The initial temperature of the liquid, sys- 
tem pressure and bubble length were recorded. 
A gaseous nitrogen pressurization system connected to the containel was set to give a 
desired increase in system pressure. The valve that applied the pressure increase to the 
container had an opening time that was negligible in comparison to the typical collapse 
times of 1 to 11 seconds. A motion picture camera photographed the bubble collapse. The 
oubble length versus time was measured using a scale on the channel and the frame rate of 
the camera. A total of 99 tests were performed, primarily varying the initial bvbbl- 
length and the amount of prersure increase. 
For data correlation, the analytical model wrc adapted to the specific test condi- 
tions. The pla8tlT wall8 of the channels influenced the modeling of the heat transfer, 
while the effect ,ne screen could be neglected. The plartic war 1.3 cm 
I>*- 9:: 
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thick ana haa a diffusivity of 4.5 x 10-4 d / h r  ( twice t h e  v a l u e  f o r  the Ilquld), 
whlle the screen was 0.U64 mm th lck  and haa a a i f f u s ~ v i t  o t  1.5 x 10-2rn2/hc (sbain- 
less steel) . The thermal penetration thrckness qlven by r 
was used t o  evaluate t h e  relative influence o f  t h e  materials ~f the Lest article. Far the 
vertical pLast lc  walls the heat conduction occurrea solely v l t h i n  the p l a s t i c  so the l l q -  
u l d  adjacent t o  the outside of the channel did not contribute to the heat transfer. The 
screen qulekly reacheo the temperature ot  the surroun3lny l ~ q u ~ d  a u e  to i t s  thinness and 
high ditfu,ivity, so its contributian to conduction perpendicular to its surface was neg- 
I l y i b l c .  similarly, heat conauction parallel ta the s c r e e n  was shown t o  be n e g l l g ~ b l e .  
Therefore, the heat transfer at t h e  surfaces of t h e  bubble were modeled as fallows: 
upper surface and 3 vertlcal sldes - unsteady conduction into p l a s t i c ,  and screen sur- 
face and liquid surface - unsteady conduction into liquid 
Equatkun ( 5 )  w i t h  the appropr t e  values for k and A was used for both cases. 
From tne film data it was es tab l ished  t h a t  t h e  collapse of the bubble occurred as a 
rise the liquid surtace, changing  only the lenqth of the bubble, until small values of 
bubble  Length were reached. A t  bubble lengths less t h a n  one centimeter the bubble began 
tc dec:ease In wid th  and durinq t h e  l a s t  staqes of collapse the bubble reached a 
spherical shape and then disappeared. The data correlation concentrated on the initial 
stages of collapse when only the length of the bubble wa8 changing and the major change in 
volume occurred. 
As previously discussed it was established that the screen had a negligible effect on 
the heat transfer into the liquid. However, another potential influence of the screen is 
the effect of its flow resistance on the collapse rate. Liquid murt flow through the 
screen, filling the channel as the vapor condenses. An analysis determined that the prea- 
sure drop due to flow at the rate established by the bubble collapae had a negligible ef- 
fect on the pressure of the liquid within the channel. 
Preliminary correlations indicated that the bubble collapsed faster than predicted by 
equation (11) (including the above discussed modifications). Therefore a correlation co- 
efficient, f, was applied to equation (5) for the heat transfer rate, giving a term ~2 
in the denominator of equation (11). It was found that the value of F that best correl- 
ated the collapse time of the bubbles typically ranged from 1.3 to 2.0. Neither the ini- 
tial length of the bubble nor the change in system pressure appeared to have any effect on 
the variation in the value of F. Based on the excellant and more consistant correlation 
obtalned for the bubbles having long collapse times, a value of 1.4 for F was selected as 
giving the best fit. This means that the coefficient in equation (11) is increased to 8, 
placing the value midway between that of Florschuetz and ~ h a o 3  with a coefficient of 4 
and ~risnyakovs with a coefficient of 16. 
Figure 4 is an example of the correlation of a test in which the bubble had a long col- 
lapse time. A very close match :between the calculated and measured collapse rate was ob- 
tained over the latter 10 seconds of the test. During the first 1.5 seconds of the test 
the bubble collapsed at a slower rate than predicted. This initial difference in the cal- 
culated and measured collapse rate becomes more evident in the shorter duration tests 
shown in Figures 5 and 6. Changing the heat transfer rate (through F) only changed the 
point at whlch the curves for the calculated and measured collapse rate intersected and 
did not improve the match of their slopes. 
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conclusions 
An analytical and experimental investigation of the collapse of a large vapor buhble 
inside of a channel has established that conduction heat transfer is the primary mechanism 
of collapse for the conditions of interest. It was found that the elonqated shape of the 
bubble decreased the collapse time in comparison to a spherical hubble of the same vol- 
ume. An analytical model, hased on conduction heat transfer to the surrounding liquid, 
gave excellent :orrclation of those tests havins a lonqer collapse time (-10 seconds). 
It appears that there are two stages to the bubble collapse, hased on the tests per- 
formed here. In the initial stase, lasting about 1.5 seconds, the rate of collapse was 
less than predicted by the heat transfer model. Apparently the inertia of the liquid, 
flowing into the channel through the screen to replace the condensed vapor, reduced the 
initial collapse rate. This effect made the correlation of the shorter durction tests 
less accurate. 
During the later stage of collapse the rate was greater than predicted by the heat 
transfer model. This deficiency was corrected by the correlation coefficient which resul- 
ted in matching of the rates and tines of collapse during that stage. Tbis difference is 
typical of the variation noted in other bubble collapse analyses, as discussed in the in- 
troduction. When the collapse time is long, the influence of the initial phase became in- 
significant and the heat tra~sfer model accurately predicted the collapse time. 
A correlation coefficient af 1.4 was selected as giving the best fit to all the data. 
Based on the data, the following equation will accurately predict the lonqer collapse 
times and it will pred!ct too long a time for short collaps? periods. 
When this equation is used to predict the calla se time of hydrogen va r bubbles the 
result shown in Figure 7 is obtained. The saturatron curve for hvdroaen non-linear and 
the change in saturation temperature with pressure becomes small at pressures above 100 
kPa. For example, at 100 kPa a 50 kPa change in pressure causes the eaturation tempera- 
ture to change by only 1.5oK. Collapse times of many minutes, or even hours, are passi- 
ble with hydrogen. Aydrogen presents a "worst-casen in comparison to other propellants 
for the problem of collapsing entrapped vapor bubbles during tank refill. 
In comparison to the collapse time for a spherical bubble (based on Ref. 31, equation 
(14) yields a collapse time for an equal volume bubble in a channel that is about 10 times 
less. At these low collapse rates inertia effects should be negligible, so the assump- 
tions applicable to equation (14) are justified for this application ant? reasonably accur- 
ate predictions of the collapse time should be expected. 
List of Symbols 
area 
bubble dimensions 
dimensionless group 
specific heat of liquid 
correlation coefficient 
Jacob number 
thermal conductivity of liquid 
heat of vaporization 
mass 
difference between system pressure and vapor pressure 
rate of heat transfer 
bubble radius 
time 
difference between vapor saturation temperature and liquid 
temperature 
volume 
thermal diffusivity of liquid 
liquid density 
vapor density 
average vapor density 
temperature difference correction factor (see Ref. 3) 
thermal penetration thickness 
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A New Drop le t  Generator  
W.E. Slack  
Nat iona l  Aeronau t ica l  Es tab l i shment  
Na t iona l  Research Counci l  of  Canada 
Ottawa, Canada, K I A  OR6 
A new d r o p l e t  g e n e r a t o r  developed f o r  l a b o r a t o r y  u s e  a t  NAE is d e s c r i b e d .  A loud speaker  
d r i v e n  e x t r a c t o r  need le  is  immersed i n  a pendant  drop. Puls i r ig  t h e  speaker  e x t r a c t s  t h e  
need le  forming a f l u i d  l igament  which w i l l  decay i n t o  s d r o p l e t .  The d r o p l e t s  a r e  s i z e d  by 
a t r o b o s c o p i c  photographs.  The d r o p l e t ' s  s i z e  can  be changed by varying t h e  ampli tude o f  t h e  
speaker  p u l s e s  and t h e  e x t r a c t o r  n e e d l e  d iamete r .  The mechanism o f  d r o p l e t  fo rmat ion  is 
d i s c u s s e d  and photographs oE l igament  decay a r e  p resen ted .  The d r o p l e t  g e n e r a t o r  works w e l l  
on bo th  o i l  and wate r  based p e s t i c i d e  fo rmula t ions .  Cur ren t  a p p l i c a t i o n s  and r e s u l t s  a r e  
d i s c u s s e d .  
I n t r o d u c t i o n  
The NAE Droplet  Generator  is  a d e v i c e  des igned  t o  produce and p h o t o g r a p h i c a l l y  r e c o r d  f o r  
subsequent  s i z i n g  d i s c r e t e  d r o p l e t s  i n  a l a b o r a t o r y  environment.  I t  is a l s o  a u s e f u l  
ins t rument  f o r  obse rv ing  t h e  breakup o r  c o l l a p s e  o f  f l u i d  l igaments .  
D e s c r i 2 t i o n  of  t h e  Drop le t  Generator  
-- 
The d r o p l e t  g e n e r a t o r  c o n s i s t s  o f  a pendant  drop g e n e r a t o r ,  a d r o p l e t  e x t r a c t o r ,  a photo- 
g r a p h i c  r e c o r d i n g  system and a n  e l e c t r o n i c  c o n t r o l  sys tem (F ig .  1). 
Pendant Drop Generator  
The source  o f  f l u i d  f o r  t h e  d r o p l e t s  is a pendant drop. A s y r i n g e  pump d r i v e s  a hypo- 
dermic s y r i n g e  t o  supply f l u i d  t o  a c e n t r a l  p o r t  i n  a 6 . 3 5  millimeter (mm) diamete r  hor izon-  
t a l  d i s c .  I t  c o l l e c t s  on t h i s  d i s c  t o  form a pendant  drop.  The pendant  d rop  i s  i n  t h e  
o r d e r  o f  l o 6  t imes t h e  s i z e  of  t h e  d r o p l e t s  produced and t h e r e f o r e  t h e  s : ~ r i n g e  pump does  n o t  
need t o  b e  o p e r a t e d  whi le  g e n e r a t i n g  d r o p l e t s .  
Drop le t  E x t r a c t o r  
The d r o p l e t  e x t r a c t o r  c o n s i s t s  o f  a h o r i z o n t a l  e x t r a c t o r  need le  which i s  connected by a 
d r i v e  s h a f t  t o  t h e  cone o f  an aud io  speaker .  The need le  d r i v e  s h a f t  is  suppor ted  i n  c bear-  
i n g  t o  main ta in  c o n s i s t e n t  need le  t r a c k i n g .  By c o n t r o l l i n g  t h e  p o l a r i t y  and ampli tude of  
e l e c t r i c a l  p u l s e s  t o  t h e  s p e a k e r ,  t h e  t i p  o f  t h e  e x t r a c t o r  need le  can be d r i v e n  i n t o  o r  
p u l l e d  o u t  o f  t h e  pendant drop.  Any aud io  speaker  capab le  of  t a k i n g  con t inuous  d i r e c t  
c u r r e n t  Loads and producing l a r g e  cone d e f l e c t i o n s  cou ld  be  used. The speaker  c u r r e n t l y  
being used is a 25 w a t t  8  inch  d iamete r  speaker .  With p o s i t i v e  and n e g a t i v e  p u l s e s  of  8  
v o l t s  ( 6 . 5  w a t t s ) ,  i t  produces an e x t r a c t o r  need le  movement o f  r4 .23 mm (F ig .  2 ) .  
Power f o r  t h e  speaker  is s u p p l i e d  by a d u a l  v a r i a b l e  v o l t a g e  power supply.  One h a l f  of  
t h e  power supply p r o v i a e s  t h e  p o s i t i v e  p u l s e s  t o  immerse t h e  n e e d l e  i n  t h e  pendant d rop  
w h i l e  t h e  o t h e r  h a l f  p rov ides  t h e  n e g a t i v e  p u l s e s  t o  e x t r a c t  t h e  need le .  A convnnt iona l  
mul t imete r  is used t o  s e t  t h e  ampli tude of  t h e  p u l s e s  a c c u r a t e l y .  
The e x t r a c t o r  need les  a r e  removable from t h e  need le  d r i v e  s h a f t  and need les  of  v a r i o u s  
d i a m e t e r s ,  r ang ing  i n  s i z e  from 9 8  microns (pm) t o  700pm, have been used. 
Photographic  Recording System 
The d r o p l e t  ge' :era+?r i n c l u d e s  a pho tograph ic  record ing  system t o  r e c o r d  pho tograph ic  
images o f  t h e  d r o p l e t s  f o r  subsequent  s i z i n g .  The camera be ing  used w i t h  t h e  d r o p l e t  gener-  
a t o r  i s  a conven t iona l  35 mm Pentax Spotmat ic  w i t h  a motor d r i v e  f i l m  advance and a remotely  
o p e r a t e d  s h u t t e r  a t t achment .  S i n c e  t h e  d r o p l e t s  be ing  photographed a r e  s m a l l ,  c o n s i d e r a b l e  
phc tograph ic  m a g n i f i c a t i o n  is r e q u i r e d  b e f o r e  they  can be a c c u r a t e l y  s i z e d .  T h i s  r e q u i r e -  
ment is m e t  by us ing  a 38 mm microscope o b j e c t i v e  l e n s  i n  l i e u  o f  t h e  conven t iona l  photo- 
o p t i c s  and it i s  mounted on a n  a p p r o p r i a t e  e x t e n d e r  tube  t o  a c h i e v e  a m a g n i f i c a t i o n  o f  10. 
The format ion o f  a d r o p l e t  i s  a dynamic e v e n t  and s h o r t  photo exposures  a r e  r e q u i r e d  t o  
o b t a i n  s h a r p  d r o p l e t  images. I n  a d d i t i o n  t h e r e  is a requirement  f o r  a h i g h  l i g h t  l e v e l  due 
t o  t h e  ex tender  tube .  A s t r o b o t a c  and a s t r o b o s l a t e ,  o p e r a t i n g  i n  a s i n g l e  f l a s h  mode have 
been adequate .  The s t r o b e s  a r e  a l i g n e d  t o  bounce l i g h t  o f f  a w h i t e  backdrop and p rov ide  a 
3  microsecond (psec )  exposure .  
Drop le t  Generator  C o n t 7 o l l e r  
The c o n t r o l l e r  was developed s p e c i f i c a l l y  f o r  t h e  NAE Drop le t  Generator  and i ts  f u n c t i o n  
is t o  c o n t r o l  and sequence a l l  t h e  e v e n t s  a s s o c i a t e d  w i t h  g e n e r a t i n g  and photo-recording a 
d r o p l e t  (F ig .  3 ) .  I t  can be o p e r a t e d  i n  a " s i n g l e  d r o p l e t "  mode o r  i n  a "cont inuous"  mode 
g e n e r a t i n g  d r o p l e t s  a t  v a r i o u s  p r e s e t  r a t e s  o f  up t o  3 d r o p l e t *  p e r  mecond. The p o r t i o n  o f  
t h e  c o n t r o l l e r  which o p e r a t e s  t h e  s t r o b e  l i g h t s  c o n t a i n s  an a d j u o t a b l e  d i g i t a l  d e l a y  timer 
(1000 50 usec s t e p s )  t o  o p e r a t e  t h e  l i g h t s  a t  t h e  a p p r o p r i a t e  i n s t a n t .  
Operat ion o f  t h e  NAE Droplet  Generator  
Adjust ing t h e  E x t r a c t o r  Needle P o s i t i o n  
The c r i t e r i o n  used t o  set t h e  e x t r a c t o r  need le  p o s i t i o n  r e l a t i v e  t o  t h e  pendant drop is 
an  a r b i t r a r y  one b u t  one which has  provided c o n s i s t e n t  r e e u l t a .  The need le  is  p o s i t i o n e d  
- v e r t i c a l l y  1 .0  rrn below t h e  pendant d rop  base  s o  t h a t  it w i l l  e n t e r  t h e  r e l a t i v b l y  f l a t  
s i d e  o f  t h e  drop. I t  i s  p o s i t i o n e d  l a t e r a l l y  s o  t h a t  t h e  t i p  o f  t h e  need le  w i l l  be c e n t e r e d  
i n  t h e  pendant drop when a f u l l  ampli tude (8  v o l t )  "IN" p u l s e  is a p p l i e d  t o  t h e  speaker .  
Generat ing Droplets  
For any given e x t r a c t o r  needle  a range of  d r o p l e t  s i z e s  may be genera ted  by vary ing  t h e  
ampli tude of t h e  "IN" and "OUT" p u l s e s  t o  t h e  speaker .  The range o f  d r o p l e t  s i z e s  (Fig.  4 )  
which can be expected is 
Dn/3 Dd Dn 
where Dd - diameter  o f  t h e  d r o p l e t  
Dn - diameter  of t h e  e x t r a c t o r  need le  
The t i m e  r equ i red  t o  form a d r o p l e t  v a r i e s  cons iderab ly  with  changes i n  t h e  "IN" and 
"OUT" p u l s e  ampli tudes  and t h e  de lay  t i m e r  must be  set t o  photo record  a t  t h e  a p p r o p r i a t e  
t ime . 
Aqpl ica t ions  o f  t h e  Droplet  Generator  
The NAE Droplet  Generator was developed s p e c i f i c a l l y  f o r  b i o l o g i c a l  a p p l i c a t i o n s .  I t  is 
being used a s  s c a l i b r a t i o n  t o o l  i n  a s s e s s i n g  a e r i a l  sp ray  d e p o s i t s  and t o  t r e a t  i n s e c t  
l a r v a e  wi th  s p e c i f i c  dosages o f  p e s t i c i d e .  The d r o p l e t  g e n e r a t o r  a l s o  appears  t o  be s u i t a b l e  
f o r  s t u d i e s  on l i q u i d  l igament breakup o r  c o l l a p s e .  
Spread Fac tor  C a l i b r a t i o n s  
For a e r i a l  sp ray ing ,  i t  is customary t o  p l a c e  sampling c a r d s  i n  t h e  a r e a  t o  c o l l e c t  a 
sample o f  t h e  p e s t i c i d e .  The c a r d s  r e t a i n  t h e  s t a i n s  produced by t h e  d r o p l e t s  and f o r  nub- 
sequent  p e s t i c i d e  account ing ii: is  necessary t o  know t h e  re la t ionc ih ip  between t h e  s i z e  o f  
t h e  s t a i n  and t h e  d r o p l e t  t h a t  produced it. The d r o p l e t  g e n e r a t o r  is used t o  produce and 
s i z e  d r o p l e t s  o f  t h e  a p ~ r o p r i a t e  p e s t i c i d e .  The d r o p l e t s  a r e  c o l l e c t e d  on sampling c a r d s  
and t h e  s t a i n s  a r e  s i z e d  by t h e  N A E  F ly ing  Spot Scanner Analyzer.  The computer o u t p u t s  f o r  
t h e  d r o p l e t  and s t a i n  s i z e s  a r e  combined t o  produce a mathematical r e l a t i o n s h i p  between t h e  
s i z e  o f  a d r o ~ l e t  and t h e  s i z e  o f  t h e  s t a i n  it w i l l  produce on a p a r t i c u l a r  type  of sampling 
s u r f a c e .  The mathematical r e l a t i o n s h i p s  developed a r e  t y p i c a l l y  
Dd = C + bDs  
where Dd - d r o p l e t  diameter  (urn) 
Ds - s t a i n  diameter  (urn) 
C - a cor is tant  
b - t h e  s l o p e  o f  t h e  curve 
The s l o p e  confidence a t  t h e  90% i n t e r v a l  is t y p i c a l l y  iO.38 
Dispensing Minute Q u a n t i t i e s  o f  F l u i d  
The d r o p l e t  g e n e r a t o r  can be used a s  a t o o l  t o  d i spense  minute q u a n t i t i e s  o f  f l u i d  ( i .e .  
i n  t h e  o r d e r  o f  10" m i c r o l i t r e s ) .  I t  has  been used t o  t r e a t  sp rvce  budworm l a r v a e  w i t h  
s p e c i f i c  dosages o f  p e s t i c i d e  t o  determine r e q u i r e d  spray  parameters  f o r  adequate  i n s e c t  
c o n t r o l .  
Studying Ligament Col lapse  
F igures  5,  6 and 7 a r e  a s e r i e s  o f  p h o t o g r a ~ h s  showing t h e  Tomat ion  o f  d r o p l e t s .  The 
process  o f  forminq a ligmament and its c o l l a p s e  t o  form a d r o p l e t  i e  extremely c o n s i s t e n t .  
These photographic  sct r ies  a r e  n o t  high speed movies: they a r e ,  i n  each came, 20 photographs 
o f  20 d i f f e r e n t  d r o p l e t s .  In each c a s e  t h e  photo exposure has  been delayed by t h e  time 
shown on each photograph. 
F igures  5 and 7 show t h a t  wi th  d i f f e r e n t  combinations of "IN" ~ n d  "OUT" p u l s e  ampli tudes  
t h e  l igament may break f r e e  a t  one end f i r s t .  I n  F igure  5 it breaks  f r ~ r  from t h e  need le  
f i r s t  and t h e  needle  end o f  t h e  l igament  s t a r t s  c o l l a p s i n g  t o  form t h e  d r o p l e t .  T h i s  
p o r t i o n  o f  t h e  l igament s t a r t s  moving towards t h e  pendant drop. When t h e  pendant drop end 
o f  t h e  l igament  f i n a l l y  b reaks  f r e e ,  i t  t o o  s t a r t s  c o l l a p s i n g  t o  form a d r o p l e t  and t h i s  
p o r t i o n  o f  t h e  l igament moves away from t h e  pendant drop. S i n c e  t h e  need le  end o f  t h e  
l igament  s t a r t e d  forming a d r o p l e t  f i r s t ,  its mass i s  g r e a t e r  than  t h e  o t h e r  p o r t i o n  o f  t h e  
l igament and t h e  r e s u l t i n g  dro. ! e t  has a h o r i z o n t a l  v e l o c i t y  towards t h e  pendant d r o  . 
Figure  7 shows t h e  l igament b reak ing  f r e e  from t h e  pendant drop f i r a t  and t h e  reau l tTng  
d r o p l e t  is given a h o r i z o n t a l  v e l o c i t y  away from t h e  pendant d r o p l e t .  
Figure  5 a l s o  shows t h a t  i f  t h e  d r o p l e t  c o n t a c t s  t h e  pendant drop,  both t h e  d:,>plet and 
t h e  pendant drop d i s t o r t  b u t  t h e  d r o p l e t  w i l l  bounce f r e e  from t h e  e l a s t i c  pendant d rop  
s u r f a c e .  F igure  7 is an example of t h e  d r o p l e t  having s u f f i c i e n t  h o r i z o n t a l  v e l o c i t y  t o  
over take  t h e  e x t r a c t o r  needle .  Although t h e  e x t r a c t o r  needle  is covered w i t h  f l u i d  it can- 
no t  d i s t o r t  a s  t h e  pendant drop d i d  and t h e  d r o p l e t  is "captured" by t h e  need le .  
F igure  6 shows ano ther  phenomenon which is e v i d e n t ,  t o  lesser degreea,  i n  F igures  5 and 7; 
namely, t h e  i n s t a b i l i t y  o f  a c y l i n d r i c a l  l i q u i d  j e t  o r  l igament.  Xn F igures  5 and 7 t l i e re  is 
evidence t h a t  t h e  l igament was t r y i n g  t o  break up: however, each l igament  d i d  c o l l a p s e  i n t o  
a d i s c r e t e  d r o p l e t  b e f o r e  t h e  break up could occur .  I n  F igure  6 t h e  s e p a r a t i o n  of t h e  l i g a -  
ment was delayed and t h e  l igament d i d  break up before  it could c o l l a p s e  t o  form a s i n g l e  
d r o p l e t .  
These 3 f i q u r e s  show t h a t  varying t h e  amplitude of t h e  "IN" and "OUT" p u l s e s  v a r i e s  t h e  
d r o p l e t  format ion process  a s  w e l l  a s  t h e  d m p l e t  siz,'. 
R e s u l t s  w i t h  t h e  Droplet Generator 
Droplet  S i z e s  Produced 
The parameters  which hav? a s i g n i f i c a n t  e f f e c t  on t h e  s i z e  o f  t h e  d r o p l e t s  a r e :  
- The diameter  o f  t h e  e x t r a c t o r  need le  
- The ampli tude o f  t h e  "IN" p u l s e  t o  t h e  speaker  (i .e.  t h e  immersion 
dep th  of t h e  needle  i n  t h e  pendtn t  drop)  
- The ampli tude o f  t h e  "OUT" &ae t o  t h e  speaker  (i .e.  t h e  v e l o c i t y  
a t  which t h e  needle  is e x t r a c t e d  from t h e  pendant d r o p ) .  
The v i s c o s i t y  of t h e  f l u i d  h a s  very l i t t l e  e f f  -t on t h e  s i z e  o f  t h e  d r o p l e t s  produced. 
Csing e x t r a c t o r  need les  ranging from 98 urn t o  700 Dm has  produced d r o p l e t s  ranging i n  
s i z e  from 30 u m  t o  800 pm. 
Droplet  S i z e  Consis tency 
Cur ren t  a p p l i c a t i o n s  o f  t h e  NAE Droplet  Generator have r e q u i r e d  t h e  s i z i n g  of  d i s c r e t e  
d r c ~ l e t s  and t h e  cons i s tency  of t h e  d r o p l e t  s i z e s  has  been of  minor i n t e r e a t ,  Some tests 
have been c a r r i e d  o u t  t o  determine t h e  s i z e  cons i s tency  of  t h e  d r o p l e t s  and t y p i c a l  r e s u l t s  
a r c  l i s t e d  i n  Table 1. 
TABLE 1 
Mean drop diameter  
Standard d e v i a t i o n  1.20 um 
Accuracy of  Droplet  S i z i n g  
The source o f  e r r o r s  i n  s i z i n g  d r o p l e t s  and t h e i r  e s t i m a t e d  magnitude a r e  l i s t e d  i n  
Tabla 2.  
TABLE 2 
E r r o r a  i n  Drop1.e. Siz:.ng 
Source or E r r o r  
Photographic  magni f ica t ion  
Lens r e s o l u t i o n  
Film resoJ * , t i o n  
M e a s u r i n r  * =curacy t 0.1 urn 
Testa  t o  Getennine t h e  e r r o r  i . l \ . ~ ~  t o  t b e  s m  of t h e  l a s t  t h r e e  i t ems  i n  Table  2 i n d i c a t e  an 
error of s l i g h t l y  over  i 1. ; , r r ~ .  
F igure  8 shows t h e  o p t i c a l  i t ~ y o u t  f o r  t h e  d r o p l e t  g e n e r a t o r .  An e r r o r  i n  t h e  d i s t a n c e  
from t h e  l e n s  t o  t h e  d r o p l e t  w ~ u l d  induce a magni f ica t ion  e r r o r ;  h w a v e r  t h e  o p t i c a l  dep th  
of f i e l d  i s  very l i m i t e d  and d r o p l e t s  which a r e  o f f  t h e  f o c a l  p lane  s u f f i c i e n t l y  t o  produce 
a 0.38% e r r o r  c r e a t e  a very ba~:l'!y o u t  o f  focus image. I f  o u t  o f  focua d r o p l e t  images a r e  
d e l e t e d  then  t h e  magni f ica t ion  e r r o r  w i l l  be lesr than  0.38 percen t .  
ORIGINAL PAGE 
BLACK APED WHITE P H O m W  
The NAE Droplet Canerator i s  a device which will produce disescte droplets w i t h  f l u i d s  
of various viscosities (i .em heavy fuel oils or w a t e r ) .  It has been used to qenerate drop- 
l ~ t s  ranqj nq ln s ~ x e  from 30 I j r n  t o  800 wm. Images af t h e  droplets produr-d arc photoqrap!.- 
lcally recorJcd and can subsequcittlg be sized to * 1.5 urn. Once the qenerator h a s  been set 
to qcnerate a specific size 0 1  dro! ict kt will continue to pr~c luce  d r o p l e t s  with a s t a r ~ d a r d  
deviation of l ess  t h a r ~  1%. 
The consistency of t h v  drop le t  formation process also - ' the qenerator a s u i t a b l ~  
instrument f o r  okscrvinq f l u i d  1 igamcnt brcak up or collapse. 
Figure ?: N A E droplet  generator 
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Non-axisymmetric shapes  of a  r o t a t i n g  d r o p  i n  a n  i m m i s c ~ b l e  sys t em 
T. G. W a g ,  it. Tagg, L. Camrmack, and A. C r o o n q u i s t  
Jet P r o p u l s i o n  Labora to ry  
C a l i f o r n i a  I n s t i t u t u  o f  Technology 
4b30 Oak Grove Drive  
Pasadena ,  C a l i f o r n i a  91109 
A b s t r a c t  
The non-axisymmetric shapes  o f  a  r o t a t i n g  d r o p  i n  an immisc ib l e  sys t em have  been s t u d i e d .  
Five b a s i c  f a m i l i e s  o f  shapa3  ( a x i s y n m e t r i c ,  two-lobed, t h r e s - l o b e d ,  fou r - lobed ,  2nd 
t o r o i d a l )  have been obse rved .  The sequence  ( ax i symmet r i c  + two-lobed + t h r e e - l o b e d  + 
fou r - lobed  + t o r o i d a l )  seems t o  be  l i n k e d  t o  i n c r e a s i n g  sp in -up  v e l o c i t y .  F o r  t h e  axisym- 
mtric c a s e ,  d i r e c t  compar isons  o f  e x p e r i m e n t s  w i t h  t h e  t h e o r y  o f  a f r e e  r o t a t i n g  d r o p  were 
s u r p r i s i n g l y  good - t h e  e q u a t o r i a l  a r e a  d i f f e r s  from t h e o r y  by o n l y  30%. Fur the rmore ,  t h e  
n o n - a x i s y m e t r i c  shapes  a r e  i n  good q u a l i t a t i v e  agreement  w i t h  t h e  t h e o r y ,  a l t h o u g h  t h e  
t h e o r y  does  n o t  a d d r e s s  t h e  p r e s e n c e  o f  an  o u t e r  f l u i d .  
I n t r o d u c t i o n  
T h i s  pape r  d e s c r i b e s  t h e  i n v e s t i g a t i o n s  o f  t h e  dynamics o f  a  r o t a t i n g  l i q u i d  mass unde r  
t h e  i n f l u e n c e  o f  s u r f a c e  t e n s i o n .  
A l a r g e  ($15-cc) v i s c o u s  l i q u i d  d r o p  is formed a round  a  d i s c  and s h a f t  i n  a  t a n k  c o n t a i n -  
i n g  a  much less v i s c o u s  mix tu re  h a v i n g  t h e  same d e n s i t y  a s  t h e  drop.  T h i s  s u p p o r t i n g  
l i q u i d  and t h e  d rop  a r e  immisc ib l e .  I f  t h e  s h a f t  and d i s c  were  n o t  p r e s e n t ,  t h e  d r o p  would 
f l o a t  f r e e l y  i n  t h e  s u r r o u n d i n g  mediuin and assume t h e  shape  o f  a s 2 h e r e .  d i t h  t h e  d r o p  
a t t a c h e d  and i n i t i a l l y  c e n t e r e d  a b o u t  t h e  d i s c ,  t h e  s h a f t  and d i s c  a r e  set  i n t o  r o t a t i o n  
a lmos t  i m p u l s i v e l y ,  r e a c h i n g  a  f i n a l  s t e a d y  a n g u l a r  v e l o c i t y  w i t h i n  one -ha l f  t o  two r evo lu -  
t i o n s .  The d rop  deforms under  r o t a t i o n  and deve lops  i n t o  a  v a r i e t y  o f  s h a p e s  depending on 
t h e  s h a f t  v e l o c i t y .  The p r o c e s s  o f  s a in -up ,  developtnent,  a n 6  decay ( o r  f r a c t u r e )  t o  some 
f i n a l  shape  was common t o  a l l  runs .  
I n  t h i s  sys tem,  g r a v i t y  is d i m i n i s h e d  a t  t h e  expense  o f  i n t r o d u c i n g  a  s u p a o r t i n g  l i q u i d  
which i s  v i s c o u s  and which may be  e n t r a i n e d  by t h e  n o t i o n  o f  t h e  d r o p ,  t h e r e b y  a l l o w i n g  
a n g u l a r  momentum t o  b e  t r a n s f e r r e d  f rom t h e  d rop .  N e v e r t h e l e s s ,  comparison o f  t h i s  e x p e r i -  
men t ' s  r e s u l t s  t o  t h e  t h e o r y  o f  f r e e  r o t a t i n g  l i q u i d  d r o p  is p t o q t e d  by t h e  f a c t  t h a t  
s e v e r a l  nove l  f a m i l i e s  o f  d rop  s h a p e s  have  been obse rved .  
I t  is i m p o r t a n t  t o  r ecogn ize  t h a t  e x i s r i n g  theo ry  d e a l s  ma in ly  w i t h  e q u i l i b r i u m  s h a s s  
and t h e i r  s t a b i l i t y ,  w h i l e  t h e  d r o p  i n  t h i s  expe r imen t  is unde rgo ing  a  f a r  more compl i ca t ed  
p r o c e s s .  The shape  o f  a  l i q u i d  d r o p  s?un on a  s h a f t  and s u p p o r t e d  by a n o t h e r  l i q u i d  is  
very  auch a dynamical  problem. A p r o p e r  u n d e r s t a n d i n g  o f  t h e  r e s u l t s  w i l l  onl:? come wikh a  
dynamical  a n a l y s i s  which succeeds  i n  e x p l a i n i n g  t h e  growth and decay w i t h  t i m e  o f  t h e  
v a r i o u s  d rop  s h a p s .  
Theory 
The t h e o r y  o f  t h e  e q u i l i b r i u m  s h a p e s  o f  r o t a t i n g  f l u i d s  began w i t h  i n v e s t i g a t i o n s  by 
:Jewton on t h e  shape  o f  t h e  r o t a t i n g  e a r t h ,  and t h r  e x t e n s i v e  t h e o r y  t h a t  ensued  was t h a t  o f  
a  f r e e  f l u i d  h e l d  t o g e t h e r  by s e l f - g r a v i t a t i o n .  An e q u i l i b r i u m  f i g u r e  f o r  r o t a t i n g  l i q u i d  
d r o p  h e l d  t o g e t h e r  b  s u r f a c e  t e n s i o n  was n o t  demons t r a t ed  u n t i l  more t h a n  s e v e n t y  y e a r s  
l a t e r  hen ~ a ~ l e i ~ h ' ' ~  i n v e s t i g a t e d  d r o p l e t s  symmetric a b o u t  t h e  r o t a t i o n  a x i s  (see a l s o  
-*ll72) ) . The s t a b i l i t y  o f  t h e  sim2le ax i symmet r i c  shapes  a w a i t e d  s t u d y  by ChandrasekharR. 
~ w i a t e c k i ( ~ )  f i t s  t h e  problem o f  a  l i q u i d  d r o p  h e l d  t o g e t h e r  by s u r f a c e  t e n s i o n  i n t o  a  
b r o a d e r  scheme i n  which f l u i d  masses may, i n  a d d i t i o n  t o  hav ing  s u r f a c e  t e n s i o n ,  b e  s e l f -  
g r a v i t a t i n g  and /o r  p o s s e s  a  un i fo rm d e n s i t y  o f  e l e c t r i c  cha rge .  The a s t r o p h y s i c a l  2roblem 
o f  t h e  s t a b i l i t y  o f  r o t a t i n g ,  s e l f - g r a v i t a t i n g  s t e l l a r  masses ,  and  t h e  ~ r o b l e m  o f  t h e  
f l  s s i o n a b i l i t y  o f  r o t a t i n g ,  un i fonu ly -cha rged  " l i q u i d  drop"  n u c l e i  i n  n u c l e a r  ~ h y s i c s ,  are 
t h u s  u n i f i e d  w i t h  t h e  ~ r o b l e m  o f  e q u i l i b r i u m  s h a p e s  and  s t a b i l i t y  o f  o r d i n a r y  l i q u i d  d r o p s .  
Conf in ing  d i s c u s s i o n  t o  t h e  c a s e  o f  s u r f a c e  t e n s i o n  f o r c e s  o n l y ,  it it n e c e s s a r y  t o  de- 
f i n e  some o f  t h e  pa rame te r s  used  t o  d e s c r i b e  a  f r e e  l i q u i d  d r o p  i n  s o l i d  body r o t a t i o n .  
The " f r e e "  d r o p  i s  a c t u a l l y  assumed t o  b e  c o n t a i n e d  w i t h i n  a n o t h e r  f l u i d  ( f o r  example ,  an  
a tmosphere  o f  g a s )  which r o t a t e s  a t  t h - .  came a n g u l a r  v e l o c i t y .  The d r o p  h a s  d e n s i t y  p,, and 
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r o t a t e s  w i t h  a r r y ~ l a r  v e l o c i t y  Q. The o u t e r  f l u i d  h a s  d e n s i t y  pp$pD.  The e q u i l i b r i u m  shape 
of t h e  d rop  must s a t i s f y  t h e  equat ior .  1 5 )  
1 2 2 bp0 + T A P  c r l  = o van ,  (1) 
s u b j e c t  t o  t h e  c o n s t r a i n t  t h a t  t h e  drop have a  f i x e d  volume. Apo zPD - PFo is t h e  d i f -  
f e r e n c e  i n  p r e s s u r e s  on t h e  a x i s  o f  r o t a t i o n  i n s i d e  and o u t s i d e  t h e  'drop, A P  = P - p F  
is t h e  d e n s i t y  d i f f e r e n c e ,  r is t h e  r a d i u s  p e r p e n d i c u l a r  t o  t h e  a x i s  o f  r o t a t i o n  a h  
extending t o  t h e  d r o p ' s  s u r f a c e ,  o is t h e  i n t e r f a c i a l  t e n s i o n ,  and n  is ronnal  the surf- 
(-1/2 V - d  is t h e  l o c a l  mean c u r v a t u r e ) .  
If t h e  d e n s i t y  d i f f e r e n c e  Ap is ze ro ,  t h e  e f f e c t  o f  r o t a t i o n  ( i .e . ,  t h e  c e n t r i f u g a l  tern 
(1/2) A p n 2 r I 2 )  is complete ly  removed and t h e  shape s a t i s f y i n g  Equat ion (1) would b e  a per -  
f e c t  sphere .  I n  t h i s  exper iment ,  however, t h e  d r o p  was r o t a t e d  d i f f e r e n t i a l l y  w i t h  r e s p e c t  
t o  t h e  o u t e r  f l u i d ,  g i v i n g  rise t o  t h e  analogous c e n t r i f u g a l  term (1/2)p(ASi)2r12; t h i s  
approach must s u f f e r  t h e  e f f e c t s  o f  v i scous  d rag  and en t ra inment  o f  t h e  o u t e r  f l u i d .  Some 
b a s i s  f o r  comparison wi th  t h e  " f r e e "  drop system is prese rved  by making t h e  o u t e r  f l u i d  two 
o r d e r s  o f  magnitude l e s s  v i scous  than t h e  d r o p , a n e l t h e  e x m r i m e n t a l  t i m e  s h o r t .  ~ h u s ,  a 
minimum amount o f  a n g u l a r  momentum t r a n s f e r s  a c r o s s  t h e  i n t e r f a c e  d u r i n g  t h e  c r i t i c a l  p a r t  
o f  t h e  exper iment .  
Returning t o  t h e  f r e e  drop theory :  ~ r o w n ' ~ )  rewrites E'quation (1) i n  a d imens ion less  
form 
wnere H - 1/2v.n is  t h e  l o c a l  mean c u r v a t u r e ,  a, is t h e  zad ius  o f  a s p h e r e  having t h e  same 
volume a s  t h e  drop,  and the  parameters  Z and K a r e  t h e  r o t a t i o n a l  bond number and dimen- 
s i o n l e s s  r e f e r e n c e .  p r e s s u r e  d e f i n e d  by : 
Tne axisymmetric and non-axisymmetric sequences exc lud ing  t o r o i d a l  shapes  
r e p r e s e n t e d  by a  p l o t  o f  t h e  normal ized e q u a t o r i a l  a r e a  a g a i n s t  Z. iF igure  1 
a l s o  b e  
Figure  1. Calcu la tedEqui l ibr iumShapes  ( f r o m d a t a  r e n o r t e d b  
Brown 1 5 )  , supplemented by ~ h a n d r a s e k h a r (  3 j  i n d  Ross r7) ) . 
E x p e r i n e n t  
The immisc ib l e  t ank  (see F i g u r e  2 )  i n  which t h e  d r o p  is  buoyan t ly  s u p p r t e d  and r o t a t e d  
c o n s i s t s  o f  a  L u c i t e  c y l i n d e r  which i n  t u r n  is c o n t a i n e d  i n  a c u b i c a l  o u t e r  t ank .  Cyl in-  
d r i c a l  symmetry a b o u t  t h e  a x i s  o f  r o t a t i o n  is t h u s  o b t a i n e d  w h i l e  l e n s - l i k e  d i s t o r t i o n  o f  
t h e  d r o p  i n s i d e  t h e  c y l i n d r i c a l  t a n k  is minimized by t h e  p a r a l l e l - s i d e d  geometry o f  t h e  
o u t e r  t a n k  and t h e  w a t e r  c i r c u l a t i n g  between it and t h e  i n n e r  t ank .  
The c i r c u l a t i n g  w a t e r  is pumped i n t o  t h e  sys t em from a c o n s t a n t - t e m p e r a t u r e  b a t h  w i t h  a 
1 5 - l i t e r  c a p a c i t y .  By t h i s  means we a r e  a b l e  t o  c o n t r o l  t h e  t e m p e r a t u r e  o f  the sys t em to  
w i t h i n  . 0 l 0 C  o r  b e t t e r ,  such  c o n t r o l  i s  one  o f  t h e  most  c r i t i c a l  f a c t o r s  i n  t h e  performance  
of t h e  exper iment .  
The f l u i d s  we used i n  t h i s  ex2er i iuent  a r e  s i l i c o n e  o i l  (Dow Corning 200,100 
c e n t i s t o k e )  f o r  t h e  d rop ,  and a  3 t o  1 water /methanol  m i x t u r e  f o r  t h e  h o s t .  The p h y s i c a l  
p r o p e r t i e s  o f  t h e  mix tu re  are h i g h l y  dependen t  on the t empera tu re .  T h e r e f o r e ,  t h e  e q u i l i -  
br ium  siti ions o f  the dro?  a r e  e x t r e m e l y  s e n s i t i v e  t o  t h e  t e m p e r a t u r e  g r a d i e n t  as shown i n  
F i g u r e  3. 
F i ~ u r e  2 .  Immiscib le  System A2para tus  
F i g u r e  3. Tempera ture  P r o f i l e  o f  t h e  N e u t r a l  Buoyancy 
Tank (Heasurernents made by Tom Chuh) . 
The shapes  o f  r o t a t i n g  s p h e r o i d s  and t h e  f l u i d  flows a r e  recorded  on a camera (Mi l l iken  
DBM-55) and d i g i t i z e d  on a Vanguard Motion Analyzer.  The flow v i s u a l i z a t i o n  f o r  i n s i d e  t h e  
drop is accomplished by forming tracer p a r t i c l e s  o u t  o f  t h e  water/methanol mix tu re  o f  d i f -  
f e r e n t  d e n s i t i e s  and v i c e  v e r s a  f o r  flow o u t s i d e  t h e  drop.  
R e s u l t s  and Discussion 
( 7 1 8 )  They a r e  axisymmetr ic ,  two-lobed, Five b d s i c  f a m i l i e s  o f  shapes  a r e  observed.
three- lobed,  four- lobed,  and t o r o i d a l .  Addi t ional ly ,  t h e  o f f - a x i s  s i n g l e  l o b e  is  t h e  f i n a l  
shape f o r  a l l  exper imenta l  runs  excep t  t h o s e  i n  which t h e  d rop  undergoes f r a c t u r e .  These 
snapee a r e  shown i n  F igures  4-10. 
Apart from t h e  axisymmetric shapes  a t  slow r o t a t i o n  r a t e s ,  t h e  th ree - lobed  family  was 
t h e  e a s i e s t  t o  o b t a i n .  Th i s  f a c t  was due i n  p a r t  t o  t h e  p a r t i c u l a r  d rop  volumes and s h a f t  
dimensions used i n  t h i s  experiment.  The ease w i t h  which th ree - lobed  shapes  a r e  genera ted  
is n e v e r t h e l e s s  remarkable;  even i n  an e a r l y ,  ve ry  c r u d e  l / 4 - s c a l e  v e r s i o n  o f  t h e  e x p e r i -  
ment, three- lobed shapes  were r e a d i l y  o b t a i n e d .  
Two-lobed shapes ,  which deve lcp  f o r  s lower  s h a f t  veloci t i , l r  ( < 2  r p s ) ,  may be  h a r d e r  t o  
o b t a i n  because t h e  decay p rocesses  which c a u s e  t h e  drop t o  form i n t o  an asymmetric s i n g l e  
l o b e  may set i n  be fore  t h e  drop can develop symmetric l o b e s .  Four-lobed shapes ,  on t h e  
o t h e r  hand, a r e  o b t a i n e d  a t  g e n e r a l l y  h i g h e r  s h a f t  v e l o c i t i e s  ( s 4  r p s )  t h a n  t h e  th ree - lobed  
shapes ;  when asymmetries develop i n  t h e  drop a t  t h e s e  a n g u l a r  v e l o c i t i e s ,  f r a c t u r e  u s u a l l y  
r e s u l t s .  
During t h e  decay o f  h i g h e r  non-axisymmetric modes, one-lobe s e n e r a l l y  rotates f a s t e r  
than  t n e  o t h e r s ,  e v e n t u a l l y  c a t c h i n g  up and j o i n i n g  w i t h  t h e  l o b e  p reced ing  it. Thus, 
t h r e e  converge i n t o  two and two i n t o  one. Th i s  is n o t  s u r p r i s i n g ;  t h e  mass o f  t h e  drop is 
never  e q u a l l y  d i s t r i b u t e d  among t h e  l o b e s ;  s o  one l o b e  is s m a l l e r  and s u f f e r s  less d r a g  
by t h e  su r round ing  f l u i d .  The p resence  of  d rag  is immediately a p p a r e n t  from t h e  pinwheel 
appearance of  a l l  of  t h e  lobed shapes ,  w i t h  t h e  l o b e s  curv ing  backwards a g a i n s t  t h e  d i r -  
e c t i o n  of r o t a t i o n .  
A f u r t h e r  e f f e c t ,  a t t r i b u t e d  to  t h e  motion of  t h e  o u t e r  f l u i d ,  appears  i n  m n y  runs  i n  
which two- and three- lobed shapes  are produced; i n  t h e  c o u r s e  o f  t h e  d r o p ' s  development,  
t h e  drop rises and becomes s e s s i l e  on t o p  o f  t h e  d i s c  ( i . e . ,  it only c o n t a c t s  t h e  upper 
s u r f a c e  o f  t h e  d i s c  and s h a f t ) .  Three-lobes decay t o  two-lobes which a r e  sessile (F igure  
13)  and o f t e n  p e r s i s t  f o r  many seconds b e f o r e  decaying t o  a s i n g l e  l o b e  ( a l s o  sessile). 
This  r i s i n g  o f  t h e  drop occurs  even when t h e  l e v e l  o f  e x a c t  d e n s i t y  matching is below t h e  
d i s c  by, f o r  example, two c e n t i m e t e r s .  Furthermore,  above a r a t h e r  we l l -de f ined  s h a f t  v e l -  
o c i t y  midway i n  t h e  range o f  v e l o c i t i e s  producing th ree - lobed  shapes ,  a d i f f e r e n t  e f f e c t  
occurs .  The three- lobed drop s t i l l  decays  t o  a two-lobed one b u t  w i t h  one lobe  above t h e  
d i s c  and t h e  o t h e r  below, i . e . ,  t h e  drop is  t i l t e d  (F lgure  1 4 ) .  T h i s  appears  t o  be  a very 
s t a b l e  geometry which can p e r s i s t  f o r  minutes .  
Only a few i n s t a n c e s  of  t h e  t o r o i d a l  shape have been observed w i t h  t h i s  system. Never- 
t h e l e s s ,  s t r i k i n g  examples have been photographed of  t h e  format ion o f  a t o r u s  and i t s  sub- 
sequen t  h i g h l y  symmetric f r a c t u r e  i n t o  t h r e e  o r  f o u r  l a r g e  d rops  and a cor responding  number 
of  small s a t e l l i t e  drops  (F igures  10 through 1 2 ) .  The sequence (axisymmetric - two lobed - 
t h r e e  lobed - f o u r  lobed - t o r o i d a l )  seems t o  be l i n k e d  t o  i n c r e a s i n g  spin-up v e l o c i t y .  
Cr;:-yi:f c,L F,?,:;T: 
BUCK AND Wli lTE FHCiOGRAPti  
Figure 4 .  Drop A t  Rest. Note 
i n t e r n a l  t r a c ~  drops and external 
satellite dro?s. 
Figure 5 .  bxisymetric Oblate 
D m > .  ( S h a f t  anqular  velo- 
c i t y  = 3 . 8  ~3s). 
Flqurc? 6 .  A x i s f m t r i x  Biconcave Figure 7. 'I*ro-lobed shape [Shaft 
Drop ( S h a f t  angular velocity = 1.3 rps) angular velocity = 1.8 rps1 . 
dro? is s t i l l  s p i n n i n g  upl 
Fkqure 8. Three-:okd Shapc 
(Shaft angular velocity r 2.0 rps )  
f lgure 10. Torus (Shaft angular 
vc loc i tg  = 4 . 8  rps) 
Figure 9. Four-labed 5 1  ape 
I sha f t  anquLar velocity = 3.6 rps) 
Figure 11. Dreak Up of Torus 
[ S h a f t  1s not rotat~ns) 
f i s u r c  1" nrrak U? of T o r u s  
( S h a f t  1s nc7t rotatinql 
F 1 1  1 ' T l  1 t r d  ~ ~ ~ ~ - t c L C + d  
S~,I!M'  l l k ' r a y  rou t t .  for  tlirtxc- 
lObP~1 st;A;w= K 
( 5 )  ?he compari ons between t h e  shapes  t h a t  we observed and t h e  c a l c u l d t i o n s  by Brown , 
C h a n d r a ~ e k h a r ( ~ ~ ,  and I O S S ( ~ )  a r e  g iven  i n  t h e  fol lowing s e c t i o n .  
A. Axisymmetric shape 
The q u a n t i t i e s  which a r e  determined f o r  t h e  axieymmetric shapes  are a ,  the e q u a t o r i a l  
r a d i u s  o f  t h e  r o t a t i n g  drop,  and a ,  t h e  d r o p ' s  a n g u l a r  v e l o c i t y .  From a t h e  normal ized 
c r o s s - s e c t i o n a l  a r e a  A'  = na2/a i n  c a l c u l a t e d ,  w h i l e  n y i e l d s  t h e  d imens ion lass  parameter  
t ,  p is the d e n s i t y  of t h e  o i l  And a is t h e  i n t e r f ~ c i a l  t e n s i o n  between t h e  o i l  and mixture .  
a ,  i s  computed from t h e  c a l c u l a t e d  d rop  volume. The exper imenta l  a x i s y n a e t r i c  v a l u e r  a r e  
determined from t h e  maximum drop deformat ion f o r  a g iven  r o t a t i o n  v e l o c i t y .  The e x p e r i -  
mental  va lues  a r e  p r e s e n t e d  i n  F igure  16. A s  I: i n c r e a r e s ,  t h e  a x i s y m e t r i c  shapes  become 
l e s s  s t a b l e  wi th  r e s p e c t  t o  t h e  n-1 p e r t u r b a t i o n .  Thus, no r e l i a b l e  d a t a  a r e a v a i l a b l e  be- 
yond t h e  reg ion  where E = 0 . 4 .  
Figure  1 6 .  Experimental  Resu l t s  f o r  Slcwly Rota t ing  Axisylmnetric 
Drops. T h e o r e t i c a l  Curve From Free Drop C a l c u l a t i o n s .  3 ' 5 ' 6  
Figure  1 7 .  Angular Ve loc i ty  D i s t r i b u t i o n  f o r  Three-Lobed Shapr: 
.:Drop 0 . 3 3  rps and = 2 . 7 4  r p s  
Figure 18. F' versus X for a Two-Lobe Run. Figure 19. A' versus C for Three Lobe Run. 
(A' ia the normalized 
equatcrial area and r is pro- 
portional to the square of the 
angular velocity). 
Figure 20. A' versus L for 
a Pour Lobc Kun. 
Figure 21. Angular Homcntum 
versus Time for a Three Lobe 
Run. 
9. Non-axisymmetric shapes  
F i g u r e  17  shows v e l o c i t y - p r o f i l e  d a t a  fo: a th ree - lobed  shape .  The e x i s t e n c e  of s h e a r  3 
close t o  t h e  d i s c  is c l e a r l y  demons t r a t ed .  I t  is a l s o  s e e n ,  t h a t  a t  a p o s i t i o n  away from 
t h e  d i s c  where 90 p e r c e n t  o f  t h e  mass is  l o c a t e d ,  a r e a s o n a b l y  c o n s t a n t  a n g u l a r  v e l o c i t y  
e x i s t s .  I t  i s  t h e  measurement o f  t h i s  v r l o c i t y  which ~ e r v e s  a s  i ;  v a l u e  f o r  d e t e n n l n i n q  L . . 
f o r  a g i v e n  d r o p  shape .  However, t h e  j u ~ t i f i c a t i o n  o f  t h i s  prou3?ure  i s  l i k e l y  to b reak  . i r . 
down d u r i n g  t h e  i n i t i a l  s p i n  up o f  t h e  i r o y .  
' *  F i g u r e s  18-20 show g r a p h s  o f  t h e  r e s u l t s  o f  A/'a,- v e r s u r  :. fr , -  t%t d r o p s  which developer1 1 
t o  two-lobed,  t h r e e - l o b e d ,  and fou r - lobed  s h a p e s .  r .: 
The d i r e c t i o n  i n  which tFle A' v e r s u s  Z g r a p h s  was t r a v e  , . time i s  i n d i c a t e d  on a a c h  t 
graph.  I n  each run ,  t h e  d r o p  remains  a x i s y m e t r i c  f o r  r t . i l  . i o r  to d e v e l o p i n g  i z t ?  l t m  
l obed  shape .  
By l o o k i n g  a t  t h e  A'-versus-2: g r a p h s  o f  t h e  t h r e e -  and f o u r - l o b e d  r u n s ,  it can be  s e e n  
t h a t  t h c  c u r v e s  occupy t h e  same domain. T h i s  f a c t  s u g g e s t s  t h e  p o s s i b i l i t y  t h a t  b i f u r c a t i o n  
o i n t s  f o r  t h e  fou r - lobed  and t h r e e - l o b e d  s h a s s  a r e  c l o s e ,  and t h e  t h r e e - l o b e d  s h a p e  is 
more s t a b l e .  A s  a r e s u l t ,  t h e  t h r e e - l o b e d  shade  o c c u r r e d  srf>re f r e q u e n t l y  t h a n  t h e  f o u r -  
l obed  shape .  P, 
The fou r - lobed  cu rve  o f  A '  v e r s u s  2: h a s  a rebound t h a t  i s  e i t h e r  n o n s x i s t e n t  o r  n o t  a s  , , , . 
profound i n  t h e  t h r e e -  and two-lcbcd runs .  
I n  a l l  r u n s ,  t h e  a n g u l a r  momen* yrl i n c r e a s e s  i n i t i a l l y ,  r e a c h e s  a peak ,  and t h e n  d e c r e a s e s .  
The s h a f t  a n q u l a r  v e l o c i t y  is .I-  l sta ant I n  t h e  c r i t i c a l  r e g i o n ,  b e f o r e  and a f t z r  t h e  l o b e s  
:rave f u l l y  developed.  (See  F:.gure 21) . 
CONCLUSIONS 
Shapes  o f  a r o t a t i n g  s p h e r o i d ,  have been obse rved  and r e c o r d e d  i n  t h i s  expe r imen t .  These  
i n c l u d e  t h e  f l a t t e n i n g  o f  s l o w l y  r o t a t i n g  d r o p s  and t h e  g e n e r a t i o n  of t o r o i d a l  and l o b e d  
shapes  a t  h i g h e r  r o t a t i o n  r a t e s .  Using d a t a  r e c o r d e d  on movie f i l m ,  t h e  development and 
decay o f  t h e  r o t a t i n g  .lhapes were s t u d i e d  f o r  t h e  f i r s t  time. The n e u t r a l l y  buoyant  t r a c e r  
d r o p l e t s  a l lowed  us  t o  s t u d y  t h e  dynamics o f  t h e  behavior, t h e  secondary  f low g e n e r a t e d  by 
t h e  r o t a t i o n ,  t h e  i n t e r a c t i o n  between t h e  d r o p  and t h e  h o s t  l i q u i d ,  and  t h e  c o u p l i n g  between 
t h e  s h a f t  and d i s c  and  t h e  d rop .  
Fo r  s lowly  r o t a t i n g  a x i s y m i i t r i c  d r o p s ,  d i r e c t  compar isons  o f  e x p r i m e n t  w i t h  t h e  t h e o r y  
o f  a f r e e  r o t a t i n g  d rop  were p o s s i b l e .  The agreement  was s u r g r i s i n g l y  good; t h e  q u a l i t a t i v e  
shape  o f  t h e  equatox~al-area-versus-2 c u r v e s  were s i m i l a r ,  o n l y  d i f f e r i n g  front t h e o r y  by 30%. 
T h i s  is remarkable  because  t h e  t h e o r y  does  n o t  a d d r e s s  t h e  p r e s e n c e  o f  an  o u t e r  f l u i d .  The 
g e n e r a t i o n  and s t u d y  o f  ax i symmet r i c  e q u i l i b r i u m  s h a p e s  f o r  h i g h e r  r o t a t i o n  r a t e s  is d i f f i -  
c u l t ,  because  o f  t h e  p r e s e n c e  o f  t h e  more stable o f f - a x i s  s i n g l e  lobed  shape .  T h i s  mech- 
anism, ax i symmet r i c  shapes  decay i n t o  s i n g l e  looed  s n a p ,  2 r o h i b i t e d  us  from e x t r a c t i n g  
from t h e  d a t a  t h e  e x a c t  l o c a t i o n  o f  t h e  b i f u r c a t i o n  p o i n t s  b e t w e n  r a m i l i e s  o f  e q u i l i b r i u m  
shapes .  
When g e n e r a t i n g  n 2 2 l o b e d  d r o p s  i n  a c o n t r o l l e d  manner, p r i m a . i l y  two- and t h r e e - l o b e d  
shapes  were o b t a i n e d .  The l a t t e r  had n o t  been obse rved  b e f o r e .  The s t u d y  o f  e q u i l i b r i u m  
c o n f i g u r a t i o n s  o f  t h e s e  lobed  s h a - x s  is  made a i f f i c u l t  by t h e  2 r e s e n c e  o f  t h e  o u t e r  f l u i d ;  
a s  soon a s  t h e  l o b e s  o c c u r ,  t h e  i n t e r a c t i o n  between t h e  d r o p  and t h e  h o r c  l i q u i d  i n c r e a s e s  
s i g n i f i c a n t l y  and q e n e r a t e s  l a r g e  secondary  f lows . The a c c e l e r a t e d  t r a n s f e r  o f  a n g u l a r  
numenturn from t h e  d r a p  i n  t h e  l o b e d  c o n f i g u r a t i o n s  g i v e s  rise t o  decay r o u t e s  i n  which one  
lobe s l o b s  ar.d i s  abso rbed  by t h e  one t r a i l i n g  it; t h i s  p r o c e s s  c o s ~ t i n u e s  u n t i l  t h e r e  is  
o n l y  an arm l e f t .  There  were two e x c e p t i o n a l  t y p e s  of decay i n  which e i t h e r  t h e  whole d r o p  
would l i f t  up ( i n d e p e n d e n t l y  o f  t h e  n e u t r a l  buoyancy l e v e l )  and become sessile on t h e  d i s c ,  
o r  would form z. s l ~ n t e d  d r o ~ ;  : n  bo th  of t h e s e  t v o  c a s e s ,  t h e  shapes  were  v e r y  s t a b i e  and 
lonq- l ived .  The b e h a v i o r  o f  l o b e d  s h a , x s  was n o t  e a s i l y  compared t o  t h e  f r e e  d r o p  t h e o r y .  
The s t u d y  of t h e  a n g u l a r  v c l o c i t i o s  and  momenta demons t r a t ed  t h a t  t h e  development o f  t h e  
v a r i o u s  lobed  a h c p s  t a k e s  s i m i l a r  p a t h s ,  b u t  no e v i d e n c e  was found f o r  t h e  Loca t ion  o f  
b ranch  p o i n t s  between ax i rymmet r i c  and t r i a x i a l  b e h a v i o r .  
A t  ? resent , ,  no framework e x i s t s  f o r  d c a x i b i n g  the dynanrics o f  a d r o p  r o t a t i n g  i n  an- 
o t h e r  l i q u i d .  I t  is  t h e  a u t h o r s  ' h o p  t h a t  tl\e v a r i o u s  phenomena obse rved  and d e s c r i b e d  
i n  t h e  c o u r s e  o f  this work wrl;  s t z m u l a t e  one .  
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Abrtract 
1Lo principal  issues a r e  addressed: the  fragmentation of molecular clouds i n t o  u n i t s  of s t e l l a r  mss and 
the  impact of s t a r  formation on molecular clouds. The o b e r v a t i o n a l  evidence f o r  fragmentation is rwa- 
marized, and the grav i ta t iona l  i n r t a b i l i t y  described of a uniform rpher ics l  cloud col lapsing from re r t .  The 
implications a r e  considered of a f i n i t e  pressure f o r  t h e  minimum fragacnt mass t h a t  is  a t ta inab le  i n  opacity- 
l imited fragmentation. The ro le  of m g n e t i c  f i e l d s  is  discusred i n  rerolving the  angular momentun problem 
and i n  making the col lapse anisotropic ,  with notable conrequencer f o r  f ragacntat ion theory. In te rac t ions  
between fragments a r e  described, with emphasis on the  e f f e c t  of p r o t o s t e l l a r  winds on t h e  ambient cloud 
m t t e r  and on inh ib i t ing  fur ther  s t a r  formation. Such in te rac t ions  a r e  l ike ly  t o  have profound conrequencer 
f o r  regulating the r a t e  of r t a r  f o r m t i o n  and on the  energet ics  and dynamics of molecular clouds. 
I. Introduction 
We a r e  f a r  from understanding s t a r  forpation. Observations a r e  only beginning t o  probe the  i n t e r i o r s  of 
molecular clouds where s t a r  b i r t h  is  occurring. Thus any attempt t o  present an overview of molecular clouds 
and s t a r  formation inevi tably runs i n t o  immense gaps i n  our knwledge. Eventually, f a r  infrared and m i l l i -  
metre wavelengtn maps w i l l  improve suf f ic ien t ly  t o  provide a much more coherent physical picture. For now, 
one can only speculate on the  most probable processes tha t  w i l l  occur and a f f e c t  cloud evolution. 
Gravi tat ional  i n s t a b i l i t y  is t h e  process tha t  we understand best,  and much of the  emphasis nere w i l l  be on 
describing some of its ramifications i n  molecular clouds. There a r e  important aspects  of molecular clouds 
t h a t  w i l l  not be discussed here. These include formation and destruct ion,  a s  well a s  the  t r i g g e r  ncchaniam 
by which col lapse and s t a r  formation i s  i n i t i a t e d .  My a t a r t i n g  point w i l l  be a molecular cloud t h a t  is  
undergoing grav i ta t iona l  collapse. One might imagine t h a t  t h i s  is  relevant t o  t h e  cores of cold molecular 
clouds, a s  well a s  t o  clouds tha t  have undergone sudden compression associated with passage of a shock f ron t  
induced e i t h e r  by a nearby supernova o r  a co l l f s ion  with another cloud. However my in ten t ion  is not t o  der- 
c r i b  the grand design underlying molecular clouds and s t a r  formation, about which one can speculate  a t  g rea t  
lenuth, but t o  focus on the  physics of fragrentation. H w  do molecular clouds fragment i n t o  u n i t s  of s t e l l a r  
mass? What a r e  the observational indicat ions and implications of fragmentation? These a r e  the  i s sues  t o  be 
addressed here. 
I commence by discussing the  observational evidence f o r  fragmentation i n  molecular clouds (SIX). I then 
review the or ig ina l  argument by Jeans f o r  g rav i ta t iona l  i n r t a b i l i t y ,  and ind ica te  h w  t h i s  is  modified f o r  a 
uniform spherical  cloud col lapsing from r e s t  (5111). Effects  of f i n i t e  pressure a r e  considered, and the  rig- 
nif icance of the minimum Jeans a s s  f o r  fragmentation is discussed. Next I discusr  the  r o l e  of magnetic 
f i e ld8  i n  resolving the angular momentun problem and i n  making the  col lapse anisotropic  (SIV). The con- 
squences  of anirotropic  collapse f o r  fragmentation theory a r e  explored. In te rac t ions  between fragacntr  a r e  
described, v i t h  emphasis on t h e  in te rac t ion  between newly formed protostars  and t h e  ambient cloud watter  
(SV). It i r  concluded tha t  t h i s  in te rac t ion  may have profound consequences f o r  regulat ing the  r a t e  of s t a r  
formation and the energetics.and dynamics of molecular clouds. 
11. Evidence for fragpwntation 
Molecular clouds a r e  observed t o  contain emaller fragments. Cold clouds, ruch a s  t h e  Taurus dark cloud, 
contain f r a g ~ c n t s  with masser a s  m a l l  a s -  1 Q.  The l i n e  widths of these fragments a r e  o f ten  n a r r w ,  i n  
rome carer  conr i r t en t  with t h e w 1  support a t  T - 10K. kymmetrier i n  t h e  o v e r a l l  p r o f i l e  of the  Taurus 
cloud have been interpreted rr evidence f o r  systematic col lapse or  contract ion (Uyerr 1981). Complexes near 
H I 1  regionr, while exhibi t ing broader l i n e  p rof i l es ,  a l s o  contain fragments. A t  lw rerolut ion,  ruch cow 
plexer a r  tha t  near NGC 2264 contain fragavntr of - 100 & within a molecular cloud complex t h a t  h r r  upwardr 
of .- ld &. One misht imagine t h a t  a t  higher rerolut ion,  f i n e r  r t r u c t u r e  would be reen: rore t en ta t ive  
evidence for  th in  comer from VLA observationr of embedded H I 1  regionr (van Corkom 1981). Evidently, fragacn- 
t a t i o n  a r t  have occurred I n t o  s t e l l a r  m r r e r  a t  d e n r i t i e r  i n  t h e  range ld-105 c d 3 .  
Indirect  evidence t h a t  r t rongly rupportr t h i s  conjecture comer from obrervationr by Blaauw (1978), who 
r tudied the proper w t i o n r  of 0 r t a r r  i n  a young expanding arrociat ion.  He found t h a t  t h e  0 r trr  por i t ion  
.rectors i n  a given subgroup could be t raced back t o  encolparr a minimum voluae, which he i d e n t i f i e r  with t h a t  
of the cloud out of uhich they f o n d .  The r t a r  denri ty  a t  b i r t h  i r  about ld pc'3. An q u a 1  mar8 of y r  i n  
t h e  a- volume would be of mean denoity 3 x 1@ cmm3. I f  the re  were a f a c t o r  10 more gar than r t a r r  a t  t h e  
formation epoch, am ruggerted observations of the  younger r t a r  formation regionr near the  Orion molecular 
cloud (Zuckerun and Palmer 1974). one infer8 an i n i t i a l  cloud denr i ty  of 3 x 16 c f 3 ,  r imi la r  t o  the  
denmitier inferred i n  cold molecular cloud corer. Rapid d i r p e r r a l  of t h i s  b r  could account f o r  t h e  p o r i t i v e  
e n e r w  of t h e  0 arrociat ion.  
A recond piece of ind i rec t  evidence tha t  rupportr t h e  occurrence of fragmentation a t  denmitier c-arable 
t o  thore oberved  i n  molecular cloudr cow# from a re ro lu t ion  of the  a w l a r  l o n n t u  p r o b l r  encountered i n  
theor ie r  of r t a r  formation i n  t e r u  of the  o r b i t a l  a w l a t  m o n n t u  of wlde binary p a i r r  of r t a r r .  Mguet ic  
braking enforcer corotat ion a t  lw denmitier, but a r t  becow inef fec t ive  a t  hi& d e r u i t i e r  i n  par t  boceure 
t h e  f i e l d  undergoer r b i p o l a r  d i f fu r ion  r e l a t i v e  t o  the  neu t ra l  coqonent .  m e  r p e c i f i c  o r b i t a l  a w l a r  
m o w n t u  of wide b inar ies  (with period# < lo2 yr.) can be eccounted f o r  i f  a w l a r  m o w n t u  conae-tion 
f i r s t  b e c o n r  e f fec t ive  a t  denmitier i n  t h e  range ld - lo6 (Hourchovlar 1977). Pr io r  t o  th ia ,  corota- 
t i o n  rhould apply, with a rpec i f ic  a a y l a r  H w n t u  appropriate t o  t h a t  of a cloud underpoilrg d i f f e r e n t i a l  
r o t a t i o n  i n  the  ga lac t ic  g rav i ta t iona l  f i e ld .  
Additional evidence f o r  t h i r  in te rpre ta t ion  cow8 from two di f fe ren t  okemat iona .  A t  l e a s t  one i so la ted  
molecular cloud haa recently been found t o  reveal  evidence f o r  undergoing m g n e t i c  braking ( G o l d n i t h  e t  81. 
1981). Secondly, the  m r a  funct ivn of b i m y  recondarier v i t h  periodr i n  t h e  range lo2 - 19 yr i r  ind i r t in -  
guiahable from t h a t  of f i e l d  r t a r r .  wheream t h a t  f o r  rhor te r  period b i m r i e r  i r  u c h  f l a t t e r  (Abt and Levy 
1976). Thir rupportr t h e  viewpoint t h a t  ouch wide b i m r i e a  formed by capture of f i e l d  s t a r r ,  vherear t h e  
cloae binariea formed by a d i f fe ren t  phyricsl  procerr,  presmably by f i raion,  t h a t  ronrerved t h e  o r b i t a l  
angular moment- appropriate t o  an ear ly phase of the col lapre,  prermably when m g n e t i c  braking f i r r t  became 
ineffect ive.  
One concluder that  fragmentation In to  r t e l l a r  m a r  u n i t s  almost ce r ta in ly  har occurred a t  d e n r i t i e r  
charac te r ia t i c  of molecular cloudr. 
111. Gravi tat ional  i n r t a b i l i t y  & fragmentation 
It war f i r r t  demonstrated e x p l i c i t l y  by Jeanr t h a t  en i n f i n i t e  stationary uniform relf-gravi tat ing medim 
i r  auaceptible K G  grav i ta t iona l  i n s t a b i l i t y .  Although Jeana' argument har s ince  been sham t o  be technical ly 
incorrect ,  it l a  ureful t o  review the r e s u l t  here. More rophir t icated analyaer i n  f a c t  recover an i d e n t i c a l  
c r i t e r i o n  f o r  i n r t a b i l i t y .  One f indr  t h a t  in f in i tes imal  perturbat ionr  of t h e  form exp(iut) exp(ikr)  grar  a t  
a r a t e  given by the dirperr ion r e l a t i o n  
Hence perturbationr of wavelength exceeding 
a r e  unrtable, those with X >> X J  g ra r ing  a t  a r a t e  - [cxp(bnQ)l t ] .  
While a r imi la r  r e r u l t  holdr f o r  any r ta t ionary relf-gravi tat ing ryrtem, the g r a r t h  r a t e  i r  d r a s t i c a l l y  
modified for  perturbationa of a cloud undergoing r y r t e a a t i c  collapae or expansion. I n  t h i r  care, t h e  denaity 
p changer over an i n i t i a l  col lapre (o r  expanrion) time, which is 81.0 t h e  tlme sca le  f o r  the  perturbat ion t o  
grar .  Consequently, the  exponential growth r a t e  changer t o  a aecular  g r w t h  rate .  It i r  the  convection by 
t h e  pr inc ipa l  f l w  of the background co l lapre  t h a t  caures t h i r  e f fec t .  For a rpherical ly  symmetric uniform 
ryrtem undergoing col lapse from r e a t ,  the free-fal l  time i r  
where po  i a  the i n i t i a l  denrity. The perturbation growth r a t e  i a  
i n  the  l i n e a r  regime, f o r  denri ty  perturbationr of i n i t i a l  a p l i t u d e  60 (Hunter 1962). Once 6 > 1, se l f -  
gravi ty becomer important f o r  the  f luctuat ionr ,  and rapid gra r th  enruer a8 may be demonrtrated from an exact 
nowl inear  rolution. However only i f  the i n i t a l  amplitude i a  r u f f i c i e n t l y  l a rge  can we reasonably expect 
f luctuat ionr  t o  become la rge  and the  col laprfng cloud t o  f r a p n t .  
What value l a  required f o r  6, i n  order f o r  fragmentation t o  occur? Since the  denr i ty  increraea i n  uniform 
spherical co l lapre  a r  p - po(tf-t)-2, we i n f e r  t h a t  f luc tua t ionr  a r e  large when 6 - 1, o r  a t  a ti.a given by 
tf-t * 6,s just before co l lapre  of the e n t i r e  cloud a t  tf. A t  t h i r  in r tan t ,  the mean denri ty  har increased 
by a fac tor  p i p o  - (tf-t)'2 - 60-2. lknce col lapre by a fac tor  1@ i n  denr i ty  i a  neceraary f o r  per turbat ionr  
of i n i t i a l  m p l i t u d e  bo - 0.01. 
Thir e r t b o t e  a a a u e r  tha t  the perturb8tionr a r e  alwayr v e l l  above the  inmtantaneoua Jeanr length. I* 
they a r e  not, growth can be ruppreaaed (Figure 1).  It 10 convenient t o  introduce the iwtantaneoua J e r  6 
m a r  defined k 
During tho diffuoo col lapro pharo, tha c l d  v i l l  r u i n  approximately i r o t h e r u l .  h n c e  a@ tho dear i ty  iw 
croarer ,  tQ w i l l  decrease. A f luc tua t ion  t h a t  i r  i n i t i a l l y  b e l w  tho Joanr u r r  a t  tho onoat of co l lapre  
w i l l  avontually k 6 i n  t o  g r w  uhon i t  f i r r t  ovortakor the  Joanr mrr* There i r  ac tua l ly  a d n i m u  *rhe f o r  
tho Jeans m r r ,  uhich effoct ivoly occur. uhon tho col lapro beeova  adiabatic. Thir inevitably happen8 a t  a 
ru f f ic ien t ly  hi6h column donri ty ,  uhon radiat ion trappi- occurr and cooling i r  inhibited. 
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Figure 1. The f a t e  of density f luc tua t ionr  i n  a collapsing cloud. The Jeans mare ( l e f t  ordinate)  is  r h m  
a s  a function of denri ty  f o r  spherical  co l lapre  using a r i l i c a t e  g ra in  model. It a t t a i n s  a mini- 
mum value of - 0.007 )(O a t  a p a r t i c l e  denri ty  of - 2 x 1012 cme3. Ihe  evolution of the  denri ty  
contrast  ( r igh t  ordinate) is i l l u r t r a t e d  for  a f luc tua t ion  containing a maor ein and f o r  one of 
maor < @in but > w i n .  
J 
Consider then a f luc tua t ion  of wavelength A vhich only c o r a n c e r  t o  grow a t  a time t~ v a l l  i n t o  the  col- 
laprs. In other  uordr, a t  t ~ ,  the fluctuat ion u s e  I$ f i r s t  exceadr the Jeans m a s .  I f  the  densi ty contraat  
a t  *h i*  time i r  6~~ fragmentation v i l l  occur a t  an epoch ti, ray, vhan the  background denmity h r r  increamed 
by l fac tor  ( 5 1 6 ~ )  , according t o  a recent analpais of uniform rpher ica l  co l lapre  (Tohline 1980). However a 
~ r u c i a l  a r smpt ion  is that  the co l lapse  remains i s o t h e r u l .  In o ther  words, p ( t 1 )  n m t  not exceed p(ta,j), 
where the epoch a t  which the  co l l rpse  f i r r t  becomes ad iaba t ic  i r  denoted by tad. Ragmentation v i l l  only k 
effective on u r r  sca le r  l a rger  than HA, r ince smaller r c a l e r  w i l l  not have separated out by tad. If t h e i r  
denri ty  con t ra r t  is  w a l l  a t  th in  atage, the f luc tua t ionr  v i l l  not survive i n t o  the  ad iaba t ic  co l lapre  phame 
a s  d i r t i n c  f r a g ~ c n t s .  The minimum us8 fragment8 t o  form w i l l  have just  become non-linear a t  tad. I f  bPin 
P (tad)-1 denotes the minimum Jean. r r r  a t  tad, ue i n f e r  t h a t  
and the minima m r r  fragocnt is 
f h i r  simple r e s u l t  lead* t o  a conridorable d i f f i c u l t y  i n  underrtanding r t a r  fo rmt ion .  In addi t ion t o  t h e  
f a c t  tha t  co l l rp re  by a denri ty  enhancement fac tor  of about 105 i r  required f o r  f l u c t u r t i o n r  of amplitude 1 
percent from the i n r t a n t  t h a t  they a r e  f i r r t  Jeanr unrtable, tho minimum f r a g r n t  u s r  k c o r r  uncomfortably 
l a r r .  To roo h w  t h i s  a r i r e s ,  l e t  ur br iof ly review tho opacity-limited f r a m n t a t i o n  r r y . n t  t h a t  dofinor  
n J m  n. 
Tho t h  evolution of a volume element i n  tho uniform rpherical ly  col lapring cloud i r  defined by r loeum 
i n  the  tomperature-denrity plane. Tho condition t h a t  tho voluw element k able  t o  f ree ly  rad ia ta  may i t r  
thermal enorgy a r  it i r  c o q r e r r o d  and tr  i n t e r n a l  e n e r g  incroarer  def iner  a r e l a t i o n  k t v o o n  T and p t h a t  
i n i t i a l l y  ir a l c r t  i r o t h e r u l i  T * p 1  h i r  ac tua l ly  found t o  apply (Si lk 1977a). Since the  Joan. r r r  can 
be w i t t a n  
UJ * conrtrnt  (p/~ ' / '  131Z , 
and t h e  equat ion  of r t a t e  i n f e r r e d  f  r  o p t i c a l l y  t h i n  uniform r p h e r i c a l  collapme i r  p = pYIe ,  one r e e r  t h a t  
t h e  Jean. m a r  dec rea re r  an )(I = p69lb .  For exac t ly  i r o t h e ~ l  c o l l a p r e ,  one would have NJ - p'l h .  
At r u f f i c i e n t l y  high d e n r i t y ,  i n h i b i t i o n  of cool ing  by r a d i a t i o n  t r app ing  q u a l i t a t i v e l y  a l t e r s  t h i n  re- 
r u l t ,  mince t h e  e f f e c t i v e  equat ion  of r t a t e  ncw rerembler = p5I3.  Thir  i r  i n e v t t a b l e ,  because t h e  column 
d e n r i t y  a c r o r r  a I ean r  m a r  f r a ~ m e n t  i r  p o p o r t i o n a l  t o  p I f 2  and t h e  o p t i c a l  depth  even tua l ly  becomer large .  
The new equat ion  of s t a t e  i n  t h i s  a d i a b a t i c  regime i r  der ived by r equ i r ing  t h a t  a n  i s o l a t e d  f r agpcn t  be a b l e  
t o  r a d i a t e  away t h e  g r a v i t a t i o n a l  energy acquired  am i t  con t r ac t r .  S ince  t h e  coo l ing  r a t e  n w  dependr on t h e  
n t  r i r a ,  t h e  evo lu t ion  t rack  i n  t h e  (T,n) p lane  i r  mrr-dependent.  I h e  J ean r  sarr n w  r i s e r  a r  HJ = 
and i ts  minimum value occurr  where t h e  o p t i c a l  depth  ac ros s  a fragment is of o rde r  un i ty .  [Ire o t  opa- 
c i t i e r  correrponding t o  convent ional  g r a i n  modelr ( g r a p h i t e  o r  r i l i c a t e r )  and a a o l a r  abundance of heavy e l e -  
ment. i n  g r a i n s  y i e l d r  a va lue  )(Imin - 0.005 & ( S i l k  1977.). There i r  a c o r r e c t i o n  f a c t o r  t h a t  rhould  be 
incorpora ted  due t o  t h e  prerence  of neighbauring fragmentr vhich  e f f e c t i v e l y  d e c r e a r e  t h e  r o l i d  ang le  o w r  
which an  ind iv idua l  fragment can r a d i a t e  f r e e l y  (Smith 1977). This  e f f e c t  rrires t h e  minimum fragment mass 
by a f a c t o r  - N ~ / ~ ,  where N i r  t h e  number of fragmentr i n  t h e  cloud ( S i l k  1980). 
Bven i n  t h e  absence of any heavy elementr,  opac i ty  due t o  H- format ion is  important.  I n  t h i s  ca re ,  t h e  
minimum Jeans  m a r  is - 0.3% (S i lk  1977b). A simple express ion f o r  mmin t h a t  e x p l i c i t l y  demonatrater t h e  
r o l e  of heavy elements i s  (Rees 1977, S i l k  1977b) 
Here & - ( h c / ~ ) ~ I ~  - 1 )t) is t h e  Chandrasekhar m s r  and u 1s t h e  mean molecular w i g h t .  Provided t h e  heavy 
element abundance remains a b o w  - t h a t  of t h e  s o l a r  value,  coo l ing  occu r r  t o  b e l w  10 K. However, a t  
l w e r  values,  heavy element cool ing  is unimportant,  and T - 1@ K i s  maintained by Lya cooling.  
The dilemma confront ing  fragmentation theory is now very apparent.  With bin > ld mmin f o r  6 - 9-01, a s  
expected i n  s p h e r i c a l  c o l l a p r e ,  i t  is not a t  a11 obvious har fragmentr of s t e l l a r  m a r  can form. Fragments 
of pr imordia l  composition a r e  e n t i r e l y  ou t s ide  t h e  convent ional  s t e l l a r  mars range. Even f o r  s o i a r  compori- 
t i on .  r t a r s  of a o l a r  mars a r e  excluded. Indeed, t h e  fragments a r e  l l k e l y  t o  provide  l w e r  l i m i t s  t o  t h e  
a c t u a l  PLII~SCI  of the  p r o t o s t a r s  t h a t  form. I h e  var ious  non-linear processes  t h a t  one can imagine, i nc lud ing  
a c c r e t i o n  of uncondensed m r t t e r  and c o a y l a t i o n  of fragments,  w l l l  tend t o  i n c r e a r e  t h e  M s s e r  of fragments. 
This  r e s u l t  led Tohline (1980) t o  conclude t h a t  Popu la t io~ r  IT1 of pr imordia l  composit ion cone i r t ed  not of 
s t a r s  b u t  of very arassive ob jec t s .  Unfortunately.  t h e  l i t t l e  evidence one has  is c o n r i r t e n t  w i th  t h e  no t ion  
t h a t  Population 111 cons i s t ed  of s t a r s ,  al though p r a c t i c a l l y  a l l  were cons ide rab l  more m s s i v e  than  t h e  run. 
A t  l e a s t  one ha lo  s t a r  has been discovered wi th  es.entia11y ze ro  r t a l l i c i t y  (1O-Ia5 I 0  according t o  Nor r i s  
[1981]),  and presumably is s r e l i c  of popula t ion  111. 
Another coneequence of t h e  h e i r a r c h i c a l  opaci tv- l imi ted  f r a ~ m e n t a t i o n  theory  i r  t h a t  cloud8 fragment on a 
f r e e - f a l l  time-.scale. There is cons ide rab le  evidence t h a t  s t a r  formation i r  s m c h  r l w e r  process.  F i r s t .  
molecular clouds a r e  r e l a t i v e l y  l o n g l i v e d .  Ninimum e s t i m t e n  of l i f e t i m e s  a r e  , ld yr ,  and 3 x lo7 y r  i r  
probably w r e  p l a u s i b l e  given s t a r  formation e f f i c i e n c i e s  of o rde r  10 percent ,  comparable t o  t hose  obrerved 
i n  Taurur and Orion (Cohel and Kuhi 1979). Second, r t u d i e r  of t h e  Her t t rprun&Rursal l  diagram i n  open 
c l u s t a r r  i n d i c a t e  t h a t  lw mars s t a r  f o r m t i o n  proceeded on a longer  t ime-rca le  t han  d i d  marrive s t a r  forma- 
t ion .  In t h e  c a r e  of t he  P l e i ades ,  t h e  nuc lea r  turn-off q e  i r  7 x 10' yr ,  vhe rea r  t h e r e  a r e  many r t a r s  
above t h e  lover  m i n  sequence t h a t  must have been f o n d  r o m  2 x 1@ yr aRo ( S t a u f f e r  1980). A r ecen t  r tudy 
of NCC 2264 (Strom 1981) concludes t h a t  t h e  s t a r  formation r a t e  i nc rea red  wi th  time a s  p rog re r r ive ly  more 
marrive s t a r r  formed. 
In  order  t o  a t tempt  t o  r econc i l e  f r a l fun ta t io r .  theory v i t h  mtar formation,  tw phyr icnl  a f f e c t 6  w t l l  be 
explored here. In  SIV, t he  r o l e  of a n i r o t r o p i c  c o l l a p r e  w i l l  be d i lcursud.  I n  $V, t h e  i n t e r a c t i o ;  i newly 
f o n d  p r o t o r t a r s  with uncondenred cloud m t t e r  w i l l  be conr idered .  
I V .  Aniro t ropic  c o l l a p r e  rnd f ragmenta t ion  
The envelope of a c o l l a p r i n g  cloud w i l l  be more e a r i l y  supported by t h e  magnetic f i e l d ,  empecinlly i f  i t  
i r  rowwhat tangled ,  than t h e  cloud core.  This  i r  bacruse  t h e  c r i t i c a l  m a r  b e l w  which maenetic eupport  is  
p o r r i b l e  f o r  l uniform r p h e r i c a l  cloud ( t h e  " m g n ~ t i c  Jeanr  u r n " )  i r  
where C - 0 .3  and B = I + ,  v i t h  113 < K < 1/2  (Murchov ia r  and S p l t r c r  1976; Ibu rchov la r  1976). Qnrequent ly ,  
Her - n'3 and i r  rmduced i n  t h e  cloud core. In 511, evidence m a  c i t e d  t h a t  ruppor t r  t he  occurrence  
of magnetic b r a k i q  up t o  d e n r i t i e a  c h a r r c t e r i r t i c  of a o l e c u l r r  cloud cores .  I f  angular  momentu l a  con- 
r en t ed  du r inp  c o l l a p r e  a t  d e n r i t i e r  g r e a t e r  t han  nb and c o r o t a t i o n  wi th  t h e  galaxy i r  enforced a t  l w e r  den- 
r f t i f r ,  t he  r e r u l t i n p  s p e c i f i c  angular  m r n t u  of a one molar m e n  t r a m s t  i r  !I - 3 Y. lds ( n b / l d  cm- 
cd r - l .  For t h e  dene i ty  range ld > nb > ~ m - ~ ,  one i n f e r 6  t h a t  ld a < f < ldQ ci? a-l , and 
t h e  correrponding range i n  period8 of binary r t a r r  i f  f o r n d  wi th  t h i n  amount of orbit .11 a n y l r r  m o w n t u  i r  
10-1 - yr. Thir  i n d i c a t o r  t h a t  t h e  angular  moment- of molecular cloude r e r i d e r  i n  o r b i t a l  angu la r  
m o w n t u  of wide b i n a r i e r ,  provided t h a t  both f ragmenta t ion  and magnetic b r a k i q  have accurred  at. d e n r i t i e r  
near  nb. 
The c o l l a p s e  of cloud co res  is accordingly l i k e l y  t o  be an i so t rop ic ,  c o n t r a c t i n g  p r e f e r e n t i a l l y  a long 
f i e l d  l i n e s ,  s i n c e  f i e l d  decoupling w i l l  only occur gradual ly .  Now the  cloud, i f  cold ,  is  highly Jean r  un- 
s t a b l e .  The c h a r a c t e r i s t i c  mass f o r  g r s v i t a t i o n a l  i n s t a b i l i t y  is  given by t h e  BonnerEber t  c r i t e r i o n ,  which 
t akes  account of the  ambient pressure :  
Thus t o  decide  w h ~ t h e r  f ragmentat ion occurs ,  we s e e  t h a t  s p h e r i c a l  c o l l a p s e  may be a n  u n r e a l i s t i c  a s r m p t i o n .  
A more p laus ib l e  assessment of f ragmentat ion may be given a s  follows. 
Consider t h e  c o l l a p s e  from r e s t  or a  cloud t h a t  is  i n i t i a l l y  uniform, presaure-f ree  and o b l a t e  spheroidal .  
For s i m p l i c i t y ,  only a  smal l  i n i t i a l  dev ia t ion  from s p h e r i c i t y  i s  a s smed .  The a n a l y s i s  of t h e  g r w t h  of 
small dens i ty  pe r tu rba t ions  is s i m i l a r  t o  t h a t  f o r  a  uniformly c o l l a p s i n g  sphere.  The c o l l a p s e  of t h e  spher- 
o i d  is descr ibed by two s c a l e  f ac to r s :  R ( t )  i n  the  d i r e c t i o n s  of two equa l  axes  and Z( t )  i n  t h e  d i r e c t i o n  of 
t h e  amalleat axis .  The pos i t ion  of any point  i n  t h e  spheroid is then  given by r  - rOl((t) ,  z - zo2( t ) ,  where 
r  and z a r e  c y l i n d r i c a l  coordinates  and ro and zo r e f e r  t o  the  i n i t i a l  p o s i t i o n  of t h e  point.  The dens i ty  
a a t i s f  i e s  
v - V ~ ( R ~ Z ) "  , 
where v o  i s  t h e  c r i t i c a l  densi ty .  Now the  sphe ro ida l  cloud, even i f  very near ly  s p h e r i c a l  a t  t h e  onset  of 
t h e  co l l apse ,  becomes progress ively  more f l a t t e n e d  a s  t h e  c o l l a p s e  cont inues  (Lin,  Mestel  and Shu 1965). In  
f a c t .  i t  co l l apses  f i r s t  along t h e  z-axis i n t o  a  t h i n  pancake. What t h i s  imp lie^ is t h a t  i n  t h e  f i n a l  s t a g e s  
of t he  co l l apse ,  R( t )  changes r e l a t i v e l y  slowly. while Z f t )  + 0 ( i n  p r a c t i c e ,  t h e  th i ckness  w i l l  be f i n i t e  
because the  mtltte, w i l l  possess  a  c e r t a i n  amount of thermal energy and pressure) .  
Reca l l  t h a t  i n  uniform s p h e r i c a l  co l l apse ,  a  small  dens i ty  pe r tu rba t ion  ampl i f i e s  i f  i t s  s c a l e  exceeds t h e  
Jeans  l eng th  and r e s u l t s  i n  fragmentation ( t h a t  is t o  say,  6vIv becomes l a r g e )  s h o r t l y  before  t h e  cloud it- 
s e l f  has  col lapsed,  i n  f a c t  w i th in  a  f r a c t i o n  1-6, of an  i n i t i a l  f r e e - f a l l  time. An i n t e r e s t i n g  d i f f e r e n c e  
a r i s e s  when we study t h e  growth of pe r tu rba t ions  i n  a  sphe ro ida l  co l l apse .  Density f l u c t u c t i o n s  t h a t  a r e  
predomina~,tly a l i ~ n e d  with t h e  c o l l a p s e  ( z )  a x i s  do not become l a rge ,  whereas f l u c t u a t i o n s  t h a t  a r e  perpendi- 
c u l a r  t o  t h e  co l l apse  a x i s  do amplify and sepa ra t e  out p r i o r  t o  t h e  i n s t a n t  of pancaking. Sel f -gravi ty  
dominates the  f i n a l  evo lu t ion  of o b l a t e  pe r tu rba t ions  but i s  unimportant f o r  p r o l a t e  per turbat ions .  The r a t e  
a t  which the  o b l a t e  pe r tu rba t ions  g r w  i s  found t o  be 
An i n t e r e s t i n g  d i f f e r e n c e  is n w  seen t o  a r i s e  from the  one-dimensional na tu re  of o b l a t e  sphe ro ida l  col-  
lapse.  Because the  dens i ty  inc reases  a s  0 a Z" when Z + 0, we s e e  t h a t  t h e  dens i ty  enhancement achieved by 
t h e  cloud a t  f r a ~ m e n t a t i o n  (6 - 1 i n  t h e  l i n e a r  theory)  i s  
i n  marked c o n t r a s t  t o  t h e  r e s u l t  f o r  s p h e r i c a l  col lapse .  Inc lus ion  of a  f i n i t e  i n i t i a l  pressure  which a c t s  
t o  delay f ' , ~ c t u a t i o n  g r w t h  modifies t h i s  r e s u l t ,  but l e s s  severe ly  than i n  t h e  case  of s p h e r i c a l  col lapse .  
Th i s  is because t h e  r e t a r d a t i o n  means t h a t  t he  e n t i r e  g r w t h  occurs when t h e  c o l l a p a e  is nearly one- 
dimensional,  and the  geometr ica l  e f f e c t s  dominate the  growth r a t e .  If  a  f l u c t u a t i o n  i s  f i r s t  J r a n s  uns t ab le  
wi th  amplitude 6~ a t  an  epoch t i ,  one f i n d s  t h a t  a t  fragmentation 
Adopting the  opaci ty- l imi ted fragmentation r e s u l t  t h a t  fragments should have achieved dens i ty  c o n t r a s t  of 
o rde r  un i ty  p r i o r  t o  tad ,  one n w  i n f e r s  t h a t  t h e  minimum fragment mass 
f o r  o b l a t e  sphe ro ida l  co l l apse .  Since  t h i s  r e s u l t  i s  v a l i d  even f o r  i n i t i a l  f l a t t e n i n g 6  zO/rO - 0.8, one 
i n f e r s  it is l i k e l y  t o  apply i n  any r e a l i s t i c  s i t u a t i o n .  The s p h e r i c a l  c o l l a p s e  model i s  too  highly  i d e a l -  
ized t o  be r e l evan t ,  given any reasonable range of i n i t i a l  dev ia t ions  from s p h e r i c a l  symmetry a s  would be 
expected f o r  p l aus ib l e  l t ~ i t i a l  cond i t ions  a t  t h e  onset  of thz- col lapse .  
impl ica t ions  f o r  s t a r  formation a r e  profound. For one expects  t h e  d e n s i t y  f l u c t u a t i o n  l e v e l  t o  be a t  
l e a s t  6  - 0.01 over a  wide range of sca l e s .  I n  pr imordia l  clouds,  t h e m 1  i n s t a b i l i t y  a s soc ia t ed  wi th  H2 
coo l ing  guarantees  s i z a b l e  f l u c t u a t i o n s  d m  t o  mare s c a l e s  of a  few tQ. In  convent ional  molecular c loudr ,  
t h e  complex h i r t o r y  of a  cloud, involving accumulation of d e b r i s  from sma l l e r  clouds and evolving r t a r s ,  sug- 
g e r t r  t h a t  f l u c t u a t i o n s  should be p re ren t  dawn t o  s c a l e e  of - 1 PD. Moreover, t he  v i o l e n t  events  i n f e r r e d  t o  
be r t i r r i n g  up t h e  i n t e r r t e l l a r  medim ( inc lud ing  @upernova exploriona and r t e l l a r  winds) should a l s o  gene- 
r a t e  p ra r ru re  f  l u c t u a t i o n r  over a  wide range of sca l e s .  These a r e  a b l e  t o  p e n e t r a t e  - tiA-' wavelength8 i n t o  
a  cloud before  d i s s i p a t i n g .  Conrequently, f o r  a  cloud of mss \, one e r p a c t e  t h e  f l u c t u a t i o n  l e v e l  t o  be 6~ 
- (nA&) ' /3  > 0.01 over r t e l l a r  m a r  s c a l e s  \. 
With ) i ~ m i n  - 0.005 Kf i n  molecular c loudr  and 0.3 W i n  p r imord ia l  c louds ,  t h e  preceding d i r c u r r i o n  im- 
p l i e s  t h a t  f ragmenta t ion  is l i k e l y  t o  be e f f e c t i v e  on s c a l e s  a r  m a l l  am 0.05 )8 (molecular c loudr )  t o  3 W 
(p r imord ia l  c louds) .  The imp l i ca t ion r  of t h i s  r e s u l t  f o r  s t a r  f o r m t i o n  a r e  d i ecu r red  b e l w .  
V. I n t e r a c t i o n  of p r o t o s t e l l a r  windr w i th  molecular c louds  
Once p r o t o s t a r s  form of m a s  > 1 PD, i t  seamm l i k e l y  t h a t  t h e i r  enerpy inpu t  t o  t h e  cloud w i l l  s i g n i f i -  
c a n t l y  i n h i b i t  continued fragmentation.  It is  t h i s  e f f e c t  t h a t  provides  promise of unders tanding t h e  a p p r  
r e n t  longevi ty  of molecular c louds  i n  t e r n  of t h e t r  a b i l i t y  t o  ru rv ive  many f r e e - f a l l  timer. There i r  con- 
s i d e r s h l e  evidence t h a t  p r o t o s t e l l a r  windr provide an  important energy inpu t ,  a t  l e a s t  i n t o  l o c a l i z e d  r eg ion r  
of molecular clouds.  In  what f o l l w r ,  I w i l l  s w - r i z e  t h e  evidence f o r  t h i s ,  and then  a t t . a p t  t o  make some 
g l o b a l  i n fe rences  about cloud evo lu t ion  and s t a r  f o m n t i o n .  
The most dramat tc  example of t h e  i n t e r a c t i o n  of a p r o t o s t e l l a r  wind wi th  a molecular  cloud i r  L1551, which 
r e v e a l s  a b i p o l a r  s t r u c t u r e  wi th  a v e l o c i t y  spread of > 12 km s'l ( S n e l l  e t  a l .  1980). There a r e  a s s o c i a t e d  
Herbig-Haro o b j e c t s  whose measured proper motions p r o j e c t  b c k  t o  a n  i n f r a r e d  source  a t  t h e  c e n t e r  of t h e  CO 
lobes.  The t o t a l  mss of high v e l o c i t y  gas  is  - 0.3 M3 over  an e x t e n t  of - 0.5 pc. The luminosi ty  of t i le 
c e n t r a l  source  i s  - 25 ID. and is i n s u f f i c i e n t  t o  d r i v e  t h e  outflow by r a d i a t i o n  pressure .  Another rou rce  
wi th  s i m i l a r  parameters is NCC 1333 ( S n e l l  and Edwards 1981). S t rong winds a r e  a l r o  found around r e v e r a l  
much a c r e  luminous i n f r a r e d  sources ,  t h e  beer-studied e x a m ~ l e  being IRcZ wi th  a l uminor i ty  of > 104 I8 and 1 0  
t43 of gas moving a t  f 50 km s- l .  Other examples a r e  CepA (Rodriguez e t  a l .  1980) and AFCL490 (Lada and 
Harvey 1981). Another in t r :es t ing  system is t h a t  of HH1 and HH2 (Jones  and Herbig 1381),  where mearured pro- 
p e r  motions i n d i c a t e  near ly  c o l l i n e a r  motions of f i l amen t s  away from a c e n t r a l l y  l oca t ed  P T a u r i  l i k e  s t a r  a t  
- 100 km s-1 . 
In general .  b i p o l a r i t y  i s  not uncommon i n  pre-mcrin-sequence o b j e c t s  (Calvet  and Cohen 19781, and m y  be 
i n d i c a t i v e  of wind i n t e r a c + i c m  wi th  a c e n t r a l  d i sk .  Direc t  evidence f o r  s t r o n g  winds from pre--in-squence 
s t a r s  has been obta ined by Cohen e t  a l .  (1981). who discovered r eg ions  of extended f r e r C r e e  emisr ion  around 
s e v e r a l  T-Tauri s t a r s .  If  t h e  outflow is s p h e r i c a l l y  symmetric, a m a ~ s - l o s s  r a t e  - lo4 PD yr-' i s  i n f e r r e d  
f o r  T-Tauri. f o r  example, al though t h i s  may overes t imate  t h e  a c t u a l  mass l o s s  r a t e  i f  t h e  wind is  ani ro-  
t r o p i  -. 
One 1. cempted t o  t r y  t o  r e l a t e  wind input  of energy t o  one of t h e  g r e a t  mys te r i e s  about molecular clouds,  
namely the  o r i g i n  of t h e i r  supersonic  l i n e  widths. Overa l l  c o l l a p s e  provides  an  untenable  exp lana t ion  f o r  
t h e  l i n e  widths ,  and one i s  l e f t  wi th  a cloud model which c o n s i s t s  of a number of supe r son ica l ly  moving 
clumps of gas. The ou t s t and ing  ques t ions  are :  what d r i v e s  t he  cltrmp motions and h w  a r e  t h e  clumps -in- 
t a i n e d  f o r  per iods  > 10' yr? A s i m i l a r  d i f f i c u l t y  i e  encountered both  i n  warm molecular clouda and i n  dark 
c lauds. 
The most n a t u r a l  exp lana t ion  is  t h a t  p r o t o s t e l l a r  winds a r e  cont inuously  d r i v i n g  mass motions ( N O ~ M F  and 
S i l k  1980). Cloud longevi ty  can be understood i f  t h e  winds a r e  not  d i s r u p t i v e ,  a p l a u s i b l e  a s s m p t i o n  f o r  T- 
Taur i  s t n r s  embedded i n  cold  clouds.  Now i n  a dense molecular cloud, a wind a t  < 200 ha s" w i l l  be radia-  
t i v e  and approximately momentum conserving. One may crudely  e s t i m a t e  t h e  w a n  v e l o c i t y  d i s p e r s i o n  acquired  
by an average volume element i n  a cloud of mass \ con ta in ing  U* i n  s t a r s  which have l o s t  a f r a c t i o n  AM* of 
t h e i r  mass a t  some c h a r a c t e r i s t i c  wind v e l o c i t y  V, a s  
Evident ly  a s u b s t a n t i a l  f r a c t i o n  of t h e  cloud ma t t e r  can be s t i r r e d  up wi th  (bv> - 1 kn 8' i f  Vw - 200 k 
8- l ,  Ur/Uc - 0.1 ( a s  observed i n  dark c louds ) ,  and AU*lU* - 0.1. For t h i s  t o  p e r s i s t  over 2 x lo7 y r ,  a con- 
s i d e r a b l e  p a r t  of t h e  cloud would have t o  be cons~med i n  s t a r  formation: indeed, exhaust ion  of cloud 
m a t e r i a l  may lead  t o  t h e  f o r m t i o n  of a T aaaocia t ion .  On t he  o t h e r  hand, i n t e r v e n t i o n  of an e x t e r n a l  
t r i g g e r ,  perhaps a s soc i a t ed  with a nearby supernom o r  expanding H I 1  region, may c h a q e  t h e  cloud evo lu t ion  
i n  a m n n e r  t h a t  w i l l  now be ou t l i ned .  and form an 0 a s roc i a r ion .  
Let 11s suppose t h a t  t h e  f i r s t  s t a r r  t o  fonn a r e  T-Taurl s t a r s .  I h e s e  lw m a s  s t a r s  develop winds which 
w i l l  sweep up s h e l l s  of p a t e r i a l .  The f i n a l  r ad ius  of such a s h e l l  is l i m i t e d  by t h e  ambient cloud p rea ru re  
where V* i r  t h e  s t e l l a r  v e l o c i t y  d i r p e r s i o n  and U t h e  mean m a r  l o s r  r a t e .  The cond i t i on  f o r  much r h e l l s  t o  
g r o r s l y  a f f e c t  t he  cloud evo lu t ion  and i n h i b i t  f u r t h e r  f ragmenta t ion  and r t a r  f o n u t i o n  is  t h a t  any p a i r  of 
r h a l l s  should i n t e r s e c t  w i th in  t h e  l i f e t i m e  of t h e  p r o t o s t e l l a r  wind phase. This  can be expressed a e  
For compariron, one of t h e  bes t  n tudied  dark cloud regionr  i n  Taurum-Auriga con ta in r  aggregacer of between 4 
( Jones  and Herbig 1980) and 30 (Cohen and Kuhi 1979) T-Tauri r t a r r  pc'3 d e t e c t a b l e  a t  A, < 4. 
Thi r  demonrtratcm t h a t  wind-driven r h e l l s  a r e  l i k e l y  t o  j n t e r r e c t .  S h e l l  i n t e r r e c t i o n  w i l l  r e r u l t  i n  t h e  
format ion of muperronically moving clumpr, r i n c e  i n  gene ra l  i n t e r r e c t i o n  occu r r  be fo re  t h e  a h e l l s  a r e  i n  
p r e r r u r e  balance. The c h a r a c t e r i m t i c  clump mrmer  a r e  0.1-1 W ,  wi th  rizem of - 0.1 pc. They w i l l  only be 
weakly confined by ram p r e r r u r e  becaure of t h e i r  lw U c h  numberr, and r o  w i l l  con t inour ly  replenimh t h e  
in terc lump medium. Hovever, new clumpm w i l l  form, and clump c o i l i r i o n r  and a c c r e t i o n  w i l l  r e r u l t  i n  t h e i r  
n e t  growth. It r e e m  l i k e l y  t h a t  v i t h i n  a feu  c o l l i r i o n  t imer  o r  cromring t imer ,  ray 16 yr, a clump w i l l  
have grown ruf f i c i e n t l y  t o  become Jeanr  unr table .  
Let u s  specu la t e  t h a t  i n  t h e  abaence of any e x t e r n a l  t r i g s e r ,  t h i s  r e r u l t a  i n  f u r t h e r  f a r ~ r a t i o n  of low 
marr r t a r s .  I n  tt.:s manner, t h e  procesr  become se l f -pe rpe tua t ing :  low marr r t a r r  form, develop windr t h a t  
sweep up s h e l l s ,  t h e  s h e l l s  i n t e r r e c t  and form clumpr, and t h e  clumpr c o a l e r c e  and form more low mom rtarm. 
The p roce r r  t e rmina te s  e i t h e r  when t h e  gar  rupply i n  exhaurted,  a f t e r  > ld yr, o r  when an  e x t e r n a l  t r i g g e r  
r t i m u l a t e s  a r r r i v e  s t a r  format ion t h a t  could c a t a r t r o p h i c a l l y  d i s r u p t  t h e  cloud. An example of t h i s  would be 
a nearby supernova exp lo r ion  t h a t  rhocked t h e  cloud, a c c e l e r a t i n g  t h e  r a t e  of clump coa le rence  and providing 
enough energy input  t o  a l r o  r a i s e  t h e  J eans  arms r u b s t a n t i a l l y .  
T h i r  s cena r io  has a number of imp l i ca t ions  f o r  cold  molecular clouds.  There should be embedded i n f r a r e d  
sou rces  v i t h  < 10 ID, evidence f o r  high v e l o c i t y  mars motions, an  j n t e r n a l  source  of u l t r a v i o l e t  r a d i a t i o n  
t h a t  could a f f e c t  dark cloud chemis t ry ,  and clumpinens on s c a l e s  of 0.1-1 P8. Its p r i n c i p a l  v i r t u e  h a r  been 
t o  make a d i r e c t  connect ion  between tvo d imt inc t  but more o r  l e r r  co inc iden t  t ime-rcaler:  r t r r  format ion 18 
non-coeval i n  open c l u r t e r s .  apparent ly  extending over  a per iod  >lo7 yr ,  and molecular c loudr  a r e  long-llved, 
v i t h  l i f e t i m e r  > lo7 yr  and g r e a t l y  i n  excess  of f r e e - f a l l  t ime-scaler.  This  provider  t h e  b a s i r  of ou r  
model, vhich a s s e r t s  t h a t  such a f o r t u i t o u s  c o i ~ ~ c i d e n c e  i s  r e a l l y  due t o  a d i r e c t  ~ h y s i C a 1  coupl ing between 
molecular cloude and s t a r  formation.  A major bonus is t h a t  t h e  ongoing r t a r  f o r m t i o n  provides  a s u b s t a n t i a l  
momentum input  i n t o  molecular clouds,  l ead ing  t o  a n a t u r a l  i n t e r p r e t a t i o n  of ~ u p r a t h e r m l  l i n e  v i d t h r .  
V I .  Conclurions 
Molecular c louds  undergo f ragmenta t ion  a t  a dens i ty  < lo5 Seve ra l  l i n e s  of evidence l ead  t o  t h i n  
i n fe rence ,  inc luding t h e  dens i ty  of 0 a s r o c i a t i o n e  a t  b i r t h  and molecular obscrvat iona  of nea-by dark clouds.  
I t  18 l i k e l y  t h a t  dev ia t ion r  from s p h e r i c i t y  induced by c o l l a p r e  a long magnetic f i e l d  l i n e s  p lay  an important 
r o l e  i n  t h e  f ragmenta t ion  process.  Anisot ropic  c o l l a p s e  enab le s  sma l l e r  fragments t o  s e p a r a t e  ou t  be fo re  t h e  
i nc reas ing  opac i ty  i n h i b i t s  any f u r t h e r  fragmentation. AnisoLropy has  a dramat ic  e f f e c t  on f rsgmenta t ion  
because i t  l i m i t 8  t he  g r w t h  r a t e  of t h e  background dens i ty ,  wherear a f l u c t u a t i o n  g r w r  i n  de -c i ty  o o r t l y  
because of i t 8  a d d i t i o n a l  s e l f - g r a v i t y ,  vhich  is  more o r  l e s r  indepc.ident of t h e  background ki?ematicr.  
The m a l l e s t  fragments t o  form and strrvive a n  i n i t i a l  f r e e - f a l l  t ime a r e  not a t  t h e  minio.um Jeanr  n u r r  but 
must be considerably  l a r g e r ,  r i n c e  they mst have been a b l e  t o  a t t a i n  a dena i ty  c o n t r a r t  of o r d e r  u n i t y  
be fo re  t h e  :ol , .~pse becomes ad i aba t i c .  A highly  s i m p l i f i e d  a n a l y s i s  r r ~ g g e s t s  t h a t  t h e  minimum mars fragments 
may be - 0.05 ti0 i n  i n t e r s t e l l a r  cloude; i n  pr imordia l  c louds ,  t h e  minimum a a r r  is  l i k e l y  t o  exceed - 3 b. 
Once such fragments form and become p r o t o s t a r s  of mars > 1 Mo, they a r e  l i k e l y  t o  have a s i g n i f i c a n t  
i n t e r a c t i o n  wi th  t he  r e a t  of t h e  cloud. Af t e r  a n  i n i t i a l  f r e e - f a l l  time, only t h e  i nne raoa t  c o r e  of t h e  
cloud could have fragmented. One expec t s  t h a t  a s u b s t a n t i a l  f r a c t i o n  of t h e  cloud w i l l  s t i l l  be re1at ive l .y  
d i f f u r e  a t  t h i n  s t age ,  especially i f  m g n e t i c  support  !e inportan: i n  t h e  o u t e r  cloud envelope. The moat 
e f f e c t i v e  mode of i n t e r a c t i o n  i r  l i k e l y  t o  be v i a  r t e l l a r  winds from pre-main-sequence r t a r r .  Obre rva t ion r l  
evidence  i n d i c a t e s  t h a t  such v indr  m y  play an  important r o l e  i n  r t i r r i n g  up molecular c loudr .  
Hence a p l a u s i b l e  rpecu la t ion  is t h a t  t h e  f i r s t  r t r o n g  protc.rte ' . lar  winds can i n h i b i t  cloud c o l l a p r e  and 
fragmentation.  Such winds a r e  l i k e l y  t o  i n t e r a c t  and gene ra t e  a d d i t i o n a l  clumpinerr i n  t h e  cloud Clumpi- 
near  enhancer f ragmenta t ion ,  and i t  reema e n t i r e l y  p o r r i b l e  t h a t  p r o t o r t e l l a r  windr a r e  s e l f - r u r t r i n i n g .  As 
soat winds d i e  away, new p r o t o r t r r r  form t h a t  a r e  capable  of providing a dynamically r i g n i f i c a n t  momentum in- 
put  i n t o  t h e  cloud. Only when t h e  gas  r e r e r v o i r  is dep le t ed  a s  a number of ~ r r i v e  r t r r r  form vould t h e  r t r r  
format ion p roce r r  te rminate .  In  t h i n  way, one might be a b l e  t o  underr tand such i r r ~ e r  a r  why mtar format ion 
is  non-coeval, vhy molecular cloud l i f e t i n e r  a r e  many f r e e - f a l l  t imer ,  and why c loudr  e x h i b i t  a clumpy r t r u c -  
t u r e  and r u p r % t h e r m l  l i n w i d t h r .  
Th i s  research  ham been ruppor ted  i n  p a r t  by t he  U.S. Nationa: Science  Foundation. 
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Solidification of Carbon-Oxygen white dwarfs 
Observatoire de Nice, B.P. 252 Nice Cedex 06007 
France 
Abstract. During cooling, a hail of oxygen can fall in the center of a Carbon-Oxygen whlte dwarf. Consequencer 
for white dwarfs evolution are considered. Formation of pulsars or type I Supernovae production can be the 
result of a difference in chemical composition . 
The following report is divided into four sections : ( I )  elementary information on the internal structure of 
white dwarfs,(2) basic information on highly correlated plasmas,(3) implications for phase oeparation in the 
core of cooling white dwarfs, and (4) consequences for evolution of white dwarfs. 
The present report can be considered as a continuation of a payer of Canal. Irern and Labay (1981). 
(I) Internkl rtructure of white dwarfs. We just recall a few properties of white dwarfs vhich are relevant 
to the present problem. 
We describe a white dwarf ar a non-rotating,spherical star, in hydrostatic equilibrium. The main problem 
concerns the equation of state, 
which, in the major part of the star cannot be distinguished from the equation of state of a Fermi gas at 
zero temperature. 
The region where the departure from T = 0 'nfluen5gc))the structure is extremely sml?, and represent a mass 
N / M - 1 0  -4.58 Teff 
If we ignore   he properties of the nuclei and introduce in the equations of hydrostatic equilibrium the 
general relativity corrections to the Newtonian theory of gravitation, we write 
2 
where the term ( ( 1  + (PI p c ) )  represents the increase of inertial mass , the next term the increase in 
gravitationally attractive mass and the denominator term represents the change of the metric for Euclidian 
to non Euclidian . 
R e  knowledge of the equation of stite is necessary in order to solve the equation of hydrostatic equilibrium. 
At high densities we can write the relativistic equation of state , 
with ue = (AIZ) and 
K2 = 1.23 10 I5 
At lower densities, the non relativistic equation of state (neglecting electrostatic interactions) is 
with K 8 9.91 1310 12. The change from one equation of state to the other takes place for a density of 
about 10 g cm . 
Por the kind of white dwarfs we are considering , the transition from the non relativistic to the relativintic 
equation of state takes place at a mass Mrel : 
The mar. radius relation for white dwarfr rhovs the existence of a usximum mors. For ue - 2 , we have the 
following propertier of a white dwarf with the maximum m a s  : 
M - 1.36557 M (Sun) 
A white dwarf of high density , close to the limiting mar8 ( we should call it the Chandrarekhar-Kaplan 
limiting masr), har no other energy source than its internal thermal energy . Ar long as the inside of the 
white dwarf is flcid, the internal thermal energy is the sum of the thermal energy of the ionr and of the 
thermal energy of the electrons , 
where x is related to the density by 
0 - ( 8 n 1 3 )  ( m e 3 c 3 / h 3 )  ( A n j , l Z  j x 3  
The corresponding cooling time scale is given by the heat balance condition . 
Again , for the kind of stars which we ure c~nsidering, close to the Chandraaekhar - Kaplan limit, we have 
for   he characteristic .ooling time 
t - 10 6.056 ( T / 10') 'I2 years. 
This is valid however only as long as the white dwarf has not reached the solid state. If we consider the ratio 
of the electrostatic energy to the thermal energy, 
r - ( ~ ' e ~ / a k ~ )  
where 
a 9 ( 3 Z / 4 n  N e )  113 
is the iunic radius, the solidification take8 place when 
During coo!ir~g, the firrt point where solidification takea place is in the center of the star. Tvo quantitier 
are imporiant to consider : ( 1 )  the melting temperature inside the star ; (2) the Debye temperature inside 
the star. It turns out that the heat concent of the electrons is much larger tnan the heat content of the 
ions. 
When solidification takes place, the latent heat of solidification is liberated, and the conrequence is a 
slowing down of the cooiing . For the kind of rtars which we are considering, this is completely negligible . 
2. Highly correlated plasmas . 
We have just aeen that in a cold plasma , crysi~lliretion takes place when the ratio of the Coulomb energy 
to the thermhl energy is about 160. We need not to cons~der in the following the quantum effects in the solid . 
Let US consider now the case of a two component plasma, Carbon and Oxygen, which are the most abundant pro- 
ducts of the late stager of stellar evolution . 
There is a conjecture by Stevenson (1979) that an eutectic can exint . betVdeen Carbon an Oxygen, vith the 
following characteristics : 
X (in number) - 0.332 0 
TE - 0.628 TC ( melting of Carbo ) 
- 0.389 To ( melting of Oxygen ) 
with a denrity difference (Pollock and Hanse , 1976) : 
and with A (Oxygen) - IS. 99468 and .Y(Carbon) - 12. 00000 , wc obtain : 
s 0 ( s o l i d ) -  p  ( l i q u i d )  3 .10~ '  - 3.24 . X 
I - ;Xc I X < 0.668 
P 1 - ( X / 4 )  
A 8  a  cotlsequence, we nee t h a t  t h e  d e n s i t y  of t he  s o l i d ,  e i t h p -  of pure carb.>n o r  of pure oxytc.1 , i r  
always l a r g e r  than t h e  dens i ty  of t h e  l i q u i d .  
During cool ing ,  s o l i d  p a r t i c l e s  of Carbon , o r  s o l i d  p a r t i c l e s  of oxygen (according t o  t h e  concen t r a t ion )  
w i l l  appear and f a l l  i n  t h e  g r a v i t y  f i e l d  . When the  chemical cornpornition of t h e  e r ~ t e c t i c  is reached: 
the  s o l f d p a r t i c l e s  of Cnrbon w i l l  be app rec i ab ly  denser  than t h e  s o l i d  p a r t i c l e s  of Oxygen. In  f a c t ,  
we have : 
(Av / P )  ( Carbon t o  Eu tec t i c )  = 3.91 . 1 9 - ~  
(Ap ,'p) (Oxygen t o  Eu tec t i c )  - 0.84 . 1 9 - ~  
The argument of  Stevenson i s  t h a t ,  i f  t he  cool ing  i s  f a s t  enough, t h e  e u t e c t i c  s o l i d i f i e s ;  i f  it is very  
slow, i t  w i l l  exper ience  sepa ra t ion  of Oxygen ar.d Carbon . However, due t o  t h e  l a r g e  d i f f e r e n c e  i n  t h e  
buoya lcy fo rces .  Carbon w i l l  s e t t l e  f a s t e r .  
j. P : ~ \ s e  r epa ra t ion  i n  white dwarfs.  
We s h ~ l l  f i r s t  cons ider  t he  temperatrlre excess  of t he  condensing s o l i d .  Following the  argument of 
J e f f r e y s  (1918) , and reproduced by Mason (1953) , we assume t h i  microrcopic d i f i u s i o n  i; t h e  way by 
.which the  atoms jo in  t he  growing c r y s t a l .  We then have: 
S imi l a r ly  . we wr i t e  t h a t  t h e  l a t e n t  heat  of c r y s t a l l i z a t i o n  , r e l ea sed  o? t h e  c r y s t a l  i s  c a r r i e d  away by 
thermal conduc. iv i ty  . We wr i t e .  X being the  heat  conduc t iv i ty ,  
from which we de r ive  the  temperature excess  : 
TS- T = D (I-X) p L A 
L i s  of t h e  o rde r  cf 3 k T  per ion.  The microscopic d i f f u s i o n  c o e f f i c i e n t  is  of t h e  o rde r  of 
D = a v  t h  
The thermal conduc i v i t v i s  l a r g e ,  hea t  being c a r r i e d  away by t h e  r e1a t iv i s : i c  e l e c t r o n s  ( Scha::man. 
White Dwarfs) . 
-3 8  For 0 = 10" g  cm , T = 10 OK. t h i s  g ives  
Let us now consider  t h e  speed a t  whi-h t h e  c r y s t a l s  can f a l l  i n s i d e  t h e  white dworf. We consider  t h a t  t h e  
force  on the  c r y s t d l  i s  given by the  Stokes formula. We then have: 
where v  i s  the  kinematic v i s c o s i t y  c o e f f i c i e n t  . 
~f  we conr ide r  t ha t  t h e  radium of t h e  c r y s t a l  . a  , i s  . i m r  dependent,  
' so l id  -P l iqu id  
( d r l  d t )  = - (16 n 1 2 7 )  G ( D/v ) (6-X) t 
we can wri te  
and derive the time scale  of the phase separation , 
The v i scos i ty  is  dyg t o  tkcj t rans fe r  of momentum tg  the ions . Therefore, v is  of the  order of D . 
With p  = 2 . 10 g cm , Ap / p  = 3.9 . 10- , we obtain , 
T = 6 sec 
-4 
With &plp  = 0.84 . 10 ' 
T = 13 sec. 
We can consider that  the cooling time is much longer than the c r y s t a l l i z a t i o n  time and the  i n f a l l i n g  time . 
Tvo cascs have t o  ,e ccnsidered: 
(1) XC < 0.668 : Oxygen is  predominant . 
Oxygen c r y s t a l l i z e s  inmediately, a s  soon a s  t h e  eu tec t ic  curve is  reached. Carbon being soluble i n  oxygen, 
the temperature and the oxygen concentration decrease u n t i l  the  chemical composition of the eu tec t ic  is  
reached. The l iquid,  with the eu tec t ic  composition, which is l e f t  behind moves up and mixes with the l iqu id  
above,making it more r ich i n  carbon. Furtiier separat ion takes place u n t i l  the whole so l id  oxygen corer  is 
surrounded by the eu tec t ic .  
Due t o  the slow cooling, c rys ta l s  of C and 0 will  form, but we can expect Carbon t o  f a l l  f a s t e r  than Oxygen. 
The melting temperature w i l l  have a tendency t o  r i s e  above the melting temperature of the  eu tec t ic ,  with 
a tendency of the mixture t o  s o l i d i f y  quickly. The most reasonable assumption is  tha t  the oxygen corer  is 
surrounded by a so l id  eutect ic .  
(2) XC > 0.668 : Carbon is predominant . 
We have a s imilar  picture,  but, instead of an oxygen core, we have a carbon core, surrounded by the  so l id  
eu tec t ic .  
4.Uhite dwarf evoluti.  - .  
(a) thermal e f fec t s .  
The i n f a l l  of s o l i d  Oxygen (or so l id  Carbon) makes avai lable  a g rav i ta t i cna l  "nergy which is of the  same 
order of magnitude a s  the internal  heat content o f ' t h e  s t a r ,  and la rger  than the l a t e n t  heat vhich is  made 
avai lable  during c rys ta l l i za t ion  . 
(b) r o l e  of accretion. 
For a white dwarf, c lose t o  the Chandrasekhar - Kaplan li .ait ,  the capture of a smallamount of matter can 
make the s t a r  unstable. Capture a t  an appreciable r a t e  can take place when the  white dwarf belongs t o  a 
binary system. The e f fec t  i s  a pressure increase i n  the core of the  s t a r .  
Two cases have t o  be considered. 
( i )  the white dwarf has an oxvgen core. In t h a t  case, e lectron capture on oxygen can take place. 
Yhe decrease i n  the number of f r e e  electrons per uni t  of mass generates i n s t a b i l i t y  . The, the s t a r  contracts  
about a a speed which is s o r t  of average between the f ree  f a l l  time and the  charac te r i rz ic  time of e lec t ron  
capture, u n t i l  it reaches dynamical i n s t a b i l i t y  . 
What is expected is the formation of a neutron s t a r .  Mass e jec t ion  taking place a t  a l a t e r  qtage of 
collapse can lead to the escape of the s t a r  frsm the binary system. This uld explain the large value of t h e  
space ve loc i t i es  of pulsars i n  the gala?; . 
( i i )  The white dwarf has a carbon core . I& r\. c .:ase, dynamical i n s t a b i l i t y  would take place before 
electron capture . In f a c t  the explosive reaction . 
would take place even before the s t a r  has begun t o  collapse. The present conjecture i s  tha t  a thermal 
runaway would take place and the s t a r  would explode a s  a type I supernova. 
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J .  Latham 
P h y a i c s  D e p a r t m e n t ,  U n i v e r s i t y  o f  M a n c h e a t e r  I n s t i t u t e  o f  S c i e n c e  a n d  T e c h n o l o g y  
PO Box 8 8 ,  S a c k v i l l e  S t r e e t ,  M a n c h e s t e r  M60 l Q d ,  ENGLAND 
Wate r  d r o p s  a r e  f o r m e d  a t  c l o u d  b a s e  by  c o n d e n s a t i o n  upon n u c l e i  a n d  a s  t h e y  r i se  t h e y  
grow by  v a p o u r  d i f f u s i o n  i n  t h e  s l i g h t l y  s u p e r s a t u r a t e d  e n v i r o n m e n t  o f  t h e  c l o u d s .  Turbu-  
l e n t  m i x i n g  be tween  c l o u d y  a i r  a n d  u n d e r s a t u r e d  a i r  e n t r a i n e d  f r o m  o u t s i d e  p r o d u c e s  f l u c t u -  
a t i o n s  i n  s u p e r 3 a t u r a t i o n ,  n o t  l i n k e d  t o  c h a n g e s  i n  v e r t i c a l  v e l o c i t y ,  w h i c h  c a u s e  b r o a d e n -  
i n g  o f  t h e  c o n d e n s a t e  s p e c t r u m  a n d  t h e  r a p i d  p r o d u c t i o n  o f  d r o p l e t s  l a r g e  e n o u g h  t o  e n g a g e  
i n  g r o w t h  by c o a l e s c e n c e .  The p r o b a b i l i t i e s  o f  p e r m a n e n t  u n i o n  o r  t h e  p r o d u c t i o n  o f  s a t e x -  
l i t e  d r o p z e t s  f o l l o w i n g  t h e  c o l l i s i o n  o f  a  p a i r  o f  r a i n d r o p s  is  e s e n s i t i v e  f u n c t i o n  o f  
s e v e r a l  p a r a m e t e r s .  I n  some c i r c u m s t a n c e s  e l c c t r o h y d r o d y n a m i c  b u r s t i n g  may i n f l u e n c e  t h e  
t h e  p r o p e r t i e s  o f  c l o u d s .  
L i q u i d  d r o p s  p r o d u c e d  by  n a t u r a l  p r o c e s s e s  i n  t h e  E a r t h ' s  a t m o s p h e r e  v a r y  i n  s i z e  f r o m  
a r o u n d  O.lum t o  lcm - a  r a n g e  o f  a b o u t  t w e l v e  o r d e r s  o f  m a g n i t u d e  i n  v o l u m e .  Thus  i t  i s  
n o t  s u r p r i s i n j  t h a t  s u c h  d r o p s  a r e  i n v o l v e d  i n  a  l a r g e  number  o f  p h y s i c a l  p r o c e s s e s  s7d 
phenomera ;  some o f  w h i c h  a r e  o f  c r u c i a l  i m p o r t a n c e  t o  l a r g e - s c a l e  e n e r g y  t r a n s p o r t ,  t h e  
c l e a n l i n e s s  o f  t h e  a t m o s p h e r e  a n d  the f e r t i l i t y  o f  c u l t i v a t e d  l a n d .  I t  wou ld  b e  beyond  t h e  
s c o p e  o f  t h i s  s h o r t  a r t i c l e  t o  a t t e m p t  a  d e t a i l e d  r e v i e w  o f  e a c h  o f  t h e s e  p r o c e s s e s .  I n s t e a d ,  
t h e y  a r e  t r e a t e d ,  i n ' s e c t i o n  3 ,  i n  a  c u r s o r y  manner  w h i c h ,  i t  i s  Hoped, w i l l  p e r m i t  t h e i r  
r a n g e  a n d  t h e i r  i n t e r d e p e n d e n c e  t o  be  o u t l i n e d ;  a n d  o n e  p r o c e s s  - t h e  d i f f u s i v e  m i x i n g  o f  
d r y  a n d  c l o u d y  a i r ,  w h i c h  i s  c o n s i d e r e d  t o  b e  f u n d a m e n t a l  t o  t h e  d e v e l o p m e n t  o f  n a t u r a l  
c l o c d s  - i s  s e l e c t e d  f o r  more  c o m p r e h e n s i v e  d i s c u s s i o n  , i n  t h e  f o l l o w i n g  s e c t i o q .  T h i s  
p a r t i c u l a r  t o p i c  h a s  b e e n  c h o s e n  i n  v i e w  o f  r e c e n t  c o n c e n t r a t i o n  o f  a t t e n t i o n  upon i t  by  
s e v e r a l  g r o u p s  o f  s c i e n t i s t s .  
2 .The d i f f u s i v e  m i x i n g  of d r v  a i r  w i t h  a  o o ~ u l a t i o n  o f  c z o u d  d ~ o o l e t g  
The s u b - a d i a b a t i c  l i q u i d - w a t e r - c o n t e n t s  g e n e r a l l y  o b s e r v e d  w i t h i n  c l o u d s  f r o m  w h i c h  i c e  
i s  a b s e n t  - o r  p r e s e n t  o n l y  i n  i n s i g n i f i c a n t  q u a n t i t i e s  - a r e  a  c o n s e q u e n c e  o f  t h e  d i l u t i o n  
o f  t h e  c l o u d s ,  d u r i n g  t h e i r  g r o w t h ,  w i t h  e n v i r o n m e n t a l ,  u n d e r s a t u r a t e d  a i r .  R e c e n t  work 
( B a k e r  and  L a t b a  , 1 9 7 9 5  B a k e r ,  C o r b i n  a n d  La tham,  19802; T e l f o r d  e n d  C h a i ,  1980q  T e l f o r d  
and  Wagner ,  1 9 8 5 1  h a s  i n d i c a t e d  t h a t  t h e  n o n - u n i f o r m  manner  w i t h  w h i c h  t h e  e n v i r o n m e n t a l  
a i r  m i x e s  w i t h  t h e  c l o u d  g i v e s  r i s e  t o  f l u c t u a t i o n s  i n  s u p e r s a t u r a t i o n  - n o t  l i n k e d  t o  
c h a n g e s  i n  u p d r a u g h t  s p e e d  - w h i c h  c a u s e  s p e c t r a l  b r o a d e n i n g .  A s m a l l  f r a c t i o n  o f  t h e  
d r o p l e t s  move t h r o u g h  t h e  c o n d e n s a t o  s p e c t r u m  t o  t h e  c o a l e s c e n c e  = g e  o f  g r o w t h  s e v e r a l  
t i m e s  f a s t e r  t h a n  p r e d ' c t e d  by c l a s s i c a l  d e s c r ' p t i o n s  o f  t h e  e n t  -writ r o c e s s  ( f o r  h e x a m p l e ,  Warne r  ( 1 9 7 3 ) $  Mason a n d  J o n a s .  ( 1 9 7 4 ) .  Lee  a n d  P r u p p a c h  -971)$, i n  w h i c h  t h e  
m i x i n g  b e t w e e n  e n v i r o n m e n t a l  and  c l o u d y  a i r  a t  a n y  l e v e l  was  a s sume ,  :o b e  i n s t a n t a n e o u s  
and  u n i f o r m .  The d r o p l e t  s e c t r a  p r e d i c t e d  by  B a k e r  e t  a 1  a g r e e d  w e l l  w i t h  t h o s e  m e a s u r e d  8 i~ c u m u l u s  by  Warner  ( 1 9 6 9 ) .  
B a u e r  e t  a 1  d i d  n o t  s p e c i f y  t h e  n a t u r e  o f  t h e  e n t r a i n m e n t  p r o c e s s  b u t  a s s u m e d  t h a t  a  
volume o f  e - w i r o n m e n t a l  a i r  m i x i n g  i n s t a n t a n e o u s l y  w i t h  c l o u d y  a i r  a t  a  g i v e n  l e v e l  r e d u c e d  
t h e  d r o p l e t  p o p u l s ' i o n  t h e r e  by means  o f  a  c o m b i n a t i o n  o f  d i l u t i o n  e n d  t o t a l  e v a p o r a t i o n  
o f  a  f r a c t i o n  o f  d r o p l e t s  o f  a l l  s i z e s .  T e l f o r d  a n d  C h a i  a s sumed  t h a t  o u t s i d e  a i r  e n t r a i n e d  
i n t o  t h e  c l o u d  a t  i t s  t o p  became n e g a t i v e l y  b u o y a n t  a s  a  r e s u l t  o f  d r o p l e t  e v a p o r a t i o n ,  
and  t h e n  d e s c e n d e d ,  a s  a  s a t u r 3 t e d  s t r e a m .  t o  mix w i t h  e n d  t h e r e b y  d i l u t e  c l o u d  a i r  a t  a  
l o w e r  l e v e l .  The common c o n s e q u e n c e  o f  b o t h  t h e s e  m i r i n g  p r o c e s s e s  i s  a  d r o p l e t  s p e c t r u m  
i d e n t i c a l  i n  s h a p e  t o  t h a t  p r i o r  t o  m i x i n g ,  b b t  w i t h  r e d u c e d  number  c o n c e n t r a t i o n s  i n  a l l  
s i z e  c a t e g o r i e s .  S u b s e q u e n t  a s c e n t  o f  t h e  mixed  vo lume  p r o d u c e s  a n  e 2 h a n c c m e n t  i n  s u p e r -  
s a t u r a t i o n  a s  a  c o n s e q L e n c e  of r e d ~ c e d  c o m p e t i t i o n  f o r  w a t e r  v a p o u r ;  a s  e r e s u l t ,  t h e  d r o p -  
l e t s  grow more r a p i d l y  t h a n  t h o s e  i n  a d i a b a t i c  r e g i o n s  o f  t h e  c l o u d .  
I n  n e i t h e r  o f  t h e s e  s t u d i e s  was  a c c o u n t  t a k e n  o f  t h e  f i n i t e  r a t e s  a t  w h i c h  c l o u d y  a n d  
e n v i r o n m e n t a l  a i r  ( o r  a d j a c e n t  r e g i o n s  o f  c l c u d ,  w i t h  d i f f e r e n t  p r o p e r t i e s )  w i l l  mix.  I n  
t h i s  p a p e r  we p r e s e n t  a  mode l  of t h e  t u r b u l e n t  m i x i n g  o f  a  s p h e r i c a l  b l o b  o f  d r o p l e t - f r e e  
a i r ,  o f  o r i g i n a l  d i a m e t e r  10. t e m p e r a t u r e  Tg a n d  s u p e r s a t u r a t i o n  S (I 0). a n d  a  c l o u d ,  
r e p r e s e n t e d  b y  a  s p h e r i c a l  s h e l l  s u r r o u n d i n g  t b -  l o b  o f  o u t e r  d i a m e t e r  X C ,  t e m p e r a t u r e  Tc, 
I s u p e r s a t u r a t i o n  5  ( 9 0 )  a n d  l i q u i d  w a t e r  c o n t e n t  L .  The b l o b  c o n t a i n s  a  d i s t r i b u t i o n  n ( m a )  
o f . c l o u d  c o n d e n s a t i o n  n u c l e i ,  c o m p r i s e d  o f  NaCl p a r t i c l e s  o f  mass  ms i n  e q u i l i b r i u m  a t  t h e  
r e l a t i v e  h u m i d i t y  H - 5 +l. T h i s  d i s t r i b u t i o n  is i d e n t i c a l  t o  t h a t  a s s u m a d  t o  b e  c o n t a i n m d  
w i t h i n  t h e  d r o p l e t s  i n  t h e  a u r r o u n d i n g  c l o u d ,  a o  t h a t  when t u r b u l e n t  m i x i n g  o c c u r s  a t  a n y  
l e v e l  t h e  t o t a l  c o n c e n t r a t i o n  o f  p a r t i c l e s  ( d r o p l e t s  p l u s  CCN) r e m a i n s  c o n s t a n t .  The e n t i r e  
s y s t e m  is assumed  t o  b e  mov ing  u p w a r d s  w i t h  a  s p e e d  W .  
The t u r b u l e n t  m i x i n g  o f  a l l  p r o p e r t i e s  t r a n s p o r t e d  is r e p r e s e n t e d  by diffusion w i t h  a  
s i n g l e  c o e f f i c i e n t  K d e t e r m i n e d  o n  d i m e n a i o n a l  g  o  n d s  f r o m  Xg a n d  c,  t h e  r a t e  o f  d i s s i p a -  
t i o n  o f  t u r b u l e n t  e n e r g y  w i t h i n  t h e  c l o u d :  I( - ( \H i#  . I f  we a s s u m e  t h a t  t h e  t u r b u l e n t  
m o t i o n s  t r a n s p o r t  e n e r g y ,  l i q u i d - w a t e r ,  w a t e r - v a p o u r  a n d  d r y  a i r  s i m u l t a n e o u s l y ,  we h a v e  
2 h m * t )  
- K O  h ( 1 . t )  - C J h ( R , t ) ,  a t  + %  ( 1  
P , p l  a n d  0 a r e  t h e  d e n s i t i e s  o f  d r y  a i r ,  l i q u i d  w a t e r  a n d  w a t e r  v a p o u r ,  r e s p e c t i v e l y ;  
n ? r i ,  R , t )  i# t h e  number  d e n s i t y  o f  d r o p l e t s  w i t h  r a d i i  i n  t h e  i n t e r v a l  ( r i , r i + d r i ) ;  a n d  
R is t h e  r a d i a l  v e c t o r .  The e n e r g y  t e r m  
- 
w h e r e  C and 1 a r e  t h e  s p e c i f i c  h e a t  o f  d r y  a i r  a n d  l i q u i d  w a t e r  r e s p e c t i v e l y  a n d  
L ( - 2 . 2 g ~ ~  g' ? i s  a n  a v e r a g e  v a l u e  o f  t h e  l a t e n t  h e a t  o f  v a p o u r i r a t i o n  o f  w a t e r .  E q u a t i o n  ( 8 )  d e f i n e s  t h e  t e m p e r a t u r e  T i n  t e r m s  o f  t h e  p a r a m e t e r s  o f  t h e  p r o b l e m .  
The s o u r c e  terms Q a r e :  
Q ~ ( R , ~ )  = -~L~P,(A,~)+P,(R,~)~w(~)I 
2 Q v ( R , t )  = -4wR 5 ( r i , R , t ) r i l i ( R , t )  
1 
w h e r e  Pa is t h e  d e n s i t y  o f  l i q u i d  w a t e r ,  g t h e  a c c e l e r a t i o n  d u e  t o  g r a v i t y  a n d  R a  t h e  g a s  
c o n s t a n t  p e r  k i l o g r a m m e  o f  a i r .  
The d r o p l e t  g r o w t h  e q u a t i o n  is  
is  $he s a t u r a t i o n  v a p o u r  d e n s i t y  ( g  W I - ~ ) ,  D i s  t h e  c o e f f i c i e n t  o f  m o l e c u l a r  d i f f u s l . . ~  
(cm 6-I ) ,  t h e  s u p e r s a t u r a t i o n  5 is e x p r e s s e d  a s  a  p e r c e n t a g e ,  r .  i s  m e a s u r e d  i n  m i c r o m e t r e s ,  
rsmmes,  a n d  t h e  c o n s t a n t s  A a n d  B p o s s e s s  t h e  v a l u e s  0 . l f 5  and  1 . 4  x 1 0 ' 3  r e s p e c t i v e l y .  :f-:imq is a  t h a r a ~ t e r i s t i c  l e n g t h  associated w i t h  t h e  n o n - i d e a l i t y  i n  w a t e r  c o n d e n s a t i o n .  
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The r a t e  o f  c h a n g e  o f  s u p e r s a t u r a t i o n  
The p r e c i s i o n  o f  t h e  f o r e g o i n g  e q u a t i o n r  c o u l d  b e  i n c r e a r a d ,  b u t  s u c h  r e f i n e m e n t 8  w e r e  
deemed u n n e c e s s a r y ,  i n  v i e w  o f  t h e  v e r y  a p p r o x i m a t e  r e l a t i o n m h i p  b e t w e e n  t h i s  d i f f u s i o n  
f o r m u l a t i o n  a n d  t h e  m i x i n g  p r o c e s s  w i t h i -  c l o u d s .  We n o t e  t h a t  t h e  d i f f u a i v i t y  r e p r e s e n t m -  
t i o n  is b e s t  a p p l i e d  t o  s i t u a t i o n s  i n  w h i c h  aB e x c e e d s  t h e  c h a r a c t e r i s t i c  s p a t i a l  r c m l e  o f  
t h e  t u r b u l e n t  e d d i e s .  A l t h o u g h  b u o y a n c y  g r a d i e n t s  g e n e r a t e d  by  e v e p o r s t i o n  w i l l  d e f o r m  t h e  
vo lume  u n d e r  e x a m i n a t i o n ,  we a s s u m e  t h a t  s p h e r i c a l  symmet ry  i r  p r e r e r v e d  d u r i n g  t h e  m i x i n g  
p r o c e s s .  
F i g u r e  ( 1 )  i l l u s t r a t e s  t h e  p r e d i c t e d  time v a r i a t i o n  o f  t h e  f i e l d s  o f  l i q u i d - w a t e r - c o n t e n t ,  
1, s u p e r s a t u r a t i o n ,  S ,  a n d  t e m p e r a t u r e ,  T ,  r e s u l t i n g  f r o m  t h e  m i x i n g  o f  a b l o b  o f  a i r  o f  r i zs  
1~ - 10Om a n d  r e l a t i v e  h  m i d i t y  80% w i t h  a  c l o u d  o f  s i z e  X r 2OOm a n d  l i q u i d  w a t e r  c o n t e n t  Y L - 0 . 5 3  171-3, W - 0 m s- . I n  t h e  f i r s t  c a s e  i l l u s t r a t e d  ( R , B , C )  t h e  c l o u d  c o n s i s t s  o f  
d r o p l e t s  o f  r a d i u s  3um a n d  i n  t h e  s e c o n d  ( D , E , F ) ,  r = 20um. S i n c e  t h e  t u r b u l e n t  e n e r g y  d i s s i -  
p a t i o 1  r a t e  c - 10-2m2s-3 t h e  c h a r a c t e r i s t i c  m i x i n g  t i m e s  
We s e e ,  when r = 3 u m ,  t h a t  e v a p o r e t i o n  o f  d r o p l e t s  c a r r i e d  b y  t u r b u l e n c e  i n t o  t h e  i n t e r i o r  
o f  t h e  b l o b  is a  v e r y  r a p i d  p r o c e s s  - p r e s u m a b l y  b e c a u s e  o f  t h e  h i g h  s u r f a c e / v o l u m e  r a t i o  
o f  t h e  d r o p l e t s  - s o  t h a t  t h e  s u p e r s a t u r a t i o n  r i s e s  f r o m  -20% t o  c l o s e  o n  0% i n  a b o u t  1 0 s .  
The t e m p e r a t u r e  d i f f e r e n c e  ( o r i g i n a l l y  2 K )  f o l l o w s  a s i m i l a r  p a t t e r n  - s i n c e  i t s  c h a n g e s  a r e  
g o v e r n e d  by e v a p o r e t i o n  when t h e  l a t t e r  i s  r a p i d  - l a g g i n g  j u s t  s l i g h t l y  b e h i n d  tLr c h a n g e s  
i n  5. E v a p o r a t i o n  is c o n f i n e d  m o r e - o r - l e s s  e n t i r e l y  t o  t h e  r e g i o n  o r i g i n a l l y  o c c u p i e d  b y  
t h e  b l o b .  The l i q u i d - w a t e r - c o n t e n t  d i s t r i b u t i o n  t a k e s  c o n s i d e r a b l y  l o n g e r  t o  l e v e l  o u t ,  
b e c a u s e  e v a p o r a t i o n  i n h i b i t s  i t s  i n c r e a s e  i n  t h e  e a r l y  s t a g e s  o f  m i x i n g ,  b u t  n e v e r t h e l e s s  
t h e  g r a d i e n t  h a s  b e e n  s u b s t a n t i a l l y  r e d u c e d  a f t e r  2 0  s e c o n d s ,  a  p e r i o d  much less t h a n  t h e  
t u r b ~ l e n t  m i x i n g  times rTC a n d  rTB. 
I i g u r e  1  shows  t h a t  when t h e  c l o u d  c o n s i s t s  o f  l a r g e r  d r o p s  ( r  - 2Oum) t h e  r a t e  o f  
i r c r e a s e  o f  minimum s u p e r s a t u r a t i o n  S t o w a r d s  z e r o  i s  r e d u c e d  - b e c a u s e  e v a p o r a t i o n  ~s l e a s  
e f f e c t i v e  - b u t  i s  s t i l l  e s s e n t i a l l y  c o m p l e t e d  w i t h i n  2 0  s e c o n d s .  The t e m p e r a t u r e  e q u i l i z a -  
t i o n  c u r v e s  a g a i n  f o l l o w  t h o s e  o f  5 ,  a n d  t h e r e  is a  c o r r e s p o n d i n g  i n c r e a s e  i n  t h e  r a p i d i t y  
w i t h  w h i c h  t h e  g r a d i e n t  i n  L l e v e l s  o u t .  I n  t h i s  c a s e  t u r b u l e n c e  d i s t r i b u t e d  t h e  u n d e r -  
q a t u r a t i o n  s i g n i f i c a n t l y  i n t o  t h e  c l o u d .  M i x i n g  i s l a r g e l y  c o m p i e t e d  a f t e r  208 .  
F i g u r e  ( 2 )  shows  t h e  t i m e - d e v e l o p m e n t  o f  t h  i n i t i a l l y  m o n o d i s p e r s e  s p e c t r u m  (r-20um: t h e  
d r o p l e t  c o n c e n t r a t i u n  N = 1 5  cnl-38 L - 0 . 5 0  m'51 a t  R - )iB/2,  t h e  l o c a t i o n  o f  t h e  o r i g i n a l  
i n t e r f a c e  b e t w e e n  t h e  c l o u d y  a n d  u n d e r s a t u r a t e d  a i r  (H - 8 0 % ) .  W - O.Om s - l .  I t  is  s e e n  
t h a t  t h e  c o m b i n a t i o n  o f  e v a p o r a t i o n  a n d  t u r b u l e n t  m i x i n g  i n t r o d u c e s  many new c a t e g o r i e s  i n t o  
t h e  d r o p l e t  s i z e  d i s t r i b u t i o n .  
F i g u r e  ( 3 )  p r e s e n t s  t h e  c a l c u l a t e d  s p a t i a l  f b e l d s  o f  L a n d  5 ,  a t  v a r i o u  t i m e s ,  f o r  two  
d i f f e r e n t  v a l u e s  o f  r ,  t h e  t u r b u l e n t  e n e r g y  d i s s i p a t i o n  r a t e ,  W - 0  m s f .  I n  t h i .  c a s e 3  
t h e  o r i g i n a l  s p e c t r u m ,  i l l u s t r a t e d  ( A )  i n  F i g v r e  5 ,  h a s  a  l i q u i d  w a t e r  c o n t e n t  L - 1 . 0 9  m- . 
I t  c o n t a i n s  t e n  s i z e  c l a s s e s  ( r a d i i  b e t w e e n  3 a n d  12.5um) a n d  i s  b a  e d  on  o n e s  e n c o u n t e r e d .  
i n  f i e l d  s t u d i e s  o n  t h c  s u m m i t  o f  G r e a t  Dun F e l l  ( B l y t h  e  ( 1 9 8 0 5  I n  t h i s  c a s e  \ T C  - 
1 3 0 s  when c = l bPn2s - ' (A .81  a n d  \ T C  - 2 7 0 s  r h e n  c - 1  f 1 3 m s , D  t i e  c o r r e o p o n d i n g  values 
o f  X T B  a r e  7 4 s  a n d  1 6 0 s .  When t h e  m i x i n g  is r a p i d  ( A . 0 )  t h e  s u p e r s a t u r a t i o n  becomes  u n i -  
f o r m l y  d i s t r i b u t e d  w i t h i n  2 0 8 ,  a n d  g r a d i e n t s  i n  L a r e  e l i m i n a t e d  w e l l  b e f o r e  5 0 s .  W i t h  
s l o w e r  m i x i n g  t h e  e q u a l i z a t i o n  o f  b o t h  L e n d  5 a r e  s l o w e r ,  b u t  a r e  c o m p l e t e d  i n  t i m e s  l e a s  
t h e n  ~ T C .  I n  b o t h  c a r e s  u n d e r s a t u r o t i o n s  a r e  c r e a t e d  w i t h i n  t h e  r e g i o n  o c c u p i e d  by  t h e  o r i -  
g i n a l  c l o u d 8  a  c h a r a c t e r i s t i c  f e a t u r e  o f  t h e  s i t u a t i o n s  i n  w h i c h  t h e  c l o u d  s p e c t r u m  c o n t  i n s  
l a r g e  d r o p s  - w i t h  c o r r e s p o n d i n g l y  h i g h  v a l u e s  o f  e v a p o r a t i o n  time rr ( B a k e r  e t  a 1 , ( 1 9 8 0 $ ) .  
I n  f i g u r e  4 we p r e s e n t ,  f o r  t h e  c a s e s  c o v e r e d  by F i g u r e r  1  a n d  3 ,  i n f o r m a t i o n  o n  t h e  r a t e r  
e t  w h i c h  t h e  t o t a l  amoun t  o f  e v a p o r a t i o n  a n d  t h e  d i s t r i b u t i o n  o f  l i q u i d  w a t e r  a p p r o a c h  t h e i r  
f i n a l  v a l u e s .  f ( i n  c u r v e s  A,B,C,D) is  t h e  r a t i o  o f  t h e  t o t a l  e v a p o r a t i o n  t t c a t  h a s  o c c u r r e d  
a t  t i m e  t ( e x p r e r s e d . i n  F i g u r e  d as t h e  d i m e n s i o n l e s s  time t / r c )  t o  t h u t  w h i c h  h a r  o c c u r r e d  
when t h e  c l o u d  a n d  b l o b  a r e  * u l l y  m i x e d .  I n  c u r v e s  E,F,G,H 
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w h e r e  AL = ( L C  - LOl t  i s  t h e  d i f f e r e n c e ,  a t  t i m e  t ,  b e t w e e n  t h e  l i q u i d  w a t e r  c o n t e n t s  i n  
t h e  c e n t r e  o f  t h e  o r l g i n a l  b l o b  ( R = O )  a n d  a t  t h e  e d g e  o f  t h e  c l o u d  (R-X,/2)8 L is  t h e  o r i -  
g i n a l  l i q u i d - w a t e r - c o n t e n t  i n  t h e  c l o u d .  
The c u r v e 8  d i s p l a y e d  i n  F i g u r e  4 show c l e a r l y  t h a t :  e v a p o r a t i o n  i s  c o m p l e t e d  l o n g  b e f o r e  
t h e  g r a d i e n t s  i n  L  a r e  e l i m i n a t e d ;  u n i f o r m i t y  i n  L  is  a c h i e v e d  - g e n e r a l l y  - i n  t i m e r  much 
less t h a n  TTC;  e v a p o r a t i o n  p r o c e e d s  m o s t  e f f e c t i v e l y  when d r o p l e t s  a r e  s m a l l  a n d  m i x i n g  i s  f a s t .  F u r t h e r  c a l c u l a t i o n s  ( n o t  i l l u s t r a t e d )  show t h a t  u n i f o r m i t y  i n  5 i s  a c h i e v e d  more  
q u i c k l y  f o r  i n c r e a s e d  v a l u e s  o f  L. 
I n  F i g u r e  5  we p r e s e n t  v a r i o u s  s p e c t r a  r e s u l t i n g  f r o m  t h e  m i x i n g  w i t h  u n d e r s a t u r a t e d  a i r  
o f  a  vo lume  o f  c l o u d  p o s s e s s i n g  a n  o r i g i n a l  l i q u i d - w a t e r - c o n t e n t  L  = 0 . 5 9  m-3 a n d  t h e  s i z e  
d i s t r i b u t i o n  ( A )  m e n t i o n e d  e a r l i e r ,  W r O . 0  m s - ? .  F o r  t h e  p a r t i c u l a r  d i m e r s i o n s  c h o a e n  
( I c  r 144111, Xg = 60m) t h e  f i n a l  - w e l l - m i x e d  - v a l u e  o f  L, i f  t h e  h u m i d i t y  o f  t h e  e n t r a i n e d  
a i r  i s  70% a n d  t h e  t e m p e r a t u r e s  e r e  a 3  i n d i c a t e d ,  i s  0 . 3 2 9  v3. C u r v e  B p r e s e n t s  t h e  
c l a s s i c a l  s p e c t r u m ,  w i t h  L  = 0 . 3 2 9  m' , w h i c h  was o b t a i n e d  by  t h e  a p p l i c a t i o n  o f  t h e  d r o p -  
l e t  g r o w t h  e q u a t i o n  t o  a l l  d r o p l e t s  i n  t h o  o r i g i n a l  s p e c t r u m .  A l l  d r o p l e t s  h a v e  e L d p o r a t e d ,  
s o  t h e  p e a k  r a d i u s  h a s  s h i f t e d  s ~ b s t a n t i e l l y  ( w h e r e a s  t h e  p e a k  c o n c e q t r a t i o n  is  v i r t u a l l y  
u n c h a n g e d )  a n d  t h e  r e d u c t i o n  i n  r a d i u s  is g r e a t e r  f o r  t h e  s m a l l e r  d r o p l e t s .  C u r v e  t, L  = 
0 .329  m-3, is  o b t a i n e d  f r o m  o u r  d i f f u s i v e  m o d e l ,  w i t h  c = 1 0 - 3 ~ 1 2 s - 3 .  T h i s  s p e c t r u m  i s  s e e n  
t o  h a v e  a  p e a k - r a d i u s  o n l y  s i i g h t l y  b e l o w  t h a t  o f  t h e  o r i g i n a l  s p e c t r u m  ( A ) ,  b u t  a  s u b s t a n -  
t i a l l y  r e d u c e d  p e a k - c o n c c n t r a t i a n .  Thus  t h e  s p e c t r ~ m  C ,  p r e d i c t e d  f r o m  o u r  m o d e l ,  l i e s  
b e t w e e n  t h e  c l a s s i c a l  s p e c t r u m  B  a n d  t h e  e x t r e m e  i n h o m o g e n e o u s  s p e c t r u m ,  b u t  is  v e r y  much 
c l o s e r  t o  t h e  l a t t e r  - w h i c h  i s  n o t  shown s i n c e  i t s  s i m i l a r i t y  t o  B  wou ld  c a u s e  c o n f u s i o n  
i n  p r e s e n t a t i o n .  
I n  F i g u r e  6  we p r e s e n t  t h r e e  s p e c t r a  r e s u l t i n g  f r o m  t h e  t u r b u l e n t  m i x i n g  o f  s p e c t r u m  A - 
t h e  same  a s  i n  F i g u r e  5  - w i t h  a  b l o b  o f  u n d e r s a t u r e t e d  a i r ,  W - 0  m s - l .  The d i m e n s i o n s  
a n d  t e m p e r a t u r e s ,  g i v e n  i n  t h e  l e g e n d ,  a r e  t h e  same  f o r  a l l  t h r e e  c a l c u l a t i o n s .  I n  B a n d  
C t h e  r e l e t i v e  h u m i d i t y  H a v d  t h e  f i n a l  w a t e r  c o n t e n t  L  = 0 . 3 2  g  m-3, I n  B, 
c - 0 m 2 s  a n d  i n  C 1 m 2 s .  C u r v e s  B  a n d  C a r e  v e r y  s i m i l a r ,  b u t  B  is m o r e  
Ynhomogeneous '  - s m a l l e r  r e d u c t i o n  i n  p e a k  r a d i u b  - c o n s i s t e n t  w i t h  t h e  e s s o c i a t e d  s l o w e r  
m i x i n g  i n  t h i s  c a s e .  C u r v e  D ( L  - 0 . 1 6 9  m-3) was  o b t a i n e d  w i t h  H - 40% e n d  c r 10-3m2s-3. 
T h i s  s p e c t r u m ,  a l t h o u g h  v e r y  d i f f e r e n t  f rom o n e  p r e d i c t e d  by  t h e  c l a s s i c a l  d e s c r i p t i o n  o f  
m i x i n g / e v a p o r a t i o n  ( s e e ,  f o r  e x a m p l e ,  F i g u r e  4 ,  C u r v e  B ) ,  is  s u b s t a n t i a l l y  d i f f e r e n t  f r o m  
t h e  e q u i v a l e n t  ' e x t r e m e  i n h o m o g e n e o u s '  o r  ' d i l u t i o n  o n l y '  s p e c t r u m  ( a g a i n  n o t  shown!, i n  
w h i c h  t h 2  s h a p e  o f  c u r v e  A y ~ u l d  b e  p r e s e r v e d ,  a n d  t h e  mean r a d i u s  wou ld  b e  t h e  same a s  i n  A .  
T h i s  l a r g e  d e p s r t u r e  f r o m  t h e  e x t r e m e  i n h o m o g e n e o u s  s p e c t r u m  may b e  a t t r i b u t e d  t o  t h e  g r e a t e r  
r o l e  o f  e v a p o r a t i o n  ( r e l a t i v e  t o  d i l u t i o n )  i n  p r o d u c i n g  t h e  f i n a l  s p e c t r u m  ( D l .  
I n  F i g u r e  7 we show t h e  e f f e c t  o f  d o u b l i n g  t h e  r a d i u s  o f  a l l  d r o p l e t s  i n  t h e  s p e c t r u m  A 
i l l u s t r a t e d  i n  F i g u r e  5 a n d  6 ,  w h i l s t  m a i n t a i n i n g  t h e  l i q u i d  w a t e r  c o n t e n t  L  = 0 . 5 9  m-3, 
W - 0  g  The f i n a l  s p e c t r u m  ( C )  a f t e r  e v a p o r a t i o n  a n d  m i x i n g  i s  c l o s e r  t o  t h e  c l a s s i -  
c a l  o n e  B  t h a n  i n  t h e  e a r l i e r  c a s e s ,  p r e s u m a b l y  b e c s u s e  f o r  t h e s e  l a r g e  d r o p l e t s  t h e  r a t i o  
o f  e v a p o r a t i o n  t o  m i x i n g  t i m e s ,  T ~ / T ~ ,  ( B a k e r  e t  e l  (1980)z)  i s  no l o n g e r  much l e s s  t h a ?  unity. 
I n  F i g u r e  B we a t t e m p t  t o  e x a m i n e ,  f o r  a w i d e  r e n g e  o f  o r i g i n a l  c o n d i t i o n s ,  t h e  e x t e n t  
t o  w h i c h  s p e c t r a l  c h a n g e s  r e s u l t i n g  f r o m  t u r b u l e n t  m i x i n g  o f  u n d e r s a t u r a t e d  a n d  c l o u d y  a i r  
c o n f o r m  t o  t h e  c l a s s i c a l  ~ h o m o g c n e o u s )  p i c t u r e  o r  t o  t h e  s l t e r n a t i v e  e x t r e m e  discussed b y  
T e l f o r d  and  C h a i ,  a n d  by  B a k e r  e t  e l .  F o r  e a s e  o f  i n t e r p ~ c t a t i o n ,  t h e s e  c a l c u l a t i o n s  wea 
medc w i t h  o r i g i n a l l y  m o n o d i s p c r s e  s p e c t r a .  
On t h e  c l a s s i c a l  p i c t u r e ,  t o  a  f i r q t  a p p r o x i m a t i o n ,  t h e  c o n c e n t r a t i o n  o f  d r o p l e t s ,  N ,  
i n  a n  o r i g i r i a l l y  m o n o d i s p e r s e  s p e c t r u m ,  is u n c h a n g e d  f r o m  t h e  o r i g i n a l  v a l u e  N o ,  a s  e n t r a i n -  
ment  r e d u c e s  t h e  l i q u i d  w a t e r  c o n t e n t  f r o m  Lg t o  L. 0~ t h e  e x t r e m e  i n h o m o g e n e o u s  p i c t u r e ,  
N i s  r e d u c e d  i n  p r o p o r t i o n  t o  t h e  r e d u c t i o n  I n  L ,  ( i e  N - ( L / L o ) N o ) .  On t h e  c l a s s i c e l  
p i c t u r e  t h e  y a t e r  c o n t e r t  i s  r e d u c e d  i n  p r o p o r t i o n  t o  t h e  r e d u c t i o n  i n  t h e  r a d i u s  r ( i e  
r 3  r ( L / L o ) r o ,  w h e r e  ro is t h e  o r i g i n e l  r a d i u s ) .  On t h e  e x t r e m e  i n h o m o g e n e o u s  p i c t u r e  r 
is  u n c h a n g e d  a s  L  d e c r e s s e s .  Thus  we may d e f i n e  a  p a r a m e t e r  
w h i c h  p o r r e s r s a  a  v a l u e  Q = 1 f o r  a l l  L/LO o n  t h e  c l a s s i c a l  d e s c r i p t i o n  o f  m i x i n g  a n d  i s  
g i v e n  by Q r ( L / L , ) ~  i n  t h e  e x t r e m e  i n h o m o g e n e o u s  c a r e .  
T h e s e  t w o  e x t r e m e  c u r v e s  a r e  p l o t t e d  i n  F i g u r e  8 ,  t ~ g e t h e x  w i t h  i n d i v i d u a l  v a l u e 8  o f  Q 
e m a n a t i n g  f r o m  8 v a r i e t y  o f  c e l c u l a t i o n s .  u s i n g  t h e  d i f f u s i v e  m i x i n g  m o d e l .  
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Tho moat i m p o r t a n t  r e r u l t  i r  t h a t ,  f o r  a11 a i t u o t i o n r  c o n r i d o r e l ,  t h r  oxtramo inhomo- 
geneour d e r c r i p t i o n  o f  t u r b u l e n t  en t ra inmen t  p m v i d o r  r much b r t t r r  app rox ima t i on  
t o  r e a l i t y  t h a n  doer '.he c l a r r i c a l  d o r c r i p t i o n  . Tho d o p o r t u r o r  f r o m  ~ L / L ,  
be q u i t e  o u b r t a n t i o l ,  hcwever. We r o e  from F i g u r o  8  , t h a t  t h i o  dopo r tu ro  i n c r e a r m r  w 1' t h t  
d e c r a o r i n g  X i n c r e o r i n g  H ( a t  c o n r t a n t  L / L o ) f  d o c r e r r i n g  L; d o c r e r o i n g  c; and ( p r o p o r t i o n -  
a t e l y ) ,  decrl;)ing L /L  . A 1 1  thee. t e n d e n c i e r  a r e  c o n r i r t o n t  w i t h  t h o  b a r i c  i d o a r ,  odvoncod 
by  Baker e t  01. t h a t  (?I t h e  t i m e  s o n r t a n t  r a t i o  Tr/TT, wh ich  equa l8  z e r o  i n  t h e  e r t romo  
inhomogeneou8 care,  incree8.8 w i t h  decreasing v a l u e r  o f  L  and X and w i t h  i n c r e a r i n g  c  
end H; end ( 2 )  t h a t  o r  (L/Lo) i r  reduced (by  r e d u c i n g  H I  t h e  c o n t r i b u t i o n  o f  d i l u t i o n  
t o  t h e  o v e r a l l  r e d u c t i o n  i n  water con ten t  i a  reduced. 
I t  i r  i n a p p r o p r i a t e ,  i n  an a r t i c l e  o f  t h i s  l i m i t e d  l eng th ,  t o  do o t h e r  t h a n  t o  l i r t  f u r t h e r  
i m p o r t a n t  processes,  o c c u r i n g  i n  c louds,which i n v o l v e  drops.  F o r  a  comprehensive and a u t h o r i -  
t a t i  t r ea tmen t  o f  t hese  t h e  r e a d e r  i s  r e f e r r e d  t o  t h e  e x c e l l e n t  bookof  Pruppacher end K l e t t  
('l978flThe processes i n c l u d e :  condensat ion  v i a  heterogeneour n u c l e a t i o n ;  c o l l i s i o n ;  coa lea-  
cance; s a t e l l i t e  d rop  p r o d u c t i o n ;  e lec t rohydrodynamic  b u r s t i n g ;  mechen ico l  d i r r u p t i o n :  
scaveng ing .o f  p a r t i c u l a t e  and gaseous p o l l u t a n t s :  eupe rcoo l i nq ;  f r e e z i n g ;  a c c r e t i o n !  
secondary i c e  p a r t i c l e  p r o d u c t i o n :  ep1ashing;and l i g h t n i n g  i c i t i a t i o n  by  cc*ona. 
Dr M B  Baker, of t h e  U n i v e r s i t y  of Weshington, S e a t t l e ,  USA, p layed  t h e  p r i m a r y  r o l e  i n  
t h e  development o f  t h e  d i f f u s i v e  m i x i n g  model desc r i bed  h e r e i n .  The r p e c i a l  c o n t r i b u t i o n  
o f  Dr M Guery i s  g r a t e f u l l y  acknowledged. 
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Figure 1 :  Calculated radial distributions of liquid-water-content, L, supersaturation 5 
and temperature T a t  various times t during tha turbulent mixing of a water cloud 
with a spherical blob o f  undersaturated air cen r 1 1  embedd within it at t-0. 
Single category spectra. lb=I 00m;Lc=200m; r-1 ~-im9s-3;ms=l O-Fgg ;L-1 . Og ~ - ~ ; H = L ) o $ ;  
TB=2BlK;Tc~279K.A,B,~:r~3um:D.E,F:r=20um. 1, t=O;2, t=5s;3, t=lOs;4 t-20s. 
Figure 2:Calculated drop-size spectra at R=lB/2 at variour times t during t h e  turbulent mix- 
ing of a water cloud with a spheric-1 plob of underrsturated air central y embedded 
within it at t=0. Singel category spectrum. r-20um;Lg=f 0 0 m ~ l c = 2 0 0 m ;  C-1 0-1m2e-3 ;H=83% 
T0r2B1K;Tcr279k.A,t=O; 8. t=5s; C. t r f 0 . 2 ~ ;  D, t-12s. 
F i g u r e  3: C a l c u l a t e d  r a d i a l  d i s t r i b u t i o n s  o f  l i q u i d - w a t e r - c o n t e n t ,  L ,  a n d  s u p e r s a t u r a t i o n  
S a t  v a r i o u s  t i m e s  t d u r i n g  t u r b u l e n t  m i x i n g  o f  a  w a t e r  c l o u d  w i t h  a . s p h e r i c a 1  
b l o b  o f  u n d e r s a t u r a t e d  a i r  c e n t r a l l y  emb d d e d  w i t h i n  i t  a t  t = O .  Ten c o t e g o r y  
s p e c t r u m .  k g  - 60.; 1 =144m ms = 1 0 - l E O ;  L = 1  00 m-3; H = 70%; TB= 2 0 1 k ;  
r,= 27%.  A ,  B ,  r = 16-2.2.-j ; C, D, t = I I I - ~ ~ ~ S - ~ ; .  
1 ,  t = 0 . 0 s ;  2 ,  t- 0 s ;  3 ,  t = 2 0 s ;  4 ,  t - 50s. 
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F i g u r e  4 :  C a l c u l a t e d  v a r i a t i o n  w i t h  d i m e n s i o n l e s s  t i m e  t / ~ ~ e  of  t h e  p a r a m e t e r  f  ( d e f i n e d  
i n  t h e  t e x t )  w h i c h  g o v e r n s  t h e  r a t e  a t  w h i c h  t h e  e v a p o r a t i v e  p r o c e s s  a n d  t h e  
r e d i s t r i b u t i o n  o f  l i u q i d  w a t e r  o c c u r s ,  d u r i n g  t h e  t u r b u l e n t  m i x i n g  o f  a  w a t e r  
c l o u d  w i t h  a  s p h e r i c  b l o b  o f  u n d e r s a t u r y t e d  a i r  c e n t r a l l y  embedded w i t h i n  i t .  
a t  t / r T  = 0 ;  ma-7 O-Pim; TB-21 Bk; Tc- 1 7 9 K ;  lr1 .Og m-).  
C u r v e s  1 ,  D ,  E ,  F  a r e  f o r  o m i n g l e  c a t e g o r j  spectrum, r - 3um; ( A , F ) ,  r=20um 
1n r \  \ U . L I .  
C u r v e s  8 ,  C, G ,  ti a r e  f o r  t h e  1 0 - c a t e g o r y  s p e c t r u m  ( F i g u r e  2 ) .  C u r v e s  A ,  8 ,  
C ,  D a r e  f o r  t h e  e v a p o r a t i o n !  C u r v e s  E, F ,  G ,  H f  r l i q u i d  w a t e r  ( e q n  2 3 ) .  
Curve. A ,  D, E ,  T :  1 60ms )I - 200171 r = ?0-2m$s-3; ~ = 7 0 % .  
c u r v e s  e ,  G ~ B - 6 ~ r n ;  qc: 'PPml = l m  H - 70%. 
F i g u r e  5 :  D r o p l e t  m i r e  d a m t r i b u t i o n  ( C )  c a l c u l a t e d  by a p p l i c a t i o n  o f  t h e  d i f f u m i v e  modmt 
t o  t h e  m i x i n g  of e  s p h e r i c a l  b l o b  o f  u n d e r r a t u r a t e d  a i r  w i t h  m w a t e r  c l o u d  p o r -  
s e r s i n g  t h e  s i r e  d ! s t r i b u t i o n  ( A )  a t  time t - 0. S p e c t r u m  B is c # ? c u l a t m d  
on  t h q  c l a m r i c a l  model  g f  m i x i n g .  The l i q u i d  w a t e r  c o  t n t  i n  A i m  O.fp m-' 
a n d  i n  B a n d  C 0.32p m- I I COmi 1. - 1 4 4 n :  r- f ~ - g n J m - ~ ~  H - 70%~ 
Te-20lKl T I  7 ma . i 0 - 1 8 ~ .  
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f i g u r e  6: D r o p l e t  s i z e  d i s t r i b u t i o n s  ( 8 ) .  ( t )  and (D) c a l c u l a t e d  by a p p l i c a t i o n  o f  t h e  
d i f f u r i v e  model  t l  t h e  m i x i n a  of  a  a a h c r i c s l  b l o n  o f  u n d e r r r t u r a t e d  a i r  w i t h  a 
- -  - 
-- - - -  
w a t e r  c l o u d  p c s ~ e s s i n g  t h  - s i z e  d i s t r i b u t i o n  ( A  a t  t i m e  t - 0 .  ~ B ~ 6 0 m r ~ c = 1  4 4 m r
rg. 211 K I T,-279( rms=l 0-1 Sg tL-0. 59 m-3 t 8, e-1 G-3m2s-3 . t h 7 0 $ i t .  r-1 u - Z ~ ~ S - ~  r 
~ ~ 7 0 % )  D, c, 10- d s - 3 .  
F i g u r e  7: D r o p l e t  a ~ t e  d i s t r i b u t i o n  ( C )  c e l c u l a t e d  by a p p l i c a t i o n  o f  thm diffusive model 
t o  t h e  m i x i n g  of  a  mpher i ca l  blab of u n d e r a a t u r a t d  a i r  w i t h  a  wa te r  c l o u d  po r -  
reaming t h e  s i t e  d i n t r i b u t i o n  ( A )  m t  t imo  t = 0. Spectrum (B) i r  c a l c u l  t e d  on 
t h e  c l a s n i c e l  model of m ix ing .  The l i q u i d  water  con e  t i n  A i s  0.59 m-! and 
and i n  B end C 0 329 mm3. Ag- 60 m: =  m e- fP- tm9s-~$ H - 7W T 8 - 2 I ? Y $  
Tc=279K ! m a l l  0 - l  69. 
F i g u r e  8:  V a l u e s  o f  t h e  p z r a m e t e r  cP, d r f i n e d  Ey e q u a t i o  ( 2 4 ) .  c a l c u l a t e d  from t h e  d i f f u -  
s i v e  mix ing  model f o r  v a r j q u s  v a l u e s  o f  L/Lo a n d  p e r m u t a t i o n s  o f  o t h e r  p t r a m e t e r s .  
Single c ? t e g o r y  s p e c i r a .  E c e p t  where i n d i c  t e d  X B =  1OOm: Ic=400m; r = :011m; 
T p  281 k:  T,=279k; ms=lO-l 29 ;  H= 80%; r- 1  O-'m~s-3; L= 1  .Og m-3. T h i s  p e r m u t a i h  
p r o v i d e s  p o i n t s  ( W ) .  
(el, Lm0.59 I--3; A. 1~=2Om,  lc=80m; 
x ,  1 p 3 0 m ;  1ZOm; A ,  XB-2OOm I =8OOm; 
r-,oum; r-20um; +, i- ;o-sm2s-3; t : Hm7OI. r .  H=4C5 
A wind t u n n e l  i n v e s t i g a t i o n  of t h e  shape of  uncharged r a i n d r o p s  i n  t h e  presence o f  an 
e x t e r n a l ,  v e r t i c a l  electric f i e l d  
H. R. Pruppacher, R. Rasmussen, C. Walcek 
Department o f  Atmospheric Sciences ,  Univers i ty  o f  C a l i f o r n i a ,  Los Angeles 
405 Hilgard Am., Los Angeles CA 90024 
P. K. Wang 
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12. > W. Dayton S t . ,  Madison, W I  53706 
A b s t r a c t  
Resu l t s  a r e  p resen ted  o f  a  r e c e n t  wind t u n n e l  experiment i n  which e l e c t r i c a l l y  un- 
charged water  drops o f  500 t o  3000 um e q u i v a l e n t  r a d i u s  a r e  f r e e l y  suspended i n  t h e  ver -  
t i c a l  a i r  stream o f  t h e  UCLA Cloud Tunnel. During t h i s  suspension t h e  drops were exposed 
t o  e x t e r n a l ,  v e r t i c a l  electric f i e l d s  o f  500 t o  8,300 Volts/cm. The chacgc i n  drop shape 
with  d rop  s i z e  and electric f i e l d  s t r e n g t h  was noted an. is d i s c u s s e d  i n  t h e  l i g h t  o f  theo-  
r e t i c a l  work c i t e d  i n  t h e  l i t e r a t u r e  which u n f o r t u n a t e l y  does  n o t  t a k e  i n t o  account  t h e  
e f f e c t s  o f  a i r  f low p a s t  t h e  drop. The wind t u n n e l  s tudy  is documented h e r e  by stills from 
a 16 MM f i l m  r e c o r d  t h a t  demonstra tes  t h e  shape of  wa te r  d rops  i n  response t o  bo th  hydro- 
dynamic and electric f o r c e s .  
I n t r o d u c t i o n  
Cloud p r e c i p i t a t i o n  s t r o n g l y  a f f e c t s  t h e  propagat ion o f  e lec t romagne t ic  r a d i a t i o n .  
Much a t t e n t i o n  has  been given t o  t h e  dependence of t h e  s c a t t e r i n g  of e l e c t r o m a g n e t i c  r a -  
d i a t i o n  o f  r a d a r  frequency on t h e  s i z e  o f  t h e  p r e c i p i t a t i o n  p a r t i c l e .  P a r t i c l e  shape,  
however, a l s o  appears  t o  be an  important  parameter.  I n  p a r t i c u l a r ,  non-spher ic i ty  i n t r o -  
duces asymmetry i n  t h e  b a c k s c a t t e r  r a d i a t i o n  f i e l d .  T h i s  d i s t o r t i o n  forms t h e  b a s i s  o f  
new techn iques  f o r  h a i l / r a i n  d i s c r i m i n a t i o n ,  f o r  t h e  de te rmina t ion  of  r a i n d r o p  s i z e  d i s -  
t r i b u t i o n ,  and f o r  t h e  de te rmina t ion  of  r a i n f a l l  r a t e s  from r a d a r  observa t ions .  
To e v a l u a t e  t h e  r a d a r  d a t a ,  t h e  above mentioned techn iques  use  t h e  d rop  shapes  exper i -  
mental ly  der ived  from t h e  wind tunne l  measuremeqts o f  Pruppacher and ~ e a r d '  and from t h e  
t h e o r e t i c a l  model o f  Pruppacher and p i t t e r 2 .  These drop shapes  apply t o  e q u i l i b r i u m  con- 
d i t i o n s  only.  I t  is f u r t h e r  assumed t h a t  t h e  d rop  i n  n e i t h e r  e l e c t r i c a l l y  charged nor 
embedded i n  an e x t e r n a l  electric f i e l d .  I n  a c t u a l i t y ,  however, drops do no t  f a l l  w i t h  a  
c o n s t a n t  shape b u t  r a t h e r  undergo complex o s c i l l a t i o n s  around t h e i r  e q u i l i b r i u m  shape. 
In  a d d i t i o n ,  many c louds  a r e  e l e c t r i c a l l y  chargea  even i n  t h e i r  e a r l y  s t a g e s  o f  develop- 
ment and, consequent ly ,  e x h i b i t  v e r t i c a l  and h o r i z o n t a l  electric f i e l d s .  Such electric 
f i e l d s  cause t h e  d rops  t o  be - - e c t r i c a l l y  p o l a r i z e d  and t h e r e f o r e  a f f e c t  t h e  e q u i l i b r i u m  
shape, as  w e l l  a s  both t h e  o s c i l l a t i o n  f requency and t h e  o s c i l l a t i o n  ampli tude o f  t h e  drop. 
The e l e c t r i c a l l y  induced change i n  shape a l s o  a f f e c t s  t h e  f a l l  v e l o c i t y  o f  a  drop. I n  
a d d i t i ~ n ,  changes i n  t h e  o s c i l l a t o r y  motions may cause  changes i n  t h e  d rop  break-up 
behavior.  A l l  t h e s e  c e f e c t s ,  i n  t u r n ,  i n f l u e n c e  t h e  drop s i z e  d C s t r i b u t i o n  and t h u s  t h e  
r a t e  of format ion of p r e c i p i t a t i o n  i n s i d e  a  clocld. 
In  t h i s  r e p o r t  w e  concern o u r s e l v e s  e x c l u s i v e l y  w i t h  t h e  e f f e c i s  o f  e x t e r n a l ,  v e r t i c a l  
electric f i e l d  on drop shape. Severa l  r e c e n t  r e p o r t s  a r e  a v a i l a b l e  on t h i s  t c p i c .  Dawson 
and warrender '  s t u d i e d  exper imenta l ly  t h e  e f f e c t  of a  v e r t i c a l ,  e x t e r n a l  e l e c t r i c  f i e l d  Eo 
on t h e  t e r m i n a l  v e l o c i t y  V, of  e l e c t r i c a l l y  uncharged wate r  drops i n  a i r  which s u f f e r  a  
shape deformat ion due t o  t h e  electric f i e l d .  Genera l ly ,  Y, was found t o  i n c r e a s e  w i t h  t h e  
electric f i e l d  s t r e n g t h .  However, t h e  v e l o c i t y  i n c r e a s e  found was q u i t e  smal l .  For  d rops  
o f  betweel, 3  and 4 mm e q u i v a l e n t  r a d i u s  a, (which is t h e  r a d i u s  of a  ' sphere  h a v i ~ g  t h e  
same volume a s  t h e  d i s t o r t e d  drop)  , V, changed from 8.9 m/sec a t  Eo = 0 t o  9.9 m sec-I  a t  
Eo = 9 kV/cm. These changes a r e  s m a l l e r  than  t h o s e  due t o  c h m g e s  caused by t h e  v a r i a t i o n  
i n  a i r  d e n s i t y  and aix -:.scosity which a  d rop  exper iences  a s  i: f a l l s  i n  t h e  atmosphere'. 
Unfor tunately ,  t h e s e  vc?.acity c\anges were n o t  c o r r e l a t e d  t o  t h e  corresponding shape 
changes of t h e  drop,  and only a few drop s i z e s  were s t u d i e d .  
B i l l i n g s  and kIollands and Brazier-Smith et  a l . '  s t u d i e d  exper imenta l ly  and t h e o r e t i c a l l y  
t h e  e f f e c t  o f  an h o r i z o n t a l ,  e x t e r n a l  e l e c t r i c  f i e l d  on t h e  o s c i l l a t i o n  frequency of  i 
water  drop f a l l i n g  i n  a i r .  For a  given drop s i z e  a,, t h e  v i b r a t i o n a l  f requency was found 
t o  decrease  wi th  i n c r e a s i n g  Eo i n  a  manner c l o s e l y  p r e d i c t a b l e  by theory .  Once a g a i n ,  
on ly  a  few drop s i z e s  were s t u d i e d ,  and t h e  t u r b u l e n c e  i n  t h e  wind t u n n e l  xsed f o r  
characterizing the vibratio~r of the drops was not controlled. Nn studies of the frequency 
of drop oscillations were made for vertical electric fields. 
Theoretical studies of the effects of an external electric field on the drop shape b/a 
(where a is the semi-axis perpendicular to the drop's fall axis, and b is the semi-axis 
along the drop's fall axis) were carried out by O'Konski and Thatcher', Taylor', Brazier- 
smith9 ,'', Abbas and  ath ham", and Richards and ~awson' '. ihese studies showed that a 
water drop originally spherical becomes strongly prolate-spheroidally deformed in an ex- 
ternal, vertical electric field. The deformations predicted by these theories appear t~ 
agree quite well with each other, in particular regarding the maximum stable drop deforma- 
tion before Qreak-up. The critical axis ratios predicted for break-up vary between b/a = 
1.86 (~aylor') and h / a  = 1.83 (Brazier-smith1\. These estimates also agree with the value 
theoretically predicted by Abbas and ~athm,". The various theories also indicate that the 
deformation parameter b/a can uni uely be expressed as an in~reasing function of the non- 
dimensional quantity X = Eo(a,/u)?, where o is the surface tension of water in air (Pig. 4. 
Break-up of electrically unchar ed drops was 9 predicted for X = 1.625 (Taylor and for 
X = 1.603 (~razier-smith"), in agreement 
with the critical value of X computed by 
Abbas and  ath ham". This correlation w e s t s  
that, for a given drop size ana air pressze, 
the electric field required for a certain 
drop deformation, for drop break-up, and for 
I t 
the onset of corona discharge increases as i :  
the temperature decreases. i.e., as the sur- L t 
face tension increases. This trend has been i t  
experimentally verified by Ausman and Brrnkl'. 
A different trend has been found with regard 
to air pressure. Griffiths and   at ham" 
showed that the electric field strength re- 
quired for onset of corona discharge on 
drops decreased with decreasing air pressure. 
Electric charge appears to have a consi- 
derable effect on the electric field stzength 
required for drop deformation. Abbas and 
Figure 1. Variation of the ;heoretically   at ham!' showed that the correlation of b/y 
predicted shape of a water with X = Eo(ao/u)% varies with the electric 4 charge Q on s drop, shifting to smaller drop in air with X = Eo(ao/a) , 
values as increases. assuming that the drop's original shape is 
spherical, and that no hydrodynamic flow is 
present around the drop. For electrically unchar ed drops the co- 
relation b/a vs. X -6% suggests that 
the electric field strength Eo toyachieve s 
certain drop deformation b/a decreases with 
increasing drop size ao, This behavior was - ~rified by Wilson and ~a~lor", ~ o l a n ' ~ , ~ ' ,  
Ausman and  rook'^, Dawson and ~ichards': and by Griffiths and  ath ham". In none o.? these 
studies, however, was a quantitative investigation made on the variation of b/a with Eo 
for various ao. Instead, emphasis was placed on determining the critical electric field 
strength beyond which t e drop would break up or show evidence of corona discharge. It was 
fourid that X = Eo(aa/u) had a value of 1.61 (Wilson and ~aylor'), 1.51 (~acky'~), 1.56 
(Ausman and  rook'?, and 1.81 (Griffiths and  ath ham"), for break-up or corona discharge. 
All experiments suffered from two serious deficiencies since, under the expe~imental con- 
ditions reported, (1) the drops did not reach terminal velocity and thus did not assume 
the hydrodynamically determined shape, and ( 2 )  tne drops were forced to abruptly enter an 
electric field region created between two electrode plates causing non-equilibrium condi- 
tions between the drop and the environment. 
A review and new wind tunnel rasults on the shape of weter drops falling at terminal 
velocity in air in the absence of an external electric field have been given by Pruppacher 
and Beard' and Pruppacher and pitterz. Their stbdies show that drops smaller than about 
500 pm radius can be considered as spheres. On the other hand, drops larger than 500 um 
are oblate-spheroidally deformed with an increasingly flattened lower side as the drop 
becomes larger. This causes the axis ratio b/a to be iess than unity, with b/a decreasing 
as a. increases. This behavior was found to be the result of an inL-raction between hydru- 
dynamic forces, surface tension forces and hydrostatic forces. Thu-, tns actual drop shape 
in the absence of an external electric field is quite different from the s herical shape 
assumed by all previous theories on the effect of a vertical, external electr c ield on 
the drop shape. 
+
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Present experimental set-up 
PI series of experiments in the  UCLA Claud Tunnel were undertaken t o  improve On previous 
experimental studies and to extend our present knowledge of t h e e f f e c t  of an external 
electric f i e l d  on t h e  shape ef water drops in air. The UCLA facility is a vertical wind 
tunnel  which allows the free suspension of drops of equivalent radius -ro between 20 urn and 
3 mm in a vertical, low-turbulence air  stream for lona periads of time. In the present 
study, drops of equivalent radius betwee? 500 urn and 3000 urn were suspended in the air 
stream between two metal screens acting as electrodes to create a vertical electric field. 
The screens, 6 cm x 6 cm, were separated by a distance o f  about 5 cm. Thc upper screen was 
charged to a positive electric potential: the lower to a negative electric potential. 
Electric f i e l d s  between 500 volts cm-' and 8,000 Volts  cm-' were created, Computations 
based on the theoretical considerations of srnythev indicate that ,  for the qiven electrode 
arrangement in our experim~ntal set-up, the electric f i e l d  is uniform and computable from 
Eo = CV/d, where d is t h e  distance between the  two electrodes and bV is the potential dif- 
ference between the two electrodes, with an error of less than 18 if the drop is k e p t  in- 
side an area around the wind tunnel  axis of 10 m x 10 mm. In most cases the drop was con- 
fined to t h i s  area. The drops s t u d i e d  w e r e  made frm doubly distilled water and t h e i r  size 
and shape documented photographically (Fig. 2 ) .  In each experiment, it was insured t h a t  
Figure 2. Water drops Zrcr;y suspended in t5e vertical air str?am of the wind tunnel; 
; I ~  = 2.3 m. la )  No external glectric f ~eld. Ib) Vertical, external 
electric f i e l d :  E, = 5.75 kV cm-'. 
the drops were electrically uncharted. For zero electric field, comparison was made w i t h  
our previms studies on drop shaper$: P11 experiments were carried o u t  in an atmosphere of 
abauc 1200 rnb a i r  b*ressura ani 15'C air temperature. 
Results and discussion 
T h e  experimental results  arc summarized in Figs. 2 to 4 .  Figure 2 gives the variation of 
the drop shape i/: w i t h  equivalent drop radius .lo far various clectric field ,strengths E,. 
Compariso: of t h e  valtq?s tor ',': for  E, = O with values previously obtained1*- shows satls- 
factory repeatztility of our ea r l i e r  resul ts .  We note further  fror;: t h i s  figure that the 
deformation caused by the electr ic  polatization forces due to the electric field is 5tmn31y 
opposed by t h e  hydrodynamic forces. The latter act to influence t h p  drop tc become ablatc- 
spheroidally deformed, whllc the former attempt to deform the drop into a more spherical 
shape. Also nctice that the larger the drop, t h e  stronger the eEfect of t h e  clectrrc Zield. 
Extrapolation o f  Fur re su l t s  to smaller drops susgests that elcctric fie16 strengths smal- 
ler than 6 kV  cm-* have a neqligib!~ effcct  bn the drop shape i f  zO 5 1 m. W ~ t h  increas- 
ing drop size, and with ~ncreasing fisle strenath of the externa; electric field, the hy- 
drodynainically caused d~formation is counteracted with i t~creas ing  efficiency. Thus, an ex- 
t e rna l  electric field of 3.2 kV an'- hegins to significantly affect the drop shape if 
2, r 0.15 cm. 
In Fig. 4 the variation of the drop snaps ? / T  is plotted as a function sf the electric 
field strength for diff~rent drop sizes. we note that ,  for  drops of 29 2 2 mm, e lectr ic  
f i e l d s  o f  E, 2 1 kV cm-- af Sect tho drop shape . J. This electric shape deformation in- 
creases w i t t .  drop size. Since hydradynarn~c forces also affect ;he drop more strongly t h e  
larger its size, a "cross-over" of t k , ~  individual shape  curve results. Thus, although 
large dropa are most strongly oblate-sphereidally deformed for E, = 0, thp deformation is 
efficiently counteracted with increasing field strength, resulting in a sphcrical and 
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Figure  3. P r e s e n t  exper imenta l  r e s u l t s  F i g u r e  4. P r e s e n t  exper imenta l  r e s u l t s  
f o r  t h e  v a r i a t i o n  o f  t h e  shape f o r  t h e  v a r i a t i o n  of  t h e  shape 
of  a  w a t e r  d rop  f a l l i n g  a t  o f  a  wa te r  drop f a l l i n g  a t  
t e r m i n a l  v e l o c i t y  i n  a i r  w i t h  e q u i v a l e n t  t e r m i n a l  v e l o c i t y  i n  a i r  w i t h  e l e c t r i c  
drop r a d i u s  a. f o r  v a r i o u s  e x t e r n a l  e l e c -  f i e 1 3  s t r e n g t h  f o r  v a r i o u s  d rop  s i z e s .  
t r i c  f i e l d  s t r e n g t h s .  S o l i d  l i n e  a p p l i e s  r o  l e f t  c o o r d i n a t e ;  
dashed l i n e s  t o  r i g h t  coord ina te .  
e v e n t u a l l y  a  p r o l a t e - s p h e r o i d a l  drop shape. W e  f u r t h e r  n o t e  t h a t ,  a t  much lower v a l u e s  of  
Eo than  t h o s e  r e q u i r e d  f o r  s m a l l e r  d rops  which a r e  o r i g i n a l l y  less o b l a t e - s p h e r o i d a l l y  de- 
formed, a  drop of  a. = 0.23 c m  appears  t o  r e q u i r e  a  l i m i t i n g  v a l u e  of  E o , c r i t  = 8 kV cm" 
f o r  break-up; whi le  a d-op o f  a 0  = 0.19 c m  r e q u i r e s  E o I c r i t  - 9 kV cm-'. These la t ter  
f i n d i n g s  a r e  i n  good agreement v3ith t h e  o b s e r v a t i o n s  o f  Ausman and   rook" and o i  Dawson and 
~ i c h a r d s ' '  . 
Figure  5  g i v e s  t h e  v a r i a t i o n  o f  drop deformat ion w i t h  t h e  q u a n t i t y  X = ~ ~ ( a ~ / a ) *  f o r  two 
drop s i z e s .  W e  n o t e  from t h i s  f i g u r e  t h a t  b/a is n o t  a  unique f u n c t i o n  o f  X f o r  a l l  a o r  a s  
had been found on t h e  b a s i s  o f  e l e c t r o s t a t i c  theory  c i t e d  i n  t h e  l i t e r a t u r e  which disregard- 
ed t h e  flow around a  drop.  I n s t e a d ,  b/a v s .  X i s  a  f u n c t i o n  o f  a0 due t o  t h e  s i g n i f i c a n t l y  
s t r o n g e r  o b l a t e - s p h e r o i d a l  deformat ion of  l a r g e r  d rops .  However, we n o t e  t h a t  t h e  depen- 
dence on a, d imin i shes  r a p i d l y  a s  X approaches  t h e  c r i t i c a l  v a l u e  f o r  d rop  break-up. I n  
f a c t ,  our  exper imental  d a t a  sdgges t  t h a t  f o r  a l l  d rops  break-up appears  t o  occur  a s  X ap- 
proaches a  v a l u e  o f  abou t  1 .6 ,  a s  had been p r e d i c t e d  by t h e o r y  which does n o t  t a k e  i n t o  
account t h e  flow around t h e  drop. 
Break-up of  s i n g l e  l a r g e  d rops  i n  t h e  
absence of  an e l e c t r i c  f i e l d  proceeds  v i a  
hydrodynamic f o r c e s  a c t i n g  on t h e  d r o p ' s  
lower s i d e  ( i . e . ,  on t h e  d r o p ' s  upstream 
m. Our o b s e r v a t i o n s  show t h a t ,  i n  con- 
t r a s t ,  drop break-up i n  t h e  p resence  o f  an 
e x t e r n a l  e l e c t r i c  f i e l d  proceeds  v i a  i n s t a -  
b i l i t i e s  on t h e  d r o p ' s  upper s i d e  ( i .e . ,  
on t b  ' r q p ' s  downstream s i d e )  . 
K - 0 , = O D c m  
---(l'O*Jem 
Our o b s e r v a t i o n s  s J g g e s t  t h a t  f o r  low ex- a 
~ e r n a l ,  v e r t i c a l  e l e c t r i c  f i e l d s  t h e  hydro- 
dynamic f o r c e s  dominate i n i t i a l l y ;  and t h a t  
t h e  e< ?ct of  t h e  e l e c t r i c  f o r c e s  i s  smal l  
and ronf ined  t o  t h e  downstream s i d e  of t h e  
f a r l r  r drop where t h e  flow f i e l d  i s  weak. 
Howev~ , a3 t h e  e l e c t r i c  f i e l d  grows i n  in-  
t e n s i t y  , t h e  pe rcen tage  r .on t r ibu t ion  o f  t h e  
e l e c t r i c  i i . : l d  t o  t h e  d rop  deformat ion in-  
c r e a s e s  r a p i d l y .  Thus, f o r  a  drop of a. = F i g u r e  5.  Presf:nt exper imenta l  r e s u l t s  
0.23 cm '. 1 f o r  an e l e c t r i c  f i e l d  o f  Po = fox t h e  v a r i a t i o n  of  t h e  shape 
4  kV cm"(7.75 kV cm"), b/a = 1.07 (1.451, o f  a  wa te r  drop f a l l i n g  a t  t e r -  
i f  t h e  drop is  s t a g n a n t  and t h e r e  is  assumed minal  v e l o c i t y  i n  a i r  w i t h  X = ~ ~ ( a ~ / a ) # ,  
t o  be no flow p a s t  it ( s e e  F ig .  1). For  t h e  f o r  d i f f e r e n t  drop s i z e s .  
c a s e  of drop deformat ion due only t o  hvdro- 
dynamic fl.,w (Eo = O ) ,  we f i n d  l,/a = C.73, i n  
accordance w i t h  our  p rev ious  r e s u l t s .  For  t h e  c a s e  of bo th  e l e c t r i c  f i e l d  and f low a f f e c t -  
i n g  t h e  drop shape h / -  = 0.81 (1.14) f o r  Eo = 4 kV c r n - ' m 5  kV cm") (see -. 4 ) .  These 
numbers sugges t  t h a t  t h e  percentage d e v i a t i o n  of t h e  shape ( b / a ) f l o w  on ly  from t h e  shape 
+ f i e l d  i n c r e a s e s  from 10% t o  36% a s  t h e  f i e l d  grows from 4 kV cm" t o  7.75 kvCN1, 
t h u s  l n d l c a t l n g  t h e  r a p i d l y  reduced e f f e c t  of t h e  flow on t h e  f i n a l  drop shape a s  t h e  e l e c -  
t r i c  f i e l d  grows. Even tua l ly ,  a s  t h e  f i e l d  approaches breakdown va lue ,  t h e  hydrodynamic 
f o r c e s  completely l o s e  thei-.: e f f e c t  on t h e  d r o p ' s  downstream s i d e .  The c r i t i c a l  v a l u e ,  
then ,  of X = ~ o ( a ~ / o ) k  f o r  drop d i s i n t e g r a t i o n  i s  t h e  same a s  f o r  no flow c o n d i t i o n s ,  i .e.,  
approximately 1.6.  
No q u a n t i t a t i v e  s t u d i e : ~  h;.~ve y e t  been underthKen by us  t o  v e r i f y  r e s u l t s  publ ished i n  t h e  
l i t e r a t u r e  on t h e  e f f e c t  of an e x t e r n a l  e l e c t r i c  f i e l d  on t h e  o s c i l l ~ t i o n  frequency and am- 
p l i t u d e  of l a r g e  drops.  Q u s l i t a t i v e l y ,  we found t h a t  t h e  ampli tude of o s c i l l a t i o n  was re- 
duced wi th  i n c r e a s i n p  streng'zh o f  an e x t e r n a l l y  a p p l i e d  ver t i cc .1  e l e c t r i c  f i e l d .  Our 
s t u d i e s  on drop v a r i a t i o n s  a l s o  i n d i c a t e  t h a t ,  dur ing  a v i b r d t i o n  c y c l e ,  the concave i m -  
p r e s s i o n  on t h e  upstream ( i .e . ,  t h e  bottom) s i d e  of t h e  drop - inullced by hydrodynamic 
f o r c e s  (see Pruppacher and p i t t e r 2 )  - remains a  p r e s e n t  f e a t u r e  on t h e  d r o k ' s  lower s i d e ,  
even when t h e  drop is exposed t o  an e x t e r n a l  e l e c t r i c  f i e l d .  
Also, no q u a n t i t a t i v e  s t u d i e s  have y e t  been undertaken by u s  t o  v e r i f y  t h e  r e s u l t s  pub- 
l i s h e d  i n  t h e  l i t e r a t u r e  on t h e  e f f e c t  of temperature ,  p r e s s u r e ,  and t h e  p resence  of e l e c -  
t r i c  charges  on ti le drop deformation i n  an e x t e r n a l  e l e c t r i c  f i e l d .  Such s t u d i e s  a r e  p lan-  
ned f o r  f u t u r e  experiments.  
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The l a t t e r  i s  a p p a r e n t l y  enhanced  by ae rodynamics  s i n c e  t h e  e x t k r n a l  p r e s s u r e  s h o u l d  
p r o v i d e  a  p o s i t i v e  f eedback  t o  t h e  h o r i z o n t a l  d e f o r m a t i o n .  Suppor t  f o r  a n  aerodynamic  
e f f e c t  i s  found i n  t h e  o b s e r v a t i o n  o f  s t a b l e  h o r i z o n t a l  " ~ r o l a t e s "  f o r  v e r y  l a r g e  d r o p s ' .  
The d r o p  was assumed t o  have  o n l y  s u r f a c e ,  ~ r a v i t a t i o n a l  and  k i n e t i c  e n e r g i e s .  The 
minimum i n  t h e  s u r f a c e  p l u s  g r a v i t a t i o n a l  e n e r g y  was c a l c u l a t e d  n u m e r i c a l l y .  Agreement 
w i t h  wind t u n n e l  d a t a  and  t h e  nume:*ical r e s u l t  o f  P ruppache r  and P i t t e r  f o r  t h c  e q u i l i b r i u m  
a x i s  r a t i o  was w i t h i n  1% f o r  d i a m e t e r s  l e s s  t h a n  5 mm ( F i g u r e  1 )  demons1;rat ing t h a t  t h e  
aerodynamic  and  hydrodynamic p r e s s u r e s  a r e  much l e s s  i m p o r t a n t  t h a n  t h e  h y d r o s t a t i c  p r e s -  
s u r e  i n  d e t e r m i n i n g  t h e  a x i s  r a t i o .  
The s d r f ~ c e  p l u s  g r a v i t a t i o n a l  ene rgy  
f u n c t i o ~  was used  as a  p o t e n t i a l  e n e r g y  "we l l "  
f o r  anhsnmonic o s c i l l a t i o n s  o f  an  e l l i p s o i d a l  
d r o p .  The e q u a t i o n  01' ax i symmet r i c  mo t ion  f o r  
t h e  fundamen tz l  !vile was o b t a i n e d  f rom t h e  
e n e r g y  r e l a t  i o n  
by  s o l v i n g  fo l .  
ra t  l o  
t h e  t e m p o r a l  change  i n  a x i s  
where 
Va = ( 5 ~ ~ / m ) l / ~  (1 + ~ A R ~ ) ' ~ / ~  ( 3 )  
and  
w i t h  a  c m s t s n t  volume c o n s t r a i n t  
An a n a l y t i c a l  s o l u t i o n  f o r  s m a l l  a m p l i t u d e  
y i e l d e d  t h e  R a y l e i g h  o s c : i l l a t i o n  t i m e  ( T R )  
u s i n g  t h e  f a c t o r  o f  1 / 5  i n  t h e  k i n e t i c  e n e r g y  
r e l a t i o n .  L i n e a r  d i s s i p a > i o n  was added  t o  t h e  
c a l c u l a t i o n  by a s s u n i n g  KE = B KE where  B was 
d e t e r m i n e d  f rom t h e  r e ~ u l t  o f  ~ a m b "  f o r  a 
comple t e  c y c l e .  
Numerica1. i n t e g r a t i o n s  were  made f o r  D = 
F i g u r e  1. Drop a x i a l  r a t i o  as a f u n c t i o n  0.12 cm t o  compare w i t h  t h e  Nav ie r -S tokes  
o f  e q u i v a l e n t  s p h e r i c a l  volume d i a m e t e r .  s i m u l a t i o n  o f  ~ o o t e ' ~  f o r  t h e  a x i s y m m e t r i c  
C i r c l e s  a r e  f o r  r a i n d r o p s  ( Jqnes! ,  and  o s c l l l a t l o n  w i t h o u t  r a t p i t y  w i t h  p = 1 g cm-3 
t h ~  c u r v e  f o r  e q u i l i b r i u m  shaped  w a t e r  and o = 73  dynes  cm- ~ L Z F  presen! model f o r  
d r o p s  ( P r u p p a h e r  and P i t t e r ) .  C m -  t h e  l a r g e  a m p l i t u d e  o s c i l l a t i o n  o f  Foo te  
f i d e n c e  i n t e r v a l s  f o r  t h e  mean have  (whe re  ARo = 1 /1 .7 ;  g i v e s  t h e  same o s c i l l a t i o n  
been auded  t o  t h e  o r i ~ i n a l  r a i n d r o p  t i m e s  ( i . e . ,  1 . 0 4  TR f o r  u = 0.06 cm2 sec-1  
d a t a  a t  t h e  95% s i g n l f l c a n c e  l e v e l  and  1 . 0 6  TR f o r  u = 0 1 ,  and  shows s i m i l a r  
ba sed  upon t h e  e s t i m a t e d  s t a n d a r d  de- t e m p o r a l  v a r i a t i o n s  i n  t h e  s u r f a c e  and  k i n e t i c  
v i a t i o n  and  sample s i z e .  T r i a n g l e s  e n e r g i e s ,  and  i n  a x i s  r a t i o  w i t h  57% o f  tk,e 
a r e  p r e s e n t  model f o r  e q u i l i b r i u m  ime r p e n t  a s  a  p r o l a t e  s p h e r o i d .  The d x i s  
s h a p e .  r a t i o  a v e r a b e d  o v e r  onz  c y c l e  f o r  t h e  shove  
two c a s e s ,  and  a l s o  f o r  D = 0 . 3  and  0 .6  c m  
w i t h  c r a v i t y  ( e  = 9E(O cm sec-2 ,  ow = 0.998 g cm-2 and  o a 7 3  dynes  cm-1) f o r  b o t h  u = 0 . 0 1  
cn2 sec-1  and  u = 0 ,  y i e l d e d  v a l u e s  o f  o n l y  s l i g h t l y  i e s s  t h a n  t h e  mean o f  t h e  undamped 
t u r n i n g  p o i n t s .  
A s y m ~ e t r i c  c s c i l l a t i o n s  o f  t h e  fundamen ta l  mode ( m  = 2 d e g e n e r a c y )  i s  c u r r e n t l ,  under  
~ n v e s t i g a t i o n .  A s e t  o f  e q u a t i o n s  s i m i l a r  t o  t h o s e  g i v e n  above  i s  used  t o  s o l v e  t h e  
t e m p o r a l  b e h a v i s r  o f  t h e  a x i s  r a t i o .  
A n a l y t i c a l  and n u m e r j c a i  s o l u t i o n s  a r e  more d i f f i c u l t  t o  a b t a i n  t h a n  t h e  ax i symmet r i c  
c a s e  s l f i c e  o s c i l l a t i o n s  o c c u r  i n  t h e  shape  o f  a  g e n e r a l  e l l i p s o i d .  P r e l i m i n a r y  a n a l y s i s  
l r d i c a t e s  t h a t  t h e  t i m e  a v e r a g e  a x i s  r a t i o  f o r  % h e  asymrnet,ric o s c i l l a t i o n  o f  a  r a i n d r o p  
can  b e  app rox ima ted  by t h e  mean o f  t h e  t u r n i n g  p o i n t s  d e f i n e d  by t h e  p o t e n t i a l  ene rgy  w e l l .  
ORIGINAL, r.A?G !S 
OF POOR ~i.i~,:-! a''?' 
Three  c a n d i d a t e s  f o r  t h e  c a u s e  of  r a i n d r o p  o s c i l l a t i o n s  were examined:  d r o p  i n t e r -  
a c t i o n s ,  t u r b u l e n c e  i n  t h e  a i r  and pumping by wake s h e d d i n g .  A d r o p  i n t e r a c t i o n  model was 
used t o  o b t a i n  t h e  o s c i l l a t i o n  e n e r g y  from a  b a l a n c e  between t h e  a v e r a g e  c o l l i s i o n a l  ene rgy  
and v i s c o u s  d i . s i p a t i o n .  The time a v e r a g e  a x i s  r a t i o  was found t o  b e  c o n s i d e r a b l y  l a r g e r  
t h a n  e q u i l i b r i u m  f o r  d r o p s  w i t h  D ? 3 mm i n  heavy r a i n f a l l .  I n  c o n t r a s t ,  p r e l i m i n a r y  
r e s u l t s  f o r  wake f o r c l n g  i n d i c a t e  t h a t  a p p r e c i a b l e  o s c i l l a t i o n s  o c c u r e  o n l y  f o r  D 5 2 mm. 
F s r  t u r b u l e n t  f o r c i n g  t h e  o s c i l l a t i o n  e n e r g y  was r e l a t e d  t o  t u r b u l e n c e  i n  t h e  I n e r t i a l  
sub range  u s i n g  t h e  d i s t a n c e  t r a v e l e d  by a  r a i n d r o p  d u r l n g  a n  o s c i l l a t i o n .  T h i s  gave  a  
unique  s c a l i n g  f o r  t h e  o s c i l l a t i o n  ene rgy  w i t h  r a i n a r o p  s i z e  and d i s s i p a t i o n  r a t e .  Mean 
a x i s  r ~ a t i o s  f o r  t h e  a v e r a g e  o s c i l l a t i o n  ene rgy  were c a l c u l a t e d  from a  b a l a n c e  between i n p u t  
o f  t u r b u l e n t  ene rgy  and d i s s i p a t i o n  Sy viscoq1r;y.  The r e s u l t s  p r o v i d e d  a  r e a s o n a b l e  f i t  t o  
t h e  mean a x i s  r a t i o s  o f  t h e  camer t  d a t a  and . s u i t l b l e  e n v e l o p e  f o r  t h e  obse rved  a m p l i t u d e s .  
It was concluded t h a t  a t m o s p h e r i c  t u r b u l e n c e  and a l s o  d r o p  i n t e r a c t i o n s  can  p roduce  
s i g n i f i c a n t  i n c r e a s e s  i n  a v e r a g e  a x i s  r a t i o  o f  r a i ~ d r o p s  r e s u l t i n g  i n  a n  a p p r e c i a b l e  change  
i n  r a d a  b a c k s c a t t e l  c r 3 s s  s e c t i o n s .  
I thank  A r t  Jameson and Dave Johnsol  f o r  t h e i r  h e l p f u l  s u g g e s t i o n s  d u r i n g  t ' l e  c o u r s e  o f  
t h i s  i n v e s t i g a t i o n .  T h i s  work was p a r ' i a l l y  s u p p o r t e d  by t h e  N a t i o n a l  S c i e n ~ .  w n d a t i o n  
under  g r a n t  NSF ATM79-18365. 
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A b s t r a c t  
The c o l l e c t i o n  e f f i c i e n c y  h a s  been  measured f o r  1 7  s i z e  p a i r s  o f  r e l a t i v e l y  uncharg%d 
d r o p s  i n  o v e r  500 e x p e r i m e n t a l  r u n s  u s i n g  two t e c h n i q u e s .  The r e s u l t s  i n d i c a t e  t h a t  c o l -  
l e c t i o n  e f f i c i e n c i e s  f a l l  i n  a nar row Ynnge o f  0 .60  t o  0 .70  eve;] t hough  t h e  c o l l e c t o r  d r o p  
was v a r i e d  between 63 and 326 urn and t h e  s i z e  r a t i o  f rom O.C5 t o  0.33. I n  a d d i t i o n  t h e  
measured v a l u e s  o f  c o l l e c t i o n  e f f i c i e n c i e s  ( E )  were be low t h e  computed v a l u e s  o f  col1i : lon 
e f f i c i e n c i e s  (E) f o r  r i g i d  s p h e r e s .  T h e r e f o r e  i t  h a s  been  conc luded  t h a t  rebound was Oc- 
c u r r i n g  f o r  t h e s e  s i z e s  s i n c e  i n f e r r e d  c o a l e s c e n c e  ( c  - F / E )  e f f i c i e n c i e s  sir!= a b o a t  0 .6  t o  
0 .8 .  A t  a  ve ry  -mall s i z e  r a t i o  ( r /R = p  = 0 . 0 5 ,  R = 326 pm) t h e  c o a l e s c e n c e  e f f i c i e n c y  
i n f e r r e d  from o u r  expe r imen t  i s  i n  good agreement  w i t h  t h e  exper1men:al f i n d i n g s  f o r  a sup- 
po19ted c o l l e c t o r  d r o p .  A t  s ~ m e w h a t  l a r g e r  s i z e  r a t i o s  ( 0 . 1 1  ': p  -( 0 . 3 j )  o u r  I n f e r r e d  v a l u e s  
o f  E a r e  w e l l  above  r e s u l t s  or' suppor l ted  d r o p  e x p e r i m e n t s ,  b u t  show a s l i g h t  c o r r e s p o n d e n c e  
i n  c o l l e c t e d  d r o p  s i z e  dependency t o  two mcdels  o f  d r o p  r ebound .  A t  a l a r g e  S i z e  r a t i o  ( p  = 
0.73 ,  R = 275)  o u r  i n f e r r e d  c o a l e s c e n c e  e f f i c i e n c y  i s  s i g n 1 f i : a n t l y  d i f f e - e n t  t h a n  a l l  
p r e v i o u s  r e s u l t s .  
E x p e r i m e n t a l  s t u d y  on c l o u d  d r o p s  
An expe r imen t  h a s  been d e v e l o p e d 1  t o  i n v e s t i g a t e  t h e  p o s s i t i l i t y  o f  r e b o u ~ d  f o r  c o l l i d i ~ g  
c loud  d r o p s  a s  p o s t u l a t e d  by Levin  e t  a 1 . '  The c o l l e c t i o n  e f f i c i e n c y  i s  b e i n g  d e t e r m i n e d  
f r o n  t h e  amount of  t r a c e r  c a p t u r e d  6j7 c s t r e a m  o f  w i d e l y  s e p a r s t e d  d r o p s  f a l l i n g  a t  t e r m i n a l  
v e l d c i t y  t h r o u g h  a  monodisperse  c l o u d  o f  c h e m i c a l l y  t a g g e d  d r o p l e t s .  
Des ign  end p r o c e d u r e  
The c u r r e n t  e x p e r i m e n t a l  s e t u p  i s  shown i n  ' i g u r e  1. The c l o u d  i s  produced  by a 
v i b r a t i n e  o r i f i c e  d e v i c e  (TSI  Model 3 0 5 0 ) .  With c a r e f u l  a d j u s t m e n t  o f  t h e  t r a n s b u c e r  f r e -  
quency ,  t h e  l i q u i d  j e t  i s  d i s r u p t e d  i n t o  a  s t r e a m  o f  u r~ i fo r rn  s i z e  d r o p ?  which i s  f r e e  " 3  
s m a l l e r  s a t e l l i t e s  and a l s o  l a r g e r  m u l t i p l e t s .  Recombina t i cn  o f  t h e  d r o p s  i s  g r e a t l y  r e -  
duced  by d i s p e r s i o n  i n  an a x i a l  j e t  o f  t u r b u l e n t  a t r  and  by ~ u b s e q u e n t  c i i l u t i o n .  Both a i r  
s t r e a m s  a r e  s a t u r a t e d  s l l g h t i y  above  room t empera t t i r e  t o  p r e v e n t  e v a p o r a t i o n .  The t?:i:er 
s o l u t i o n  o f  l i t h i u m  s u l f a t e  ( 0 . 1 %  ~1')  i s  f e d  t o  t h e  clouci r r o p l e t  g e n e r a t o r  from t h e  s o l u -  
t i o n  r e s e r v o i r  unde r  p r e s s u r e .  The amount o f  t r a c e r  i s  a p p a r e n t l y  much l e s s  t h a n  h a s  been  
u sed  i n  p r e v i o u s  c o l l e c t i o n  s t u d i e s ' ~ '  2nd h a s  a  n e g l i g i b l e  e f f e c t  i n  t h e  p h y s i c a l  p rope r -  
t i e s  o f  t h e  c l o u d  w a t e r  ( e . g . ,  s u r f a c e  t e n s i s n ) .   he r e f e r e n p e  p r e s s u r e  i s  a d j u s t a b l e  and 
r e m a i n s  e s s e n t i a l l y  c o n s t a n t  by v l r t u e  o f  a i a r g e ,  n i t r o g e n  r s e r v o i r .  An e l e c t r i c a l l y  
n e u t r a l  c l o u d  i s  a c h i e v e d  w i t h  a n  i o n  d i s c h a r g e  d e v i c e  (TSI  3 c j 4 ) .  The c l o u d  i s  c o n t i n u -  
o u s l y  g e n e r a t e d  d u r i n g  t h e  expe r imen t  and  f l ows  a t  11 Cpa t h r o u g h  a c l o u d  chamber 1 . 3  m 
l o n g  and 10 .6  cm i n  dl.arrf . e r .  
Sampl ing  o o r t s  a r e  l o c a t e d  i n  t h e  chsmber t o  p e r m i t  t h e  i n s e r t i o n  o f  s l i d e s  c o a t e d  w i t h  
a dye  a n d  g e l a t L n  m i x t u r e  f o r  a n  e v a l u s t i o n  o f  t h e  d r o p l e t  ~ 1 7 ~ s .  The s t a i n  produced  by 
t h e  d r o p l e t s  was c a l i b r a t e d  by u s i n g  t h e  d i r e c t  o u t p u t  o f  t h e  d r o p l e t  g e n e r a t o r ,  and  wa: 
found t o  be  c o n s i s t e n t  wi ,h  t h e  r e s u l t s  o f  a  s i m i l a r  method used  by L l d d e l l  atid Wootten . 
F o r  r. *.laical expe r imen t  t h e  d r o p l e t s  i n  t h e  c l o u d  chamber were  found t o  b e  composed of  ove r  
98% singlets. A t y p i c a l  s t a n d a r d  d e v i a t i o n  f o r  t h e  s i n g l e t  d i s t r i b u t i o ?  was 1 . 5 % .  The drop-  
l e t  c o n c e n t r a t i o n  was measured from p h o t o g r a p h s  t a k e n  w i t h  a  s t r o b e  and 35 mm camera .  The 
I l l u m i n a t i o n  was a r r a n g e d  i n  a  v e r t i c a l  r l a n e  o f  we12 d e f i n e d  t h i c k n e s s  by  two c y l i ~ d r i c e l  
l e n s e s  and  two s l i t s .  Typ ica?  c o n c e n t r a t i o n s  va ry  be tween 1 and 75 cp-3 depend ing  on t h e  
s i z e  o f  d r o p l e t  b e i n g  used  3 1 t h  t h e  s m a l l e r  d r o p l e t s  y i e l d i n g  a  h i g h e r  c o n c e n t r a t i o n .  
An o r i f i c e  d e v i c e  was a l s o  used  t o  ~ r o d u c e  t h e  c o l l e c t o r  d r o p s ' .  J r o p a  w i t h  a  wide  
v e r t i c a l  s p a c i n g  ( s e v e r a l  c e n t i m e t e r s )  were  s e p a r a t e d  from t h e  main s t r e a m  w i t h  a n  C l r c -  
t r o n i c a l l y  c o t l t r o l l e d  c h a r g i n g  r i n g  and  h i g h  v o l t a g e  d e f l e c t i o r l  p l a t e s .  The d rop8  were  
a l l owed  t o  r e a c h  t e r m i n a l  v e l o c i t y  t i e f o r e  e n t e r i n g  t h e  t o p  o f  t h e  c l o u d  chamber.  The 
v e r t i c a l  s p a c i n g  was de t e rmined  from t h e  t e r m i n a l  v e l o c i t y  and  t h e  p r o d u c t i o n  r a t e .  The 
c h a r g e  on t h e  c o l l e c t o r  d r o p s  was d e t e r m i n e d  w i t h  a i a b o r a t o r '  b u i l t  a l e c t r o z e t e r .  The 
c h a f g e  on i n d i v i d u a l  d r o p s  was measured w i t h  a n  o s c i l l o s c o p e  a s e n s i t i v i t y  o f  a b o u t  
10' Coulombs p e r  d r o p .  
ORIG:N?.t PRGE fS 
OF POOR QUALITY 
DILUTION WWLtl 
F i ~ u r e  1. Diagram o f  e x p e r i m e n t a l  s e t u p  used  Figu-e 2 .  C o l l e c t i o n  e f f i c i e n c y  a s  a  
t o  mensure t h e  c o l l e c t i o n  e f f i c i e n c i e s  o f  f u n c t i o n  o f  R-drop s e p a r a t i o n  f o a  R = 
c l o u d  d r o p s .  95  pm and r = 19  pm. 
Dur ing  a n  e x p e r i m e n t a l  r u n  t h e  d r o p s  were  c o l l e c t e d  be,.:.ath t h e  c loud  chsmber i n  a  
po lyp ropy lene  , j a r  f o r  a known per1c . l  and :overed f o r  l a t e r  a n a l y s i s .  A f t e r  chemical  a n a l -  
y s i s  t h e  c o l l e c t i o n  e f f i c i e n c y  was d e t e r m i n e d  from e x p e r i m e n t a l  p a r a m e t e r s  u s l n g  t h e  f o l -  
l owing  e q u a t i o n :  
where M i s  t h e  amount o f  l l t h i u :  measured f o r  a n  exper i rner . t&l  r u n  a ~ d  t h e  t e rm i n  b r a c k e t 2  
i s  t h e  amount o f  l i t h i u m  e x p e c t e d  from c a p i u r e  o f  a l l  c l g u d  d r o p l e t s  i n  t t a  geome t r i c  p a t h  
o f  t h e  c c l l e c t o r  d r o g s  ( i . e . ,  u n i t y  c o l l e c t i o n  e f f l c1e l i : y ) .  The t e rm n ~ 2 ( l + p ) 2  i s  t h e  geo- 
m e t r i c  c r o s s  s e c t l u n  f o r  t h e  d r o p - d r o p l e t  i n t e r a c t i o n .  ? l u l t i p l i c a t i o c  o f  t h i r  c r o s s  s e c -  
t i o n  by t h e  r e l a t i v e  t e r m i n a l  v e l o c i t y  (AYj ~ n d  t h e  nuebe r  c o n c e n t r a t i o n  o f  d r o p l e t s  ( n )  
i b e s u l t s  i n  t h e  number o f  clo1;d d r o p l e t s  e n c o u n t e r e d  ~ c o m e t r i c a l l y  p e r  u n i t  t ime  by a  s i n g l e  
c o l l e c t o r  d rop .  F u r t h e r  m u l t l p l i c a t i o n  by t h e  mass o f  one c loud  d r o p l e t  (m) and mass 
f r a c t l o n  o f  l i t h i u m  i n  one - l oud  d r o p l e t  (X) r e s u l t 3  i n  t h e  arncur.t o f  l i t h lu t r .  e n c o u n t e r e d  
g e o m e t r i c a l l y  ? e r  u n i t  t ime  by a  s l ~ o - . .  c o l l e c t o r  d r o p .  F i n a l l y ,  t h e  l i t h i u m  e n c o u n t e r e d  
by a l l  c o l l e c t o r  d r o p s  i s  fount; from mu ' . t i ] ) i i c a t i o r i  oy t h e  i n ? e r a c t i o ?  t i m e  f o r  one c o l -  
l e c t o r  d r o p  ( t )  and t h e  t 3 t a l  number of  : o !~L~~c to r  d r o p s  f o r  one e x p e r i m e n t a l  Isun (N). 
%he number o f  c o l l e c ~ o r  d r o p s  ( N )  was c a i c u l a t o d  from t h e  d r o p  g e n e r a t i o n  r a t e  and  t h e  
e x p e r i m e n t a l  t i n ~ e .  The amount o f  :?thium f o r  e a ~ h  r u n  (M) was de t e rmined  by a l , x n i c  abso rp -  
t i o n  a n a l y s i s .  The s i ; e  o f  t h e  c o l l e c t o r  d r o p  .fi) and c l o u d  d r o p l e t s  ( r )  was dsed  t o  ob- 
t a i n  t h e  s i z e  r: t i o  ( p )  , sr d & h e  r e l a c l u e  terrnir a! v e l ~ c i t y  (AV) usin,: t h e  e q u a t i o n s  i n  
~ e a r d ' .  The c loud  . , r o p l e t  co r l cen t r a t i o r .  ( n )  was d e t e r m i n e d  p h o t o g r a p n i c a l l y  by t!-e method 
d i s c u s s e d  above.  Tne i n i t l a 1  d r o p l e t  s i z e  was use0 t o  d e t e r m i n e  d r o p l e t  mass (mj, wher rc s  
t h e  i n i t i a l  l i t h i u m  was f i x e d  by t h e  c o n c ~ : ~ t r ~ ~ i ~ n  o ?  t h e  t r a c e r  i n  t h e  c l o u d  w a t e r  s o l u -  
t i o n  ( X  = 0 . 0 0 1 ) .  The i n t e r a c t i o n  cime ( t l  waa de t e rmrned  !'-om r h e  f a l l  speed  o f  t h e  c o l -  
l e c t o r  d r o p ,  t h e  downward a i r  ve l cc i ' i y  i n  t h e  ::!.oud c h ~ z ? t a r  a:ld t h e   loud chamber h e l e n t .  
Accura t e  knowledge o f  t h e  a i r  v e l o c i t y  was u t lne i ? s sa ry  t e sa ; ?e  i t s  magni tude  was 54% o f  
c o l l e c t o r  d r o p  v e l o c i t y .  
E r r o r  a r ~ a l y s i s  
The most obv ious  p o t e n t i a l  s o u r c e  o f  e r r o r  i n  Ln expe r in l e r t  of t h i s  t y p e  i s  ch?mical  
c o n t a m i n a t i o n .  Beyond c h e c k i n g  f o r  i n c o n s i s t e n t  o r  u,irepPhtat,.* ~ a t 3  s e v e r a l  p r e c a u t i o r s  
and  t c s t s  were made t o  a q s e s s  and e l l m l n a t t  t h i s  oroblem.  Ne* p o l y p r o p y l e n e  j a r s  w i t h  
p l a s t i c  l i d s  were a lways  used  f o r  sample  a c q u l s i t l c n .  Dur inp  che c o u r r c  o f  a i  exper1rner.t 
s a v e r a l  unopened : a r t  were i n c l u d e d  f o r  c h e n l c n l  a n a l y s i s .  Also  e x ~ e r ; . n e n t a ;  run8  were 
made w i t h o u t  any c o l l e c t o r  d r o p s  f a l l i n g  t h r o u g h  'he s y s t r m  t o  test, f o r  c loud  E r o p l e t  crr1,- 
:aminat ion  i n  t h e  j a r s .  The J a r s  i n  t h e s e  r u n s  were hand led  iden t : . c a l l y  t o  the J a r e  w i t h  
c o l l e c t o r  d r o p r .  Chemis t s ,  t r a i n e d  i n  m i c r o a n a l y s i s ,  per formed t h t  a tomic  a b s o r p t i o n  
measurements n e c e s s a r y  d e t e r m i n e  xhe atcount o f  LI+ i n  ea?h  sample .  Our tests have  shown 
t h a t  t o t a l  e r r o r s  from chemica l  c c n t a m l n a t i o n  2nd a n a l y s i s  a r e  l e s s  t h a n  31. 
Since e l e c t r i c  charge on both t h e  c o l l e c t c r  and co l l ec t ed  drops can a l t e r  both t h e  
c o l l i s i o n  and coalescence e f f l c i e n c i e s ,  we have been c a r e f u l  t o  minimize charge e f f e c t s .  
The cloud d rop le t s  were passed through a charge n e u t r a l i z e r  (TSI) designed t o  achieve a 
Boltzmann charge d i s t r i b u t i o n  a t  much h igher  flows than used i n  our  experim n t .  We have 8 computed t h a t  t h e  mean magnitude of charge on a cloud d rop le t  Is < 2 x 10-1 C. Our 
method o f  charge minimizaeion f o r  t h e  c o l l e c t o r  drop leads t o  a charge magnitude < 3 x 
10-16 C. Considering t h e  extremely small  charge on t h e  cloud d r o p l e t s  only induced charge 
e i f e c t s  a r e  of posaible  s ign i f i cance  i n  oyr experiment. The s t ronge r  inf luence  o f  opposite- 
l y  charged p o p s  of  a  magnitude of  1 10-14 C is necessary t o  s i g n i f i c a n t l y  a f f e c t  
coalescence . 
The f i n a l  and possibly most s u b t l e  source of  experimental e r r o r  is  a  deple t ion  e f f e c t .  
Since one c o l l e c t o r  drop follows t h e  next through t h e  cen t e r  of t h e  cloud column, t h e r e  is  
the  p s t e n t i a l  f o r  deple t ion  of  t h e  cloud d rop le t  concentrat ion by t h e  stream of  c o l l e c t o r  
drcps. In  t h c  i l t a  ana lys i s  t h i s  e f f e c t  would be r e f l e c t e d  a s  an anomalously low col- 
lee*  lon e f f i c :  ;-$:y. Figure 2  shows t h e  deple t ion  e f f e c t  f o r  19 um cloud d rop le t s  and 95 um 
col,  : tor dm,? A l l  d a t a  were taken a t  a  s u f f i c i e n t  c o l l e c t o r  drop separa t ion  t o  ellmi- 
na t c  t h e  deple t ion  shown i n  Figure 2. 
The measured co l l ec t i on  ~ p f i c i e n c i e s  a r e  shown i n  Figure 3  a s  a  funct ion of cloud drop- 
let s i z e .  Also shown f o r  comparison a r e  experimental and t h e o r e t i c a l  f ind ings  a t  comparable 
c o l l e c t o r  drop s i ze s .  Our 1980 measurements (c losed  t r i a n g l e s )  were extended t o  a  wider 
range of  drople t  s i z e s  i n  1981 (closed c i r c l e s l .  Although charge con t ro l  was improved i n  
1981 t h e r e  i s  no apparent systematic  d i f f e r ence  between '80 and '81 da ta .  Each d a t a  poin t  
has an uncertainty of about * l o % .  I n  every ins tance  our  measured c o l l e c t i o n  e f f i c i ency  
l i e s  below t h e  t heo re t i ca l  c o l l i s i o n  e f f i c i e n c i e s ,  whereas o the r  work a t  s a a l l e r  d rop le t  
s i z e s  i s  more comparable t o  t h e  computed e f f i c i e n c i e s .  There i s  a tendency evident i n  our  
r e s u l t s  of  a  convelrgence with t h e o r e t i c a l  e f f i c i e n c i e s  a t  smal le r  d rop le t  s i z e s .  No ap- 
parent  t rend  i n  t he  experimental d a t a  wi th  c o l l e c t o r  drop s i z e  can be deduced, perhaps 
because of experimental s c a t t e r .  The t h e o r e t i c a l  e f f i c i e n c i e s ,  however, a l s o  a r e  r a t h e r  
i n s e n s i t i v e  t o  c o l l e c t o r  drop s i z e  i n  t h e  i nves t iga t ed  range. 
Coalescence e f f i c i e n c i e s  ca lcu la ted  from our experimental d a t a  on c o l l e c t i o n  e f f i c i e n c i e s  
and t h e o r e t i c a l  c o l l i s i o n  e f f i c i e n c i e s  a r e  shown i n  Figure 4. I n  add i t i on  t o  our  experi-  
mental e r r o r  of about + l o %  t h e r e  i s  an uncer ta in ty  i n  E from t h e  use of computed c o l l i s i o n -  
e f f i c i e n c i e s .  For ins tance ,  our values of  E would increase  by about 15% with t h e  use of  
de ~ l m e i d a ~ s '  col l isLon e f f i c i e n c i e s .  
Some correspondence i s  found between our  r e s u l t s  and coalescence theo r i e s .  For example, 
our  da t a  l i e  somewhat above t h e  geometric coalescence f a c t o r  ( E  = (l+p)-2) of  Whelpdale and 
~ 1 s t " .  O n  the  o ther  hand, our d a t a  f a l l s  somewhat below one of  t h e  s eve ra l  models of  Arbel 
and Levin" ( t h e i r  Table 4). Their o t h e r  r e s u l t s  do not  correspond a s  well .  Our r e s u l t s  
a l l  l i e  above t h e  empir ical  formula of Levin and Machnes12 based on an ex t rapola t ion  of  
t h e i r  f indings f o r  l a r g e r  c o l l e c t o r  drops.  
The ex eriments were cond c ted  a t  two l e v e l s  of charge. I n  1980 t h e  charge was maintain- f ed t o  10-f5 5 lQR-Qr l  1 10-1 Coulombs whereas i n  1961 t h e  charge xas  lowered t o  about 3  x 
10-16 Coulombs f o r  a l l  da t a .  No systematic  d i f f e r ences  were found i n  t h e  da t a  o b t a h e d  a t  
these  two charge l eve l s .  Thus, c?arges of these  magnitudes, which a r e  found i n  weakly o r  
moderately e l e c t r i f i e d  clouds, apparent ly a r e  t oo  weak t o  s i g n i f i c a n t l y  enhance coalescence. 
It the re fo re  follows t h a t  t he  experiment should be extended t o  h igher  l e v e l s  of  charge t o  
determine the magnitude needed t o  suppress t he  rebounding of  a l l i n g  drops. In  add i t i on ,  
t he  amount of  charge t r ans fe r r ed  by rebound i n  t h e  range 10-16 i - 5 10-13 Coulombs 
should a l s o  be measured t o  help determine t h e  v i a b i l i t y  of  t h e  induct ion  mechanism f o r  
cloud e l e c t r i f i c a t i o n .  
Conc lusions 
Collect ion e f f i c i e n c i e s  were measured f o r  15 p a i r s  of  drop s i z e s  i n  t h e  range of  
63 ,< R 2 98 urn and 11 < r < 26 ur. The r e s u l t i n g  e f f i c i e n c i e s  were a l l  i n  t h e  60-70s range,  
most l y ing  s i g n i f i c a n t l y  below t h e  computed hydrodynamic c o l l i s i o n  e f f i c i e n c i e s .  The 
physical  b a s i s  of  a  nearly constant  co l l ec t i on  e f f i c i ency  i n  t h i s  ran  e  may be due t o  a 
c r i t i c a l  contact  angle f o r  rebound '' o r  geometric coalescence f a c t o r f 0  with hydrodynamic 
e f f e c t s ,  i f  any, masked by experimental s c a t t e r .  
The in fe r r ed  coalescence e f f i c i e n c i e s  of 63-83s were only somewhat cons is ten t  with t h e  
c ~ a l e s c e n c e  modsls of Whelpdale and Lis t"  and of Arbel and ~ e v l n " .  Both our  empir ical  
r e s u l t s  and t h e  nodels show a  decrease i n  E with increas ing  d rop le t  s i z e .  I n  con t r a s t  t o  
t h e  models, however, no systematic  change i n  e f f i c i ency  was found a s  a  funct ion of c o l l e c t o r  
drop  s i z e .  Even t h e  q u a l i t a t i v e  agreement i n  r-drop dependency could b e  f o r t u i t o u s  s i n c e  
o u r  measurements at o t h e r  s i z e  r a t i o s  ( r e p o r t e d  i n  t h e  f o l l o w i n g  s e c t i o n s )  show no c o r r e -  
pondence with t h e  models. 
F igure  3. C o l l e c t i o n  e f f i c i e n c y  as a f u n c t i o n  F igure  4. Coalescence e f f l c l e n c y  a s  a 
o f  r-drop r a d i u s .  f u n c t i o n  o f  r -drop r a d i u s .  
Exper imental  s t u d y  on a c c r e t i o n  
A s l i g h t  mod:fication was made t o  t h e  appara tus  d e s c r i b e d  i n  t h e  p rev ious  s e c t i o n  t o  
permit t h e  &eneration o f  c o l l e c t o r  d rops  of p r e c i p i t a t i o n  s i z e  f o r  a  s t u d y  o f  t h e  c o l l e c t i o n  
of much s m a l l e r  c loud d rops .  The l a r g e  c a p a c i t y  water  f eed  system and t h e  g e n e r a t o r  con- 
t r o l s  ( d e s c r i b e d  i n  t h e  nex t  s e c t i o n )  were connected t o  t h e  c loud d rop  exper iment .  Other 
a s p e c t s  o f  t h e  exper imenta l  a r r a n s m e n t  remained unchanged. 
The w a t e r  f eed  r a t e  and t h e  g e n e r a t i o n  f requency were s e l e c t e d  s o  t h a t  326 pm c o l l e c t o r  
d rops  reached w i t h i n  1% of t e r m i n a l  v e l o c i t y  b e f o r e  e n t r y  i n t o  t h e  c loud chamber. A drop 
charge of < 2 x 10-15 Coulombs was mainta ined w i t h  t h e  t echn ique  d e s c r i b e d  i n  t h e  p rev ious  
s e c t i o n .  4 n ~ l l e c t i o n  e f f i c i e n c y  o f  0.59 ? 10% was measured f o r  a c c r e t i o n  w i t h  17 pm cloud 
d r o p l e t s  ( p  a 0.05) from 12  exper imenta l  r u n s  a t  2 d i f f e r 3 n t  v e r t i c a l  s e p a r a t i o n s  (32  and 
64 cm). A coal-escence e f f i c i e n c y  o f  r = 0.63 h a s  been i n f e r r e d  from a c o l l i s i o n  e f f i c i e n c y  
o f  E = 0.94 baaed on computations f o r  small s i z e  r a t i o s 1 3 .  Our r e s u l t  i s  n e a r l y  t h e  same 
as Levin and ~ s c h n e s "  (E. = 0.61) even though t h e i r  e m p i r i c a l  formula  i s  a  f i t  t o  a pure  
coa lescence  s t u a y  ( i . e . ,  t h e  " c o l l e c t o r "  d rop  was s u p p o r t e d ) .  We may have reached a s m a l l  
enough s i z e  r a t i o  where t h e  c o l l i s i o n  and coa lescence  mechanisms a r e  r e l a t i v e l y  uncoupled. 
T h i s  Important  f i n d i n g  s u g g e s t s  t h a t  f o r  a c c r e t i o n  t h e  c o l l e c t i o n  e f f i c i e n c y  may be ca l -  
c u l a t e d  from computed c o l l i s i o n  e f f i c i e c c i e s  where E s l and e m p i r i c a l  coa lescence  s t u d i e s  
where c s C.6, t h a t  i s  E 0.6. A few more measurements a r e  d e s i r a b l e  t o  v e r i f y  t h i s  
hypo thes i s  f o r  the a c c r e t i o n  p rocess  a t  o t h e r  s i z e s  and s i z e  r a t i c s .  
Experiment&' s t u d y  on p r e c i p l t a t l o n  d rops  
A s t u d y  o f  t h e  a o l l e c t i o n  e f f i c i e n c y  o f  small p r e c i p i t a t i o n  drops  has  been i n i t i a t e d " .  
The e x p e r i m r ~ t  i s  designed s o  t h a t  t h e  d rops  i n t e r a c t  i n i t i a l l y  a t  t e rmina l  v e l o c i t y  and t h e  
c l o s u r e  v e l o c i t y  and impact a n g l e  a r e  determined by t h e  n a t u r a l  system. Th is  a  roach c i r -  
cumvents t h e  J l f f f c u l t j ,  o f  t r y i n g  t o  combine t h e  r e s u l t s  o f  coa lescence  s t u d i e s P P *  ' * "  with 
c o l l l s i ~ n  theory .  
Design and procedure 
An apparatus has been designed and constructed t o  measurb t h e  c o l l e c t i o n  e f f i c i e n c y  o f  
small p r e c i p i t a t i o n  drops with s i z e  r a t i o s  0.6 ( p $ 1. I n  t h e  fol lowing paragraphs, t h i s  
system w i l l  be described. The present  system can r e a d i l y  be used t o  measure c o l l e c t i o n  
e f f i c i e n c i e s  f o r  drops R < 400 um with p > 0.6. 
Drops a r e  produced byeperturbing a l i q u i d  jet us ing  a method f i r s t  demonstrated by 
~ay le igh" .  Adam e t  a l .  described a technique f o r  producing unequal s i zed  drop p a l m  from 
a s i n g l e  jet. A s i nuso lda l  vol tage i s  appl ied  t o  6 p i ezeoe l ec t r i c  t ransducer  which induces 
cap i l l a ry  wave8 on t h e  j e t  r e s u l t i n g  i n  uniform drop production. The e x c i t a t i o n  frequency 
is pe r iod i ca l ly  switched between two va lues  t o  produce drops o r  one s i z e  followed by drops 
of another  s i z e .  The drops can be charged and de f l ec t ed  between high vol tage  e l ec t rodes .  
When pulses  o f  cont ro l led  width and vol tage  a r e  superimposed on the  charging vol tage  then  
se l ec t ed  drops from e i t h e r  group o f  drops can be generated wi th  a neg l ig ib l e  charge. A s  
. t h e  main s tream i s  def lec ted  between t h e  high vol tage  e l ec t rodes  t h e  uncharged drops f a l l  
as r e p e t i t i v e  drop p a i r s .  
Severa l  d e s i w  changes, some of  which a r e  i nd i ca t ed  i n  Figure 5, have been made t o  
improve t h e  system of  Adam et  a l .  F i r s t  TTL d i g i t a l  l o g i c  has been adopted f o r  t h e  
roajority o f  t h e  e l e c t r o n i c  cont ro ls .  By us ing  a 10 MHz c r y s t a l  con t ro l l ed  o s c i l l a t o r ,  good 
frequency con t ro l  and long term s t a b i l i t y  i s  achieved. D i g i t a l  counters  a r e  used t o  d iv ide  
t h e  clock frequency by i n t e g e r  numbers s e l ec t ed  by thumbwheel switches i nd i ca t ed  by A and B 
i n  Figure 5. Thus, square waves of  varylng frequencies  can be generated,  and then amplif ied 
t o  d r ive  t h e  t ransducer .  
The in t ege r s  NA and NB a r e  a l s o  s e l ec t ed  by thumbwheel switches.  These i n t ege r s  con t ro l  
t h e  number o f  cycles  of  frequency A *  and B* (corresponding t o  t h e  i n t ege r s  A and B )  between 
changes i n  frequency. Thus, a f t e r  NA cyc les  of  frequency A*, Ng cycles  of frequency B* a r e  
generated and t h e  sequence i s  repeated.  A r o t a ry  switch (not  shown) i s  used t o  s e l e c t  
e i t h e r  frequency A* and B* o r  a l t e r n a t i v e  packets  of  A* and B*. 
The f l i p - f lop  c i r c u i t  used t o  switch t h e  two d a t a  s e l e c t o r s  a l s o  t r i g g e r s  t h e  four  
ind ica ted  time delays. These delays con t ro l  t h e  timing of  t h e  pulses  t h a t  a r e  used t o  
generate  t h e  uncharged drops and t r i g g e r  t he  s t r o b e  and camera. E lec t ronic  con t ro l s  not 
shown I n  Figure 5 al low t h e  camera t o  be tr!.ggered before  t h e  s t robe  so  t h a t  t h e  s t robe  
f l a s h  occurs a t  t h e  i n s t a n t  when the  s h u t t e r  has f u l l y  opened. 
Figure 5. Diagram of  drop generator  and con t ro l  
c i r c u i t s  For experiment t o  measure c o l l e c t i o n  
e f f i c i e n c i e s  o f  small p r e c i p i t a t i o n  drops. 
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Figure 6.  Experimental apparatus f o r  
t h e  p r e c i p i t a t i o n  drop experiment. 
T h i f  drop generating system has several advantages over t h e  system described i n  Adam 
e t  a l .  The use o f  2 square wave t o  dr ive  t h e  transducer appears t o  have improved t h e  
--
system performance. Troublesome s a t e l l i t e  drops are almost never formed i n  the  s table  Ere- 
quency range. This may r e s u l t  from sharper edges on t h e  perturbation imposed on the  l i qu id  
j e t .  The s i z e  r a t i o  obtained can be extended using a lower harmonic during jet  breakup. 
However, the  use o f  higher mu l t ip l e t s  i s  r e s t r i c t ed  t o  < 100 um radius because larger drops 
tend t o  break apart when pulsed out .  Thus, t h e  s i n  l e t  range o f  0.6 < p 5 1 m i g h t  be ex- 
tendable down t o  p 1. 0.5 when t h e  small drops are 5 %O vm radius.  
The drop generator i s  mounted on a platform t h a t  can be adjusted t o  about 150 from 
l eve l  so tha t  t h e  water jet  can readi ly  be directed v e r t i c a l l y  downward (Figure 6 ) .  The 
platform i s  located on top  o f  a small plexiglas enclosure t h a t  can be rotated t o  a l ign  drop 
pairs parallel t o  the  f i l m  plane. The experiment occurs i n  a 100 cm t a l l  plexiglas chamber 
w i th  a square cross sec t ion  o f  100 cm2. The drops f a l l  through t h i s  chamber and c o l l i d e  i n  
a saturated environment a t  room temperature a f t e r  they  have each attained t h e i r  terminal 
v e l o c i t i e s .  Data on drop t r a j e c t o r i e s  i s  obtained photographically. 
A t  the  onset o f  an experiment the  repe t i t i on  r a t e  can be se t  high enough such that  t h e  
drops appear statiotiary under stroboscopic l i g h t .  Individual small and large drops can be 
pulsed out o f  t he  stream and adjusted t o  f a l l  v e r t i c a l l y  between high voltage e lec trodes .  
A t  t h i s  point t h e  drop stream may appear as shown i n  F i ~ u ~ e  7 ,  however, i n  practice a much 
larger  i n i t i a l  separation i s  chosen so tha t  both drops w i l l  achil?ve. terminal v e l o c i t y  be fore  
they  approach each other.  Since both the  large and small drops are generated from the  same 
stream it i s  impossible t o  produce both s i ze s  at t h e i r  terminal v e l o c i t i e s .  
The drop pairs must be separated i n  t ime so that  each event i s  unaf fec ted  by t h e  
preceding one. Greater time separation i s  achieved b y  simply adding more t r a i l i n g  large 
drops t o  the  drop cyc le .  Since t h e  delay f o r  t h e  pulses i s  always measured from the  point 
a t  which the f i r s t  small drop i s  produced, these delays are unaf fec ted  b y  t h e  addit ion o f  
t r a i l i n g  large drops and the  drop pairs can be made arb i t rar i l y  far  apart.  As more large 
drops are added the pulses must be s l i g h t l y  readjusted s ince  aerodynamic factors have 
changed. This  i s  done b y  viewing the  position o f  s treaks produced b y  t h e  drops as they 
pass t h e  incandescent l i g h t .  As a practical matter drop events  are usually separated by 
about 0.5 s .  A f t e r  the  events  have been adequately separated minor readjustments are made 
t o  enhance the  probability o f  an in t e rac t ion  
Two polyethylene l ined 55 gallon drums par t ia l ly  r i l l e d  wi th  d i s t i l l e d  water are used as 
a water feed system for  the  drop generator. Pressure i s  supplied from bot t led  ni trogen.  
Because o f  t h e  large water surface the  flow remains e s sen t ia l l y  constant for  several hours. 
The water reservoirs  and experimental chamber are each on an i s o l a t i o n  platform t o  reduce 
in ter ference  from building v ibrat ions .  These platforms consist  o f  massive s t e e l  plates 
suspended pneumatically above an acoustic  absorber. 
Streak and strobe photographs are obtained near the  top  o f  t h e  100 cm column. The streaks 
arecreatcdby  an incandescent lamp located 300 above t h e  camera a x i s  and on t h e  opposite 
s ide o f  t he  chamber. The co l l ec t ion  e f f i c i e n c y  i s  determined from the  maximum horizontal  
separation measured f ~ r  coalescence. An observed coalescence that  r e s u l t s  from drops f a l l -  
ing  i n  a 'plane more than about 15 degrees out o f  parallel w i th  t h e  f i l m  plane w i l l  r e s u l t  i n  
a measurement tha t  i s  a t  l e a s t  3% too  low. There fore ,  t h e  platform which supports the  drop 
generator i s  turned t o  a l ign  t h e  plane o f  t h e  f a l l i n g  drops parallel  t o  t h e  camera f i l m  
plane so tha t  t he  streak photograph represents t h e  bes t  possible measure o f  the  horizontal 
separation. A position fqr a second camera a t  right  angles t o  t h e  f i r s t  camera has been 
constructed for an unambiguous measure o f  t h e  horizontal  separation. 
A free running strobe l i g h t  placed about 450 t o  one s ide  o f  t h e  opt ical  ax is  creates 
successive exposures on t h e  f i l m .  Using t h e  frequency o f  t h e  strobe f la shes ,  t he  f a l l  
speed o f  each drop can be computed. Triggered strobe observations are a lso  used t o  v e r i f y  
t h e  ver t i ca l  drop separation a t  t h e  point where the  streaks are recorded. Another camera 
I s  triggered at the point where the  drops come together t o  record t h e  r e s u l t s  ( m i s s ,  
coalescence, rebound, or  possibly breakup) i n  the  form o f  streak photographs. 
Results 
The apparatus just  described has been used t o  measure t h e  co l l ec t ion  and coalescence 
e f f i c i e n c i e s  for  a 275-200 pm drop pair. Two cameras are used t o  obta in  t h e  necessary data. 
The upper camera recorded streak data for  a measure o f  t he  i n i t i a l  horizontal  o f f s e t  o f  t h e  
drops tha t  i s  used t o  determine t h e  maximum separation for  co l l ec t ion  ( i . e . ,  t h e  co l l ec t ion  
e f f i c i e n c y ) .  In  addition mul t ip le  strobe exposures were used t o  v e r i f y  f a l l  speeds. Figure 
8a depic ts  a sample o f  t h e  data taken w i th  t h e  upper camera. The lower camera was used t o  
record streak images o f  t h e  in teract ion  t o  determine whether a co l l ec t ion  evont had occurred. 
Figure 8b shows the character is t ic  signature o f  a coalescence event whereas Figure 8c shows 
J sebound event with an indicat ion  o f  t h e . o s c i l l a t i o n  due t o  deformaticn a t  impact. No 
evidence o f  p a r t i a l  coa lescence  has  been n o t i c e d .  Data from tAe lower camera was a l s o  used 
f t o  e s t i m a t e  t h e  rebound p r o b a b i l i t y  from t h e  f r a c t i o n a l  number o f  rebound e v e n t s  o u t  o f  t h e  
> t o t a l  o f  rebound and coa lescence  e v e n t s .  To o b t a i n  t h e  coa lescence  e f f i c i e n c y  ( o r  proba- 
b i l i t y )  t h e  rebound p r o b a b i l i t y  i s  s u b t r a c t e d  from u n i t y .  9 
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F igure  7. Stream o f  charged drops  F igure  8. Camera d a t a  showing: ( a )  h o r i z o n t a l  
and one uncharged p a i r  f a l l i n g  s e p a r a t i o n ,  upper camera; ( b j  coa lescence  e v e n t ,  
between h igh  v o l t a g e  p l a t e s .  lower camera; and ( c )  rebound e v e n t ,  lower camera. 
The drop s i z e s  were determined by weighing a t imed sample o f  uniform d r o p l e t s  from t h e  
s t reem.  By knowing t h e  frequency a t  which t h e  drops  were produced, t h e i r  mass could be 
determined.  Th i s  method l e a d s  t o  l e s s  t h a n  a 1% e r r o r  i n  de te rmin ing  t h e  drop r a d i u s .  How- 
: e v e r ,  i t  was no t  p o s s i b l e  t o  s e t  up t h e  experiment i n  p r e c i s e l y  t h e  same nanner  from day t o  
day r e s u l t i n g  i n  a 5% v a r i a t i o n  i n  t h e  r a d i u s  o f  each drop. Both drops  were f a l l i n g  
approximately 3% f a s t e r  t h a n  t h e i r  t e r m i n a l  v e l o c i t i e s  when approached w i t h i n  100 r a d i i  o f  
each othe:', and t h e i r  r e l a t i v e  v e l o c i t y  was ahou t  4% h igh .  
To d a t e ,  we have ob ta ined  and analyzed d a t a  from s e v e r a l  hundred photographed e v e n t s .  
Out o f  56 c o l l i s i o n  even t s  ( e i t h e r  coa lescence  o r  rebound] we have determined t h e  coa les -  
, cence e f f i c i e n c y  t o  be 0.72 * 0.05 and t h e  c o l l e c t i o n  e f f i c i e n c y  t o  b e  0.71 t 0.05. Th i s  
r e s u l t  i s  c o n s i s t e n t  wi th  a n  expected c o l l i s i o n  e f f i c i e n c y  c l o s e  t o  u n i t y .  
Park1' has ob ta ined  t h e  only d a t a  on unsupported d rops  i n  t h e  s i z e  range  used i n  t h i s  
experiment.  H i s  d a t a  %as ob ta ined  by f i r i n g  s t reams  o f  drops  a t  each o t h e r  and not  by u s i n g  
drops  a t  t e r m i n a l  v e l o c i t y .  Our d a t a  p o i n t  l i e s  o u t s i d e  t h e  rebound reg ion  based on h i s  
4a ta .  The coalescence e f f i c i e n c y  o f  Levin and ~ a c h n e s ' ~  f o r  t h i s  s i z e  p a i r  wi th  one drop 
supported i s  only 0.36. They acknowledged t h a t  t h i s  exper imenta l  approach was on ly  an 
a>proximation t o  t h e  c o l l e c t i o n  problem s i n c e  it a r t i f i c i a l l y  d i v i d e s  a ~ ~ c o n t i n u o u s w ~ p r o c e s s  
i n t o  c o l l i s i o n  and coalescence.  The degree  o f  approximat ion i n  such  an experiment can o n l y  
oe  determined by comparison w i t h  d a t a  on c o l l e c t i o n  as o b t a i n e d  i n  o u r  i n i t i a l  exper iment .  
The comparison shows, a t  l e a s t  f o r  smal l  p r e c i p i t a t i o n  d rops  o f  similar s i z e ,  t h a t  such 
approximate coa lescence  s t u d i e s  may r e s u l t  i n  a l a r g e  u n c e r t a i n t y .  
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Abstract 
Sea salt is by far the major ccnstituent cycle3 through the earth's atmosphere each year. 
Bursting bubbles in the oceans appear to be primarily responsible. These salt particles 
play a role in the fornation of maritime clouds, which in turn affect the earth's radiation 
budget. Along with the salt are carried various chemical pollutants and potentially patho- 
genic rnicroorganisws, often in highly enriched form. Both jet and film drops are produced 
by bursting bubbles. This paper sunmrarizes our present knowledge of the droplet production 
and enrichnent mechanism, with particular enphasis on the unaolved problem. 
Introduction 
Each year the oceans of the world inject 10~-i0'~ tons of salt into the atmosphere. 
This is 1 or 2 orders of magnitude greater than inputs from all other sources. Bursting 
bubbles from whitecaps appear to be primarily responsible. There is good evidence suggest- 
ing that moat of the condensation nuclei involved in maritine cumulus and stratocumulus 
cloud formation consist of or are derived from aea ~ a l t . ~ ' ~ ' ~ ' ~  These cloud types are 
ubiquitous and affect the global radiation budget. Their microphysical structure is 
fundanentall different from continental clouds, allowing them to produce rain much more 
efficiently 1[ which in turn affect. the residence time of smaller particles in the marine 
atmosphere. The marine aerosol exhibits a geochemical fractionation or enrichent which 
generally increases with decreasing particle size. 8 '  g' ' Various pollutants such as 
PCBs, DOT, heavy metals, and radionuclides are transferred from sea to air, often in highly 
concentrated form. l 2  Microorganisms such as bacteria and viruses are found concentrated in 
aerosols from burstinq bubbles, ' ' ' with consequent health implications if pathogens 
are involved. 
Droplet production mechanisms 
Film drops 
Two types of droplets are produced when bubbles burst. Film drops form from the 
disintegration of the protruding bubble film. The details of this process are unknown, 
largely because the film rupture has never actually been observed. h'o difficulties present 
tbemselve8. First, the ru ture is quite rapid: for a 250 um diameter bubble, the film 
c o l l a p ~ s  in about 3 x lo'? sec.18 But this is now well within the reach of current time- 
lapse capabilities. A more serious problerr, is the size of the filn: drops, for recent 
evidence suggests most are of subnricron dimensions. Thus any photographic scheme which 
allows observation of the entire film collapse will lack sufficient resolution to reveal 
many of the individual droplets famed by the collapae. 
E'.ost important of the variables controlling film drop production is bubble size: bubbles 
smaller than about 300 urn diameter produce few or none; 1 EXR bubbles produce up to 20 or 30, 
and this increases to a maximum of about 1000 for 6 m bubbles; most of the film droplets 
are ejected in a cloud several centimeters above the water However, for a 
~ i v e n  bubble dianeter, the film drop production can be a fraction of the naximum nrrmbars 
just quoted. Two variatles influencing this (there are undoubtedly otkers) are the 
"cleanliness" of the bubble (i.e., the amount of surfactant adsorbed to the bubble as it 
rises), and the bubble surface lifetine (delay between the arrival of the bubble at the 
water surface and the film collapse). Pilm drop production generally decrease8 with 
increasing bubble dirtiness and surface lifetime (for reason8 still hypothetical), although 
there are exceptions to this. Bubble surface lifetime is itself related to bubble cleanli- 
ness, for reasons also poorly understood. 
Data on film drop size distributions are scant. Blanchard and syzdek20 used glass 
slides coated with tlg0 to determine the film drop size distribution of drops resolvable with 
the light microscope for 740 urn diameter bubbles. The distribution peaked at about 4-6 pm, 
as shown in Figure 1. 
DROP DIA. (pm)  
Figure 1, Film drop size distribution (2 pm bandwidth) obtained from 30 bubbles of 
740 urn diameter bursting in a 3,3 x 103 m nutrient broth solution, 
Film drops were collected electrostatica!!y, at the indicated field 
strength, on glass slides coated v?ith MgO. Data from Blanchard and 
Syzdek (1975), 
The maximum film drop production melrtioned above was determined with a thermal gradient 
diffusion cloud chamber, which is capable of growing drops of e0.01 ua diameter to 5-10 urn. 
The cloud of droplets so produced tends toward monodispersity regardless of the initial 
size distribution. Earever, data obtained by the author sug ests that for larger bubbles 
(>1 urn dia.), most film drops are subnicroscopic. For examp f e, when the aerosol produced 
by bursting of 1.8 q2m dia. bubbles in seawater was examined simultclneously with a TSIR 3020 
condensation nuclei counter (capable of counting hygroscopic particles <0.01 um dia.) and a 
Royco optical particle counter (dia. >0.3 urn), the Royco count was only 10-30% of the 3020 
count . 
Further evidence suggesting submicron film drop production was obtained from a laboratory 
model of a breaking wave, shown in Figure 2. Seawater, circulated by a centrifugal pump, 
falls from a height of 33 cm into a circular tank 0.5 n in diameter. The aerosol produced 
by the upwelling plume of bubbles was passed through a Sinclair diffusion battery, the 
penetration through which is determined by particle size.21 Figure 3 shows the penetrat.ion 
curves of the model weve aerosol at 90% and 75% relative humidity, compared with the pene- 
tration curves of monodisperse aerosols of 0.05 um, 0.02 um, and 0.01 um radii. Althoueh 
drops other than film drops are produced by the ex erimental configuration shown in 
Figure 2, there are good reasons to believe the sugmicron drops revealed in Figure 3 are 
indeed film drops. 
- 
SEAWATER TANK CENTRIFUGAL PUMP 
Figure 2. Scale drawing of a laboratory simulation of a breaking wave or whitecap. Tank 
diameter is 0.5 m, waterfall height 33 cm. 
Battery equivalent length (m/12.4) 
Figure 3 .  Diffusion loer of the model wave aerorol at 90% relative humidity, together 
with calculated diffusion losr for monodirperse aerosols of 0.05 urn, 0.02 urn, 
and 0.01 urn radii. 
Jet Drops 
Jet drops are also produced by bursting bubbles. These are formed by the collapse of 
the cavity remaining after the film rupture. A jet of water is propelled upwards from the 
center of this cavity, becomes unstable, and breaks into discrete dro lets. Surface tension 
is rhe major energy source. Jet drops are about one-tenth the bubble diameter. The 
n m b e r  of jet drops per bubble decreases from as many as five or nix  for a 300 um diameter 
bubble to only one for bubbles larger than about 3 m. 
The breakup of the jet into individual dro lets has been observed for a l a r p ~  ,
(1.7 m dia.) by time-la se photography with g x 10-4 sec resol~tion.~" Detai. of jet 
breakup for smaller bubb ! es are as yet unobstrved, qlthough certainly well  wit..^ curreni 
capabilities. The calculated-top jet dro ejecti-on speed increases with decreasing drop 
sire, reaching O x 103 cm sec at 70 pm gubble diameter. 16 (Film drop ejection soeeds are 
unknown.) Top jet drop ejection hei ht reaches a maximum of nearly 20 cm for 200 vm drops. f The upper bound jet drop diameter re evant to atmospheric processes is, of course, dotermined 
by sedimentation, 20 um being a reasonable value. The lower bound jet drop diameter is 
unknown; direct observations extend only to ~7 urn. The existence of submicron jet drops is 
at this point hypothetical; it is, however, doubtful that such drops are produced in large 
numbers in nature, since bubbles smaller than 10 pm diameter are rapidly fcrced into solu- 
tion due to surface tension. ' 2 5  
Droplet enrichment mechanisms 
Material can adsorb to the surface of a bubble both as it rises (bubble scavenging), and 
also as it penetrates the bulk water surface, if a monolayer of material is floating there. 
Filn drops are formed from the bubble surface itself. Haterial which com rises the jet 
drops. particularly the top drop, is skimmed from the surface of the bubbfe cavity by a 
capillary wave which in effecc acts as a microt0me.~6 Thus it might be expected that the 
composition of both jet and film drops can be vastly different from that of the bulk water 
in which the bubbles burst. The enrichment of bacteria in jet drops has already been 
demonstrated,15 and evidence strongly suggestive of film drop bacterial enrichment now 
exists.22 In nature, both bubble scavenging and bulk surface microlayer transfer surelv 
operate. Which of the two mechanisms predominates is unknown. Strong arguments favor 
scavenging,Z7 particularly in cases where the flux of u?wellin bubbles is great, for this f causes divergence of the water surface adequate to push aside loating monolayers. 
Relevance to ~eophysics 
The relative contribution of jet and film drops to the marine aerosol and its enrichment 
is a complex problem. In view of the relationships between jet and film drop size distri- 
butions versus bubble size, the shape of the bubble spectrum in whitecaps is of critical 
importance. The size distribution of sea salt particles is such that most of the salt mass 
is contributed by drops larger than 1 pm, whereas these comprise a small fraction of the 
total number. flost cloud condensation nuclei (CCY) are smaller than 1 urn." Comparison 
of the bubble and aerosol spectra produced by the node1 whitecap shown in Figure 1 suggests 
tnat the global salt mass flux is controlled by jet dro?s, from bubbles smaller than 1 m, 
and that the CCIJ flux is controlled by film drops, from bubbles l ~ a ~ g e r  than 1 m. 3 * 2 2  It 
is important to determine the validity of this laboratory simulation: there is evidence 
that a feedback mechanism exists whereby the addition of surface active material to the 
oceans, by man or otherwise, can lead to a significant modification of film and jet drop 
production. * 
The rocesses of drop formation and enrichent mentioned here must a ply to some extent 
to bubbfes in a11 types of liquids. It is anticipated that new parallefs will be found in 
many other disciplines. 
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Fluid dynamical description of relativistic nuclear collisions 
J. R. Nix and D. Strottaan 
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Los Alamos, New Mexico 87545 
Abstract 
On the basis of both a conventional relativistic nuclear fluid dynamical model and a 
two-fluid generalization that takes into account the interpenetration of the target and 
projectile upon contact, we calculate collisions between heavy nuclei moving at relativis- 
tic speeds. This is done by solving the relevant equations of motion numerically in three 
spatial dimensions by use of particle-in-cell finite-differer.:e computing techniques. We 
study the effect of incorporating a density isomer, or quasistable state, in the nuclear 
equation of state at three times normal nuclear density, as well as the effect of doubling 
rhe nuclear compressibility coefficient. For tke reaction 26Ne + faall at a laboratory boll- 
bar~ing energy per nucleon of 393 MeV, the calculated distributions in energy and angle of 
outgoing charged particles are compared with recent experimental data both integrated over 
all impact parameters and for nearly central collisiots. 
Our colloquium on drops and bubbles has hroura~t togtthei- people in such diverse disci- 
plines as astrophysics, fluid dynamics, and nuclear physics, working with physical systems 
ranging in size from stars through water drops to atomic nuclei. Having already heard 
from astrophysicists and fluid dynamiciscs, it ic time now to turn our attention from some 
of the largest objects in the universe to some of ?he smallest. 
An atomic nucleus, with diameter about lo-'' ui and mass about kg, is ,bout 10' 
times as dense as water. Discovered irr 1911 by Sir Srnest Rutherford, it is to lowest or- 
der a collection of positively charged protons r;ilrf uncharged neutrons held tightly togeth- 
er by short-range nuclear forces. As first suggested by Yiels Bohr in 1936, a nucleus be- 
haves in some respects like a uniformly charged drop of liquid with surface tension. 
The liquid-drop model has been widely used to explain the breakup of a heavy nucleus 
into two smaller fragments in the process of nuclear fission, as well as to explain many 
features associated with collisions between two nuclei. Until recently, the bombarding 
energy in such collisions has been fairly low, with the result that the nuclear density 
remains close. to its equilibrium value and the excitazion energy is relatively low. How- 
ever, a few years ago acceierators were developed that can accelerate heavy nuclei to rel- 
ativistic speeds, and we are now beginning to explore what happens when nuclei become high- 
ly compressed and excited. 
The collision of heavy nuclei at high energy is extremely complicated, lying solrewhere 
in between two limiting possibilities that have been used to describe it. At one extreme, 
the process could be dominated by a series of collisions between individual particles mak- 
ing up the nuclei or prociidced in the reaction. This first limit, which would be realized 
if the particle m a n  free path were much longer than the nuclear force range, has been 
studied in terns of micrn~copic approaches such as the relativistic intranuclear cascade, 
where the ba,sic input is experimentally measured two-particle cross section~.l-~ 
At the other extreme, the process could be dominated by coherent collective-field ef- 
fects, resembling instead the collision of two drops of nuclear fluid. This second limit 
would be realized if there are mcny degrees of freedom, sufficient time during the colli- 
sion to establish local equilibrium, and a short mean free path for stopping a particle. 
In relativistic nuclear collisions of the type consifered here, the first two conditions 
are satisfied moderately well whereas the last condi'rion is more uncertain. Estimates 
based on collisions between two particles in free srace give relatively long mean free 
paths, but the mean free path could be reduced signsficantly inside a nuclear medium be- 
cause of many-body effects or a nuclear phase transition.' This second limit has been 
studied by several different groups around the world in terms of fluid dynamical models, 
where the basic input is the nuclear equation of state. We will be concentrating here on 
recent work perform,-.d at Los Alamos within this a p p r o a ~ h . ~ - ~  
Nuclear equation of state 
One reason for studying relativistic nuclear collisions is to learn about the nuclear 
equation of state, the fundamental relationship specifying how pressure depends upon den- 
sity and thermal energy. At present we have experimental information about this important 
functior, only in the vicinity of the equilibrium ground state. However, theoretical spec- 
ulations suggest that it may be extremely complicated, with nuclear matter undergoing on- 
or more phase transitions as its density is increasedas This is illustrated schematicaliy 
in Figure 1, which shows how the ground-state energy per nucleon E6(n:, or zero- tempera- 
ture compressional energy per nucleon, might depend upon nucleon number density n. We 
know experimentally that the equilibrium energy per nucleon E6(ns) = -16 MeV. that the 
equilibrium density nd = 1.5 x lo4* nucleons/m , and that the nuclear compressibility co- 
efficient K = 210 MeV. What happens away from equilibrium is currently unknown, but dou- 
bling the nuclear density from its normal value could lead to a pion condensate, or a 
state containing a large number of bound pions. Compression to several times normal densi- 
ty could result in a density iosmer, or a quasistable state existing at other than normal 
density. Still further compression could produce quark matter, in which the quarks that 
comprise nucleons become free. To determine whether or not any of these phase transitions 
actually exist in nuclei is the exciting challenge that we face! 
In addition to the above compressional energy, nuclear matter at rest can contain ther- 
mal energy, so that the total internal energy per nucleon is 
E(n.1) = Fo(n) + I , (1) 
where I is the chermal energy per nucleon, which is itself a function of n and either the 
entropy per ~ucleon S or the temperature T. The pressure p is then given by5-' 
containing separate contributions from the compressional energy and the thermal energy. 
10 
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Figure 1. Compressional energy, illus- Figure 2. Compressional energy in three 
trating three conjectured nuclear phase of our nuclear equations of state. 
transitions. 
Fox the grcurld-state energy per nucleon Eo(n) we use both an old functional forma, 
with positive constants a. b, and c that yield a compressibility coefficient K = 294.8 
nev, and a new functiono! fotm7 producing the three curves shown in Figure 2. The solid 
line shows the result for compressibility coefficient K = 200 NeV, and the dashed line 
shows the effect of doubling the compressibility coefficient to 400 MeV. The dot-dashed 
curve shows the result for a density isomer at a density that is three times normal nu- 
clear density, with an energy 2 MeV higher than at normal density and with the same cur- 
vature. In each of these three cases we use the value b(no) = -8 NeV to sinulate the 
loss in binding energy for finite nuclei arising from surface and Coulomb energies. The 
new functianal form has the property that the speed of sound approaches the speed of light 
in the imit of infinite compression. This is achieved by parametrizing Eo(n) for n great- 
er than a critical value in terms of three smoothly joined parabolas in the square root 
of the density, so that in the limit of infinite compression it increases linearly with 
density. 
For the thermal contribution to the pressure we use the results-7 
which is derived from the nonrelativistic Femi-gas model. 
Relativistic nuclear fluid dynamics 
In a complete nuclear fluid dynamical calculation, we would need to take into account 
nuclear energy, Coulomb energy, nuclear viscosity, thermal conductivity, and single-par- 
ticle effects, as well a- the 2roduction of additional particles and the associated radia- 
tive loss of energy from the system. However, in nuclear collisions of the type consider- 
ed here, these effects are small compared to those caused by the dominant kinetic, compres- 
sional, and thermal energies, and are consequently neglected. 
The co-..ariant relativistic fluid dynamical equations that we solve express the conserva- 
tion of nucleon number, momentum, and energy, for a specified nuclear equation of state. 
In units in which the speed of light c = 1, these equations 
and 
where N, k, and E are respect~vely the nucleon number density, momentum dpsity, and ener- 
gy denslty (including rest energy) in the laboratory reference frame and v is the velocity 
of matter relative to the laboratory frame. The three laboratory-frame quantities are re- 
lated to rest-frame quantities by 
N = yn, (8)  
and 
2 
E = y ( c + p ) - p  , 
where y = (1 - v2)-* and E is the internal energy density in the rest frame, which is re- 
lated to the internal energy per nucleon of Eq. (1) by 
including the nucleon mass mo. 
I a 
For a given nuclear equation of state and for given iaitlal cond%tions, ue solve these 
equations numerically in three spatial dine~~sians by use of a particle-in-cell finite-dif- 
I ference computing wrhod.5-8 Ln th i s  technique, the f l u i d  is  represented by discrete La- grangian computational particles, which mve through e mesh consisting of fixed cubical 
i Eulerian ce l l s .  Proa finite-difference representations of E q s .  ( 5 ) - { 7 ) ,  the values of N, H, and E for sacb cell are calculated at later tires in terms of preceding values. The 
values of n, v ,  E ,  and p throughout the mesh are obtained by mans of a partial algebraic 
e . reduction followed by the iterative solution of a transcendental equation in one unknown. 
- 
t 
Soae examples of the solutions ate shown i n  Figure 3 for the reaction ~ O N C  + 2 S a ~  m t  a 
laboratory bombarding energy per nueltan of 250 MeV, corresponding to m incident speed 
,- 
that is 62% the speed of light. The nuclear equatior: of state is given by Eqs. (2)-(4). 
I t Each column presents a side v i w  of the matter distribution evolving in time for r differ- 
ent impact parameter. The i n i t i a l  frame i n  each case shovs a P38U target bombarded from 
above by a Lorentz-contracted 'ONe projectile. The projectile and target are represented I- by computational particles, which are initially aligned so that in the direction perptndic- 
ular to the page only a s ingle  point  i s  vis ible .  However, as the impulse resulting from 
the collison propagates throughout the system rhis alignment is destroyed and addit ional  
particles coae inro view. 
The charact-ristic features o f  the time evolution vary syscewtical ly  with impact param- 
eter. In nearly central collisions the target and projectile are substantiaLlp defomed, 
compressed, and excited, with curved shock waves produced. These are followed by rarefac- 
tion waves and an overall expansion of the matter into a d e r a t e l y  wide distribution of 
angles. A t  the other extreme, in peripheral collisions the p r o j e c t i l e  is framnted into 
a portion that proceeds roughly straight ahead at its original velocity and another por- 
tion that  deposits i t s  energy i n  the target. This disturbs the target much less vio lent ly  
than in nearly central collisions, and its deformation, compression, and excica~ion are 
therefore much less, 
We show in Figure 4 the effect of varying the nuclear equation of state on nearly cen- 
tral coll isions a t  the higher laboratory bombarding energy per nucleon of 393 HeV, corre- 
sponding to an incident speed that is 71% the speed of light. The results for the differ- 
ent equations of s t a t e  are very similar co one another, but  for our equation of s t a t e  with 
a density isomer the expansion starts somewhat Later because the matter i s  compressed to a 
higher density than for our two conventional equations of state. 
Figure 3. Time evolution of the matter Pfgurc 4. Tim evolution of the matter 
d is tr ibut ion  for three impact parameters. distribution for three nuclear equations 
of state .  
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For our conventional equation of state with compressibility coefficient K = 200 MeV, 
the matter is compressed to a maximum rest-frame density of 3.9 n and remains above 2 no 
for 1 .O x 10-22 s. For our stiffer equation of state with K = 408 MeV the matter is corn- 
pressed to a maximum rest-frame density of 3.4 no and remains above 2 no for 0.7 x lo-%' s. 
For our softer equation of state with a density isomer the matter is compressed to a maxi- 
mum rest-frame density of 5.1 no and remains above 3 no for 1.4 x s and above 2 no '. 
for 1.9 x S. 
! 
Comparison with experimental data 
For the reaction 20Ne + 238U at a laboratory bombarding energy per nucleon of 393 MeV, i ,. Sandoval et al.9 have recently measured at the Berkeley Bevalac the distributions in ener- 
gy and angle of outgoing charged particles, including contributions from protons, deuter- 
ons, tritons, =He particles, and *He particles. Also, by selecting only those events con- 
taining large numbers of associated charged particles, Stock et a1.I0 have measured for 
nearly central collisions the distributions in energy and angle of outgoing charged par- 
ticles, including contributions from protons, deuterons, and tritons. Unfortunately, this 
selection does not eliminate possible contributions from large impact parameters, for 
which the high-energy yield in forward directions is larger than for central collisions. 
These experimental data in the form of energy spectra at four laboratory angles ranging 
from 30° to 150° are shown by the solid circles in Figure 5, where they are compared with 
histograms calculated for our conventional equation of state with compressibility coeffi- 
cient K = 200 MeV. We have also made similar comparisons with results calculated for the 
other two equations of state illustrated in Figure 2. 
Our calculated distributions are obtained by constructing from the velocity vectors at 
some large time the energy and angular distributions for the expanding netter. The small 
amount of matter that already has passed through the top and side boundaries of the com- 
putational mesh is also included. By integrating over the appropriate ranges of impact 
parameter, we compute the double-differential cross section corresponding both to all im- 
pact parameters and to central collisions constituting 15% of the total cross section. 
The cross section for the outgoing matter distribution is then converted into the cross 
section dZo/dEdR for outgoing charged particles under the assumption of uniform charge den- 
sity. Some measure of the fairly large numerical inaccuracies inherent in fluid dynamical 
calculations can be determined from the fluctuations in the histograms, which are obtained 
using a~rgular bins of lo0 width. 
Examining first the results for all impact parameters given in left-hand side of Figure 
5, we see that at low energy the calculated results are for all angles higher than the ex- 
perimental results. This is because of our neglect of binding, which causes the entire 
system to completely disintegrate into slowly moving matter for an arbitrarily small im- 
pulse. A t  higher energy the calculaticns with all equations of state reproduce, to within 
numeric. uncertainties, the experimental data at all angles. We have found that the nu- 
clear equation of state has little effect on the single-pa-ti:le-inclusive cross section 
d20/dEdll integrated over all impact parameters. 
We turn now to the results for central collisions, which are given in the right-hand 
side oi Figure 5 for our conventional equation of state with K = 200 MeV. At intermediate 
angles the results calculated with the three equations of state are very similar to one 
another, to within numerical uncertainties. However, at 8 = 30° the slope of the energy 
epectrum decreases significantly as we go from a stiff equation of state with K = 400 HeV 
through an intsraediate one with K = 200 MeV to a soft one that contains a density isomer. 
Also, at t = 150° the results calculated for the density isomer are somewhat higher than 
those calc.~sted for the two conventional equations of state. These differences arise be- 
c.luse rh* softer density-isomer equation of state leads to higher initial density and ther- 
mal ent:gy per nucleon, which increases the thermal contribution to the cross section in 
reg- ... is where it would otherwise be small. 
Because of our neglect of binding, at low energy the calculated results for central col- 
lisions are also higher than the experimental results for all angles and equations of 
state except for 0 = 150° with the two convention~i equations of state, where the rapid 
expansion in the backward direction suppresses the cross section. At higher energy the 
calculations with all equations of state reproduce, to within numerical uncertainties, the 
cxperimenta? data at all angles except 8 = 30°, where the calculated energy spectra for 
~ ~ 1 1 1  three equations of state have significantly larger slopes than the experimental spec- 
trum. :his important discrepancy for central collisions in the forward direction could 
arise from several different possibilities, but the most likely is that upon contact the 
ra+?et and projectile interpenetrate substantially. This interpenetration can be taken 
,nto account, while retaining some degree of coherent collective flow, by means of a nu- 
clear two-fluid model, to which we now turn our attention. 
Nuclear two-fluid dynamics 
En the nuclear two-fluid model toupled relativistic equations of motion are ~olved for 
separate target and projectile nuclear f l ~ i d s . ~ ~ l ~  The terms in the equations that  couple 
the tw nuclear f l u i d s  are obtained from the cross section and mean longitudinal momentum 
transfer for free nucleon-nucleon collisions. A t  lou relative v e l o c i t i e s  the target and 
projectile fluids merge, in which cast: conventional relativistic nuclear f l u i d  dynamics 
(which we  alternatively refer to as o n e - f l u i d  dynamira) is recovered. 
The equations of retion for the target and projectile nuclear f l u i d s  express the con- 
servation of nucleon number, energy, and momentum, plus the transfer of energy and momen- 
tum between trle two f l u i d s .  For a given fluid, the relativistic equations o f  motion ere 
analogous to Eqs. ( 5 ) - ( 7 )  for conventional nuclear f l u i d  dynamics, but contain in addition 
coupling terms that describe che transfer of energy and momentum from one f l u i d  ta  the 
other as they interpenetrate. In particular, when rhe relative velocity of the two fluids 
is large compared to t h e  Femi velocity of the nucleons comprising each fluid, the sela- 
tivistic equations of motion for f l u i d  1 are5"" 
and 
those for fluid 2 are obtained by interchanging the subscripts 1 and 2 .  The drag function 
D involves the nucleon number densities and velocities of the two f l u i d s .  as well as the 
Compmmibililp toefficient K = 2C43 MrV 
- lo' 2 
% *2=u 
EhR01250 MeV 
Figure 5 .  Comparison of calculeted hisro- Figure 6. Time evolution of the matter 
grams w i t h  experimental points (Refs .  9 distriubtion calcvFated in t t e  two-fluid 
and 10). model . 
cross section and average longitudinal momentum transfer for free nucleon-nucleon colli- 
sions. For the nuclear equation of state specified by Eqs. (2)-(41, these equation of mo- 
tion are solved by use of a two-fluid generalization of the relativistic particle-in-cell 
technique. 5 9  l l 
We show in Figure 6 some examples of the two-fluid solutions for the reaction *ONe + 
P S 8 U  at a laboratory bombarding energy per nucleon of 250 MeV. These results are quali- 
tatively similar to those shown in Figure 3 for conventional nuclear fluid dynamics, es- 
pecially during the later stages of the process. However, because the target and projec- 
tile interpenetrate somewhat before they begin to respond to the presence of the other, 
the initial compression is less and the amount of matter emerging in the backward direc- 
tion is less in the two-fluid model than in conventional nuclear fluid dynamics. 
Figure 7 shows the resulting energy spectra calculated for central collisions in both 
the one-fluid and two-fluid models with the same equation of state, along with the experi- 
mental data of Stock et al. l o  For the three angles 0 = 70°, 110°, and 150°, the two mod- 
els reproduce equally well, to within numerical uncertainties, the experimental data at 
high energy and are both larger than the experimental data at 1ow.energy because of our 
neglect of binding. For 0 = 30°, the two-fluid model agrees with the experimental data 
substantially better than does the one-fluid model, although the slope calculated from the 
two-fluid model is still somewhat larger than the experimental slope. However, as shown 
earlier for the one-fluid model, a softer nuclear equation of state than the one used here 
would increase slightly the calculated high-energy yield in forward directions. 
An alternative and perhaps more illuminating way of making the comparisons for central 
collisions is in the form of angular distributions for fixed outgoing laboratory momentum 
per nucleon, as shown in Figure 8. The experimental angular distributions for low out- 
going momenta contain a small peak that shifts to smaller angles and finally disappears 
for higher outgoing momenta Unfortunately, this peak could be the result of either the 
neglect of 3He, 'He, and heavier composite particles, whose yields are concentrated at low 
energies and forward directions, or the Coulomb interaction, which provides a transverse 
driving force for slow-moving charged particles. 
I %e + *U a t  Ebom/20 = 393 MeV Central collisions (157.) I I %e + 9 a t  Eh/20 = 393 MeV Central Collisions (15%) 
4. m , , , I  model 
, . 1 . . 1 . . 1 . . 1 . . ! . . '  
l o ,  , , , 1,150 0 , , , 1201501m 
Labwatory Kinetic Energy per Nucleon (MeV) laboratory A n ~ l e  19 (dell 
Figure 7. Comparison of calculated histo- Figure 8. Comparison of calculated histo- 
grams with experimental points (Ref. 10). grams with experimental points (Ref. 10). 
The histograms are calculated with energy bins of 20 MeV. Because of our neglect of 
binding, the results for the lowest outgoing momentum calculated in both the one-fluid and 
two-fluid models are much larger than the experimental data. With increasing outgoing mo-. 
mentum, the one-fluid model predicts angular distributions that are narrower than the ex- 
perimental distributions and that are peaked at increasingly larger angles, which is op- 
posite to the experimental trend. However, as shown by Stacker et al. ,a the agreement be- 
tween the one-fluid model and experiment would be improved by superimposing the remaining 
thermal energy at a freezeout density at which fluid dynamics ceases to be valid. The t w -  
fluid model predicts angular distributions with peaks that shift to smaller angles with 
increasing outgoing momentum, as is observed experimentally. For intermediate outgoing 
momenta the experimental data are lower in absolute value than the two-fluid calculations, 
but for the two highest outgoing momenta the experimental data agree with the two-fluid 
calculations to within their numerical uncertainities. By comparison, microscopic models 
based on independent two-particle collisions yield for central collisions angular distribu- 
tions that are esseartially forward peaked at all outgoing 
With some qualifications, we conclude that in relativistic nuclear collisions the tar- 
get and projectile interpenetrate substantially upon contact, but that some degree of co- 
herent collective flow is involved. Although conventional relativistic nuclear fluid dy- 
namics is deficient in several respects, relativisitic nuclear two-fluid dy~tamics satis- 
factorily describes many aspects of relativistic nuclear collisions. Because the calculat- 
ed results are not very sensitive to the input nuclear equation of state, we do not yet 
know whether or not there are any phase transitions as the nuclear density is increased. 
The answer to this question is relevant not only to atomic nuclei but also to neutron stars, 
illustrating once again how drops and bubbles help unify our understanding of physical sys- 
tems differing in size by twenty orders of magnitude. 
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Studies of the Nuclear Equation of State Using Numerical Calculations 
ot Nuclear Drop Coilisions 
C. T. Alonso, J. M. LeBlanc, and J. R. Wilson 
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Abstract 
A numerical calculation for the full thermal dynamics of colliding nuclei has been 
developed. Preliminary results are reported for the thermal fluid dynamics in such 
processes as Coulomb scatterinq, fusion, fusion-fission, bulk oscillations, compression 
with h~atinq, and collisions of heated nuclei. 
I. Introduction 
The preceding paper by Ray Nix summarized high-energy nuclear collision calculations 
using relativistic fluid dynamics. In this paper we shall discuss lower-energy nuclear 
collisions, and we shall change the emphasis from predicting outgoing multi-particle 
distributions to attempting to calculate the interior thermal properties of the nuclear 
fluid during and after a collision process. We present this study as an example of a 
methodology for treating the dynamics of any hot compressible f h i d  drop with known 
material properties. In our particular case we have arrived at the material properties of 
our exotic nuclear fluid by solving a meson field equation integrally with the thermal 
dynamics. For more common materials the thermal fluid dynamic methods presented here can 
be used in a more straightforward manner with an analytical equation of state. 
The original motivation for this study came, not from nuclear physics or from fluid 
dynamics, but from a critical problem in astrophysics: as increasingly more accurate 
modelling is beinq included in calculations of stellar collapse, it is becoming more 
difficult to get those calculations to result in a supernova explosion (1). The 
calculations end, not with a banq, but with a whimper. Supernova explosions, while not a 
common siqht, are definately known to occur, of course, and the astrophysicists amongst us 
would like to be able to predict when they occur. 
A major remaining uncertainty in stellar collapse calculations is the equation of state 
of nuclear matter (NEOS). The equation of state is a fundamental relationship between the 
pressure and the density and internal energy of a fluid. In order to predict supernova 
explosions, the current collapse calculations of J. Wilson seem to demand rather radical 
departures from the currently fashionable NEOS. 
The material description of a star nearing the end of its collapse is given in Table I. 
At densities around 1014 qm/cm3 the constituent nuclei are almost touching and the 
temperature of the nuclear material is around 8 - 10 MeV. The heat capacity of the 
nucleus will determine whether the nuclei can thermally disintegrate under t.hese 
conditions. Thermal disintegration is important because a free nucleon gas creates extra 
thermal pressures that help to qenerate an explosion. 
Heavy nuclei, in the laboratory at least, exhibit a large number of excited states, and 
their extrapolated heat capacity appears to be so large that the nuclear matter is too 
"stiffn during collapse, producing non-exploding stars. While we don't understand all the 
implications at this time, J. Wilson's collapse computations might be interpreted to mean 
that supernova explosions require a "softern NEOS at high densities and temperatures than 
current nuclear theory predicts. 
Until recently, laboratory heavy-ion experiments were confined to nuclear matter near 
zero temperatures, and extrapolations to higher densities and temperatures led to widely 
varying results. Durinq the last decade, however, high-enerqy heavy-ion accelerators have 
allowed nuclear researchers to observe experimentally the collisions of heavy nuclei and 
their subsequent excitation and breakup. The goal fro: the NEOS point of view is to 
obtain some information about the heating and compress n of the composite nuclear fluid 
before it disintegrates. In heavy ion collisions excitation temperatures 3s high as 80 
MeV are not uncommon (as deduced from the Maxwellian distribution of the emitted 
fragments: see Figure 1) (2). At low excitation enerqies the temperature dependence is 
that of a Fermi gas and at high excitations the temperature follows a classical Boltzmann 
gas law. High compressions have not yet been definitively observed, though there is 
intense interest in creating hiqh compression because of a theoretically-predicted phase 
transition at about twice normal density. At this density the nuclear matter miqht 
exhibit a pion condensation, a st.ate which contains many bound pions. Even higher 
compression miqht lead to a "density isomern, a stable state of very high density (3). 
Thus it is extremely important, for the astrophysicist as well as for the nuclear 
physicist, that we understand the NEOS at high densities and temperatures. One way to 
approach this understanding is to adopt a NEOS and study its consequences for heavy ion 
collisions, looking for predicted phenomena that will help to pin down the exact form of 
the NEOS. We have begun such a study. In the next section we describe the NEOS approach 
ta4en by J. Wilson for our initial studies. 
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11. The Equation of State 
There are at present two approaches generally used to represent the NEOS: first, the use 
of effective two-nucleon potentials such as the Skyrme interaction ( 4 ) :  and second, a 
direct calculation of the equilibrium energy per nucleon in terms of the underlying meson 
field such as the Walecka NEOS (5). I411 nuclear fluid dynamics (NFD) calculations up to 
the present have used the first. approach; in this paper we report preliminary results from 
an effort to use the second approach in conjunction with NFD. 
The Wilson nuclear equation of state used in this work was derived by solvinq the 
classical meson field equations using a Lagranqian energy density given by 
where 6 is a scalar field with effective mass rn*=m,(l+p/po), Y represents 
the electrostatic field, and p0 and 9 are adjustable parameters. The density of 
nuclear matter is p, ths internal energy per nucleon is e ,  and Ze is the electric 
charge per nucleon. This choice of Lagrangian was motivated mostly by a desire for 
simplicity since our lengthy two-dimensional c,~lculations include both dynamic and thermal 
effects. Also it was felt that the astrophysioal calculations for which this model was 
intended contained greater uncertainties in other quantities than would be introduced by 
this simple but partially ad hoc Lagrangian. 
Whereas the standard approach begins with a micro~copic Lagrangian and eliminates the 
quantum meson fields by replacing them with classical averages, Wilson's approach begins 
with a combination of microscopic fields and macroscopic densities which is designed to 
reproduce most of the known properties of nuclear matter. In particular, by including the 
density-dependent effective mesun me, he ~etrieves in a simple manner the soturation 
properties induced by the repulsive vector field in more elaborate models. 
Wilson's approach is ralated to the Thomas-Fermi class of approximations used in nuclear 
and atomic theory. The use of this unusual means of arriving at the equation of state has 
to be justified by a comparison with more refined NEOS models and with experimental data. 
Our NEOS parameters are determined by fitting the dimensionless variables g, po, and 
m so that they reproduce the binding energy, the measured density profiles, and the period 
of compresrible radial oscillrtionr ("breathing modea), for the complete spectrum of 
nuclear ma8ses. The fitted values are 9-0.68, pO-0.32, and m-0.73. 1t is a 
significant achievement that a model with these three constants alone can reproduce all oE 
the above data. Figure 2 shows the resulting binding energy vs. mass curve c mpared with 
experimental values. Figure 3 compares the predicted density profiles for ~ 0 %  b and 
5 6 ~ e  with the experimentally deduced profiles. The equation of state is plotted in 
Pigure 4. The compressibility implied by this NEOS is 200 MeV, which is cloae to the 
experimental value of 210 MeV. For comparison we also show in Figure 4 the 
state-of-the-art (zero-temperature) NEOS of Walecka ( 5 )  as well as the Skyrme NEOS used by 
Stocker et.al. in their recent studies of nuclear coilisions ( 6 ) .  T5r latter implies a 
rather high compressibility of 295 MeV, and the Walecka NEOS is even sbrffer at higher 
densities. The Wilson NEOS used in our studies is relatively soft, which may be more 
appropriate for supernova applications. 
Figure 2: Comparison of experimental 
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Figure 3 :  Density profiles for Fe and 
Pb predicted by the Nilson nuclear 
equation of state. 
The work presented in this paper represents 
ongoing studies of dynamic heavy-ion collision 
processes. These studies compare our predictions 
using the above Wilson NEOS with experimental 
data and with the results of other dynamic 
models. Our main goals are to evaluate the 
consequences of this NEOS and to explore the 
effects of temperature, density and pressure 
gradients on the collision dynamics, both for 
cold and hot nuclear matter. These calculations 
are unique in that they simultaneously treat the 
full macroscopic thermal and dynamic fluid 
processes, including shock waves, while directly 
solving a classical scalar meson field equation 
for the nuclear binding. While tho results rhown 
here are for central collisions of inviscid 
identical nuclei, we also have the capability of 
treating central collisions of any two nuclei 
with classical viscosity. 
I I I .  Thermal Physics 
Many effective interactions used in current NFD calculationr include compressional but. 
not thermal effects. The compressional part of the internal energy ir usually represented 
by a three or four-term expansion of the internal energy as powers of the local density. 
In our calculations we treat both thermal and compremrional contributions to the internal 
energy. The compressional contributions are calculated directly from the meson field 
Lagrangian as a function of the internal energy, a8 described above; the thermal 
contributions are calculated as described below. 
Thermal effects are included in these calculations by directly computing thermal 
pressures, using the thermal energy of a nonrelativistic Permi gas: 
Here Q is a tensor von-Neumann artificial viscosity. The preerure is ob23ined from a 
y=5/3 law: 
This equation is valid for all temperatures. The degeneracy energy a - ;saute are given 
bv 
and 
in units where I = 16-13 cm, t = 1/3 x 10-23 sec, and m = 1 amu (the velocity of 
light is unity). 
The temperature is not an explicit variable, so we obtain it from the internal ener.,! 
through a temperature-defining relation given by: 
  he constants a, b, and c were derived theoretically to give the correct expression in the 
limit of a cool ~ e r m i  gar ( x - k ~ / e d ~ ~ )  : 2 e 
€+h s I + A X  x 10 ( 7 )  
the correct expresrion in the limit of a hot Boltzmann gas: 
(8) 
and the exact thermal energy in the tranrition region where the chemical potential is 
equal to kT. 
~ h u s  this te~aperature-defining relation has been fitted to vary smoothly from low to high 
temperature regimes. The appropriate numerical values are a = 2-96, b = 1.5, and 
c = 0.66. 
IV. Computational Method 
To solve the full thermal dynamical problem, J. LeBlanc has employed sophisticated 
hybrid Eulauian-Lagrangian finite difference techniques developed over the years at tPL? 
Lawrence Livermore National Laboratory. Three conservation equations are solved 
simultaneously in an Eulerian frame: 
(1) the equation of cont uity 
(2) energy conservation 
(3) momentum conservation 
where Q is the von Neumann artificial viscosity for shocks. The fielcs 41 and Y are 
solved by iterating two Poisson's equations: 
( 4 )  meson field: 0'9 - m: 9 = where m*= m(\ + P.) 
( 5 )  electrostatic field: V'Y = 4 7 r ~ ~ e  
These five equations represent the full thermal dynamics of this compressible system. 
In our calculations the fundamental variables are the pressures: the internal energy is 
calculated from PthdV, while the zone accelerations are calculated from Ptotal, which 
includes the degeneracy pressure. Leavinq out Jme technical details, we could describe 
this process as t:ainq y-law excursions off the T-0 degeneracy adiabat. 
Figure 5 dis:~lays the sequential operations performed by the computer code. The 
Eulerian mesh typically contains around 2000 nodes (the dots shown in the graohics). The 
basic Laqranlrian parts (the pressures and accelerations at time t) are calculated first. 
Next the Eulerian terms are calculated usinq a second-order accurate imp1ic:t scheme on 
two staqqercd time-levels. Finally the meson and electrqstatic fields are calculated 
using an overrelaxation method. The whole cc'-ulation is extremely fast, taking on the 
average 60 usec/cycle on a 7600. The time step 6t is calculated according to several 
stability and accuracy algorithms, and then the code cycles on to calculate everythinq for 
time t + bt. The output is edited in the form of graphics and files on fiche or In 
movies if desired. 
In particular we edit plots of momentum vectors and contocrs of density, temperature, 
pressure, and the acceleratinq potential. Examples are displayed In suksequent figurrs. 
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V. Nuclear Collisions 
In this sectioc we present a variety of collision phenomena predicted by this model, 
alcng with comparisons with other dynamic nuclear model predictions and with ex-perimental 
data. At the lowest bombarding energies we do not expect our results to be accurate 
because we neglect predominant quanta1 shell effects. Low-energy collisions are subsonic 
and basically incompressible. When we increase the relative projectile velocity to the 
,iuclear sound speed, around v/c = .15, the collisicns became supersonic and then 
interesting compressible and thermal effects are predicted. Of course in a detailed 
thermal calculation the compressibility 
depends on the local state of the matter, and therefore so does the sound speed 
(15) 
3 
If local conditions are such that CS ' smaller than in the stiff ground-state nuclear 
matter, then interestinq conpression: -re possible. 
In our collision calculations we are seeking detailed knowledge about such thermal 
compression effects. Our hope is that with detailed theanal understanding we will have 
more control over predicting the compression and dynamics than has heretofore been 
possible. We shall now review qenerally what happens in these collisions as the 
proj2ctile energy is increased. 
1. Head-On Collision Trajectories 
Figure 6 illustrates head-on collisions, in the center-of-mass system, of two identical 
nuclei. Five general types of process are possible, in order of increasing energy. If 
the incoming kinetic enerqy is so low that the long-range Coulomb repulsion absorbs all 
the initial kinetic energy before the shorter-range nuclear forces can fuse the nuclei 
together, then the nuclei turn around and accelerate backward, as shown in trajsctory 
(a). At slightly higher energies the attractive 'proximity force* (which is like the 
molecular Van der Waals force) can partially fuse the nuclei. If the initial kinetic 
enerqy is used up before a stable "saddle shapem is reached, then the repulsive Coulomb 
forces predominate and the partially fused system separates ag3in, as in trajectory (b). 
At even higher energies it is possible, at least for the lighter nuclei, to f u s ~  the 
composite system inside the saddle shape (where attractive nuclear forces just balance the 
repulsive Coulomb forces), at the same time absorbing most of the initial kinetic energy. 
This results in a stable fused compound nucleus as in (c). At medium-high energies the 
nuclei fuse to form a flat disk, which then rebounds out to an elongated spheroid. Here 
the kinetic energy remains so high that the system fissions on rebound, ~roducing the 
fusion-fission process of trajectory (d). These higher-energy collisions can result in 
some exotic shapes. Finally, at relativistic energies the nuclei tend to splat into an 
expanding disk whose disintegration was discussed by the previous speaker. 
The existence of a "fusion window* (c) between composite fission (b) and fusion-fission 
(d) depends on the size of the compound system. Theoretically a compound nucleus with no 
ki~etic energy reserves will undergo fission if its *fissility* 
X 0.02 Z ~ / A  = Coulomb energy/surface energy (16) 
exceeds unity. For head-on collisions this occurs roughly for identical projectiles 
heavier than Sm. Thus we would predict that colliding Ca nuclei would have a fusion 
window but U nuclei would not. The fusion window was of great interest a decade ago 
because it made the generation of "superheavy" elements possible. Subsequent experiments 
implied that the fusion window was much narrower than predicted, probably because of 
viscous dissipation during the collision. We plan to study viscous effects, but the 
simulations presented here are for inviscid nuclear matter. 
Figure 7 shows the results of our Coulomb scattering calculation of Ca on Ca at an 
it~itial code kinetic energy of 0.5 MeV/amu in the CMS. The maximum temperature remains 
relatively cool at 2 MeV an< the compression (p/oo where po = 0.145 amu/fm3) 
remains near the normal nuclear value. Our computer runs place the fusion barrier 
somewhere between 0.5 and 0.6 MeV/amu, while experimentally it lies at 0.66 MeV/amu. (7) 
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That is, we currently underestimate the barrier, perhaps indicating a little too much 
nuclear binding. Time-dependent Hartree-Fack (TDHF) calculations, on the other hand, tend 
to overestimate the barrier to between 0.7 and 0.9 MeV/amu, depending on the choice of 
iteraction force (7). 
A Coulomb scattering calculation for a * 3 9 ~  collision is shown in Figure 8. Notice 
the interesting sequence of distorted shapes duriog clcsest approach. 
Figure 9 shows a fusion process (Ca on Ca) at 1.5 MeV/amu. The composite system necks 
into a prolate spheroid and then flattens into an oblate disk, from which it rebounds into 
a spheroid without a neck. This fused compound nucleus then oscillates very much like a 
classical charged liquid drop, as shown by the later frames in Figure 9. During the 
initial shock of fusion the compression reached a maximum of 1.3 and the average 
~emperature was around 5 MeV, indicating strong local heating. The temperature tends to 
increase quickly during the initial fusion process and then to build up slowly thereafter 
(see Figure 14). 
Next in this sequence, Figure 10 shows a high-energy Ca on Ca collision at 5 MeV/amu 
which demonstrates fusion followed by fission on the rebound. Here the oblate disk gets 
very extended but the nuclear forces are able to pull it back so that it shoots out into 
an extended prolate shape which soon fissions. The maximum compression at impact was 
1.4. During the expanded oblate stage the average compression was sub-nuclear at 0.7, and 
the average temperature ccoled down to 3 MeV. 
If this collision is simulated at even higher energies, then the oblate disk expands so 
much that it does not stop, and the composite system is presumed to disintegrate into 
small particles. 
Thus our Ca on Ca calculations display the appropriate behavior as a function of initial 
kinetic energy. The dynamic fusion window for Ca on Ca appears to occur for Ecm between 
0.6 MeV/amu and 4 MeV/amu for the case of this low-viscosity nuclear fluid. The lower 
limit agrees with the expatimental of 0.66 MeV; the upper limit has not been measured to 
our knowledge. We have not yet established our upper limit precisely; it is somewhere 
between 3 and 5 HeV/amu. 
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Figure 11 displays the colli~ion and subsequent fission of a 2 3 9 ~  system at ECmx1.8 
MeV/amu. The accelerating potential contours are plotted here. The collision results in 
a ternary fission of the composite. A t  lower energies a binary rission results from :he 
collision. 
Figure 11: 239u + 2 3 9 ~  at Ec,,,=1.8 
amu 
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A rinal example of collision dynamics is shown in Figure 12. Here lS0sm collides with 
itself at 5.2 MeV/amu in the center of mass. The interestiqg feature is the torodiai 
shape that forms from the oblate disk. Similar tocoidal shapes have been observed in TDHF 
calculations. We also see them in higher-energy 23% collisions. The torus expands out 
with low compressian and then collapses in on itself with high compression. The composite 
then fissions on the rebound. 
2. Composite Nucleus Oscillations 
During and after a low-energy fusion collision, the composite nucleus exhibits two kinds 
of oscillation. During the collision it undergoes a series of r a ~ i d  energy oscillations 
associated with compression waves in the heated composite. After the fusion is complete 
the heated compound nucleus oscillates in a roughly classical liquid drop manner. These 
processes are exhibited in Figure 13, where we show t\e total kinetic energy as a function 
of time for the collision of two Kr nuclei at 0.5 MeV/amu in the CMS. 
The period of the surface oscillations after fusion is 18 x 10-22 sec, which is close 
to the period predicted by the classical expression for frequency of surface oscillations 
of a charged liquid drop. ~ h u s  at these lower energies the thermal effects generated 
during the collision do not greatly affect the overall classical kinetic behavior of the 
compound nucleus. This predicted oscillation behavior can also be taken as evidence that 
our code is working reasonably at low energies. 
At higher col!ision energies a stable compound nucleus is not formed because it fissions 
on rebound. The heated fission fragments, however, also undergo roughly classical 
oscillations as they move apart from each other. 
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3. - Compression and Heating 
P.t~ve nuclear excitations of the order of 50 MeV, shell effecrs disappear in heavy 
n i c  This corresponds to a temperature of about 6 MeV using the usual conversion for a 
Ferrnl gas: ( 8 )  
At such temperatures, macroscopic features 
like shapes and fission barriers are influenced 
by the excitation, and heating effects are 
iryortant in medium-and high-energy nuclear 
physics. In collapsing stars the compressed 
nuclear fluid is at temperatures of 2 - 10 MeV, 
so thermal changes in the nuclei comprising the 
material could affect the bulk properties of the 
star. Figure 14 compares experimentally deduced 
fraqment temperatures with the theoretical Fermi 
and-~oltzmann limits (8) . 
Figure 14: Nuclear Temperatures. 
Compression during collisions is of great interest because of the possibility of phase 
changes. A t  twice the ground state nuclear density a pion condensation has been 
redicted. Figure 15 compares the maximum compressions obtained during a barely subsonic 
P°Ca fusion-fission collision at 5 HeV/amu and a supersonic collision at 19 bV/amu. 
The outstanding feature is the rapid expansion into an underdense torus for the supersonic 
case. This is accompanied by cooling as shown by the corresponding temperature curves in 
Figure 16. When the torus collapses, a compression of 1.6 results. It is possible that 
careful engineering of nuclear dynamics could produce compressions near 2.0. The subsonic 
 collision^ remain mostly incompressible, with some compression followed by expansion 
during the fusion process. . 
** 
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Thermal expansion also accompanies the higher-energy collisions. Au the nuclei fuse the 
composite heats up and expands. These thermal properties translate into a 
temperature-dependence for such macroscopic quantities as the surface tension, the Coulomb 
enerqy, and the volume energy, as pointed out by Sauer et. al. (9). The static thermal 
(T-2 MeV) Hartree-Pock calculations of the latter produced smaller changes in the density 
profile than we see in our heated 4 0 ~ a  nuclei. 
At high temperatures the fission barrier is lowered due to a decrease in surface 
tension. We plan to study this process in more detail in the future. Conversely, nuclear 
material at high temperatures, as in stellar material, might be expected to exhibit 
different fusion windows and cross sections, both because of thermal expansion and because 
of softer surface density profiles. We will now discuss this interesting possibility. 
4. Collisions of Heated Nuclei: 
Our results for collisions of hot nuclei are very preliminary.. This type of calculation 
was accomplished by allowing two cold "laboratory' nuclei to execute a fusion-fission 
reaction, and then to let the heated fission fragments impact their mirror images by means 
of reflection boundary conditions an the right-hand mesh boundary. We did this in order 
to achieve realistic velocity, temperature, and potential profiles in the *initialm heated 
nucleus. 
The reasons for studying collisions of hot nunlei are twofold: first, to examine nuclear 
collisions in the astrophysical environment: and second, to explore possible ways of 
creating abnormal nuclear composites using secondary collision fragments in the 
laboratory. The latter should really be studied usinq heated projectiles and cold 
tarqets, and we have begun such studies as well. 
A successful fusion of the hot flssion fragments from a * 3 9 ~  ternary fusion-fission 
reaction is shown in Figure 17. Unfortunately our code did not edit the masses of the 
independent fragments, but this hot fused composite is evidently very massive, with a 
radius around 8.5 fm. This intriguing result should await a careful examination of this 
new type of calculation before it is to be believed. 
Density The results are indeed very 
preliminary, but there is a suggestion 
- r 1  here that the fusion wlndow might be enlarged by pre-conditioning the projectile to higher temperatures or an expanded radius. (However, we have not included viscous effects yet, and the 
classical viscosity, whlch gocs to i-~l/2, will tend to close the fusion window.) Surface oscillations of the secondary fragment could also be used to change the fusion window if the period is 
engineered, for example, to present an 
oblate disk shape to the next target 
nucleus. To observe these phenomena we 
should concentrate on secondary 
reactions, tailorinq the primary energy 
to produce the desired characteristics in 
the secondary. 
A phenomenon which may be related has 
recently been reported by Friedlander et. 
1 1 0  They observe that some 
secondary fragments display an 
anomalously short mean free path for 
their charge. we would 11.e to suggest 
that these "anomalons" may be secondaries 
from central collisions that were heated 
and then expanded and cooled, resulting 
in a larger geometric cross section than 
would be calculated for a normal nucleus 
of that mass. However, for this 
---T - - - r - - 7  
0 t o  40 fm 0 t o  40 explanation to be possible the heated nuclei would have to stay in an expanded 
state for very long times (10-l1 sec) . 
Figure 17: Collision of hot secondary This might occur if they cannot radlate 
fragment with its mirror image (on WS).  away their internal energy. We plan to 
investigate this possibility quantitatively. 
VI. Conclusions 
We have developed a cozput~tional method for treating the full thema1 dynamics of 
nonrelativistic compressible nuclear matter. In particular we have begun a systematic 
study of central collisions of heavy nuclei. Preliminary results were presented for such 
processes as Coulomb scatterirlq, fusion, fusion-fission, bulk oscillations, compression, 
heatinq, and collisions of heated nuclei. 
Our main goal at this poitit was to exercise the calculation through the above variety of 
difficult-to-model phenomena to verify that it gives generally reasonable results. The 
predicted behavior in the above processes agrees qualitatively with experimental 
experience: e.q. low-mass projectiles fuse into a stable compound nucleus; high mass 
projectiles underqo a fusiol-fission process: low-enerqy projectiles turn around under the 
influence of Coulonb forces: and perturbed nuclear drops oscillate in a classical manner. 
In producing such overall qood behavior we have shown that the Wilson nuclear equation of 
state qives reasonable dynamical results. 
We have barelv bequn to analyze the current predictions quantitatively. Much 
information is contained in these calculations. Besides reproducing some known laboratory 
phenomena, we have elso predicted some interestinq features which may or may not be real: 
temporary toroidal shapes are common in the higher-energy collision calcu1ations, and the 
hiqh-mass compositcs tend to fission in a ternary manner with a light remnant in the 
center of mass. These ternary processes can be checked experimentally if they persist 
when our calculations are made more quantitative. We also see some very preliminary 
evidence that pre-heated secondary nuclei can fuse more easily than cold primary nuclei. 
This would have important implications in both nuclear physics and astrophysics. 
Our next step will be to try to systematically fine-tune the code predictions of the 
available experimental data to a point where the calculations are quantitatively 
accurate. Our immediate qoal is to calculate the detailed temperature, pressure, and 
density qradients (including shock waves) durinq both cold and heated nuclear collisions. 
If this can be done, then the opportunities presented to us are psormous. In a long- 
range view, one can envision an era of nuclear fluid enqinesiing in which one can 
carefully control the dynamics of nuclear L-ollisions to produce abnormal composites, 
perhaps with applicatior~s totally unheard of today. 
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The size and shape of equilibrium capillary surfaces 
Robert Finn 
Department of Mathematics, Stanford University, Stanford, California 94305 
Abstract 
The classical theory of capillarity is concerned largely vith size and shape estimates 
in symnetric asymptotic configurations. Recent developments have led to global results for 
all symmetric cases, and to new qualitative information on asymptotic properties. Also new 
stability criteria have been found. It has been discove~ed that asymmetric situat:ons can 
lead to behavior that differs strikingly from the symetric case. When gravity va..,shes, 
capillary surfaces in the accustomed sense may not appear. The question of characterizing 
those tubes in which surfaces can be found has partially been settled. New progress has 
been made toward determining the effects of contact angle hysteresis in cases of particular 
interest. 
In 1805, P. S. Laplace (Tr. mdc. c6l. , Suppl. au livre X) introduced the notion of the 
mean curvature H of a surface and derived for it, in the representation z = u(x,y), the 
expression 
2H = div Tu, with Tu " Vu 
J1 + lvull 
The context in which this basic contribution appeared was not an abstract study of the 
geometry of surfaces; it lay instead in his erfort to clarify conceptually and describe 
quantitatively the rise of liquid in a capillary tube. For that problem there holds 2H =KU, 
where K > 0 is a physical constant, and thus the physical problem is transformed by (1) 
into an analytical and geometrical one. 
Figure 1 
In the same year 1805, T. Young gave a formal 
reasoning supporting the view that the surface meets 
the bounding walls in an angle 7 depending only on 
the materials; thus, v*Tu = cos 7 on the boundary 
Z of a section S-2 of the tube (Figure 1). Thus one 
has to solve a nonlinear equation under a nonlinear 
boundary condition. 
For the problem considered, not a single nontriv- 
ial explicit solution is known. However, Laplye 
integrated (1) approximately in the case of a narrow" 
rircular tube of radius a to obtain the celebrated 
formula 
COS 7 uo - L(a;7) ' 2  r;a- - 
for the height uo on the axis of symmetry (Figure 2). 
Laplace did not prove ( 2 ) ,  nor did he indicate 
bow small a must be in order to achieve a pre- 
scribed accuracy. The first proof that (2) is cor- 
rect was given by D. Siege1 (Pacific J. Math., 1980). 
Later, Finn (ZAMM, 1981) gave a simpler proof with 
improved error estimates. The method derives from 
a discovery of Laplace, that the volume of flui 
lifted in the tube is given explicitly by 2wa~'m. 7 .  
Th. volume is compared with that lifted by certain 
spherical caps through uo. One is led to the re- 
lations 
Figure 2  
where u: i s  the unique non t r iv ia l  solution of the equation 
Thus, the Laplace formula provides a s t r i c t  lower bound for  uo. 
The method leads a lso  t o  a new bound f o r  the height 
ua 
a t  the contact l i n e  (Fig. 7' 
Also a lower bound analogous t o  the upper bound i n  (3) can be given 
The s i z e  of a capi l lary  tube i s  bes t  measured i n  terms of the nondimensional parameter 
2 B - Ka . (For a water-air  in ter face  on the  e a r t h ' s  surface,  K - 29.) I f  B < 1 ,  (3) and ( 5 )  
yie ld  qu i t e  precise estimates. For l a rge r  B ,  one writes the equation i n  the parametric 
f orm 
dr r cos $ 
a - K r U  - s i n  $ $ i ~ & + % &  
i n  terms of the incl inat ion angle $ of a v e r t i c a l  section of the solution surface.  (6) 
can be integrated approximately t o  obtain a hierarchy of est imates,  va l id  fo r  a l l  B and 
asymptotically exact both f o r  small and l a r  e B (Finn, Moscow Math. Soc., vol .  dedicated 
t o  Vekua, 1978; Siegel ,  Paci f ic  J .  Math. , 1880 ; Finn. Paci f ic  J .  Math. , 1980) . We mention 
the r e s u l t s  
K rL These (and otherre la ted)  formulas y ie ld  the f i r s t  general e s t i -  
mates val id  i n  the range 1 < B < 10. They a l s o  have remarkable monotonicity proper t ies ,  
which lead t o  precise estimates f o r  the meniscus height q = ua - uo. 
Brulois (Dissertat ion,  Stanford University, 1981) has given a formal i t e r a t i v e  procedure 
leading t o  an a r b i t r a r i l y  good upper bound f o r  u,. 
The above methods can be modified and extended t o  apply a l so  t o  the problem of the 
"sessi le" l iquid  drop, and they lead t o  general estimates f o r  the parameters describing 
i t s  shape (Figure 3 ) .  Here the "physical" prescribed data a re  i n  general the volume V 
and 7 ,  ra the r  than a and y as above. 
It turns out  there  i s  a "reciprocity" between 
the two problems, becoming a r b i t r a r i l y  exact 
I fo r  small and f o r  large  B (Finn, Paci f ic  J. Math. , 1980) . 
a 
I f  V + 0 the drop tends asymptotically 
.+=& t o  a spherical  cap; however, i ts  behavior near the wetted surface changes s t r ik ing ly ,  depending on whether 7 - r or .r t' r . We 
6 I R  s e t  = e2 where P i s  the radius of a b a l l  of volume V ,  and wri te  
Figure 3 
Y 
h3(7) = 3 J sin30 d o  
G s i n  Y o 
Then i f  Y # r there holds 
while i f  7 - 6 we f i n d  
Thus, the  r a t e  of decrease of wetted sur face  i s  nonuniform i n  contac t  angle .  I f  7 = I the  
drop r e s t s - - f o r  small B --on a  neg l ig ib ly  small sur face  (Figure 4 ) .  It seems l i k e l y  t h a t  
t h i s  sur face  a c t s  a s  a  po in t  of support about which the  drop can r o t a t e  r i g i d l y  when d i s -  
turbed s l i g h t l y ,  thus e s t ab l i sh ing  new po in t s  of contact  wi th  t he  support ing plane and 
leading t o  a  kind of " ro l l ing"  i n s t a b i l i t y  (Finn, J .  Reine Angew. Math.,  t o  appear) .  
Figure 4 Figure 5 
The nonuniformity i s  i l l u s t r a t e d  i n  F i  ure 5 ,  which st,ows--on logari thmic scale--upper 
and lower bounds f o r  the  expression i n  (9f when 7 = r ,  and f o r  t en  times t h a t  expression 
5 
when 7 = 5 I . 
For l a rge  drops,  one f i nds  the  exact  asymptotic r e l a t i o n  f o r  thewoverhang" 
l i m  f i ( ~  - a )  = fl - log(1  + J) - 2 cos 3- + log co t  
% + -  
I f  7 = I ,  t h i s  r e l a t i o n  simp1ific.s t o  
Also, R ,  a  can be est imated i n  terms of 8 . 
The behavior of l i q u i d  i n  a  c a p i l l a r y  tube with asymmetric s ec t ion  S l  can d i f f e r  i n  
s t r i k i n g  ways from what happens wi th  a  c i r c u l a r  s ec t ion .  For sur faces  of the  form z ( x , y )  
general  es t imates  can be obtained by comparison with symmetric s u r f a c e s ,  using maximum 
p r inc ip l e s  t h a t  a r e  i d io sync ra t i c  f o r  t he  equat ion.  An important d i s t i n c t i o n  between these 
p r inc ip l e s  and the  c l a s s i c a l  ones f o r  e l l i p t i c  
equations i s  t h a t  the  comparison on the  bound- 
ary need be prescr ibed  on1 up t o  a  s e t  of 
Hausdorf f  measure zero .  d e  d i s t i n c t i o n  has 
a s  consequence the  fcl lowing r e s u l t  (Concus 
and Finn, Acta Math. , 1974) : 
Let u(x ,y)  be a  c a p i l l a r y  sur face  o w r  a  
s ec t ion  a whsch contains t he  i n t e r s e c t i o n  
\ of a  b a l l  B6 of radius 6 and a wedge of 
opening 2a (FLgu-e 6) . Then i f  a +7 > n / 2 ,  
.. 
there  holds u < & + 8 ; ;f r* + < n / 2 ,  then 
Figure 6 
u -. - a t  V .  Thus the  so lu t ions  de end 6:s - 
continuous 1 o n T e T o u n d a r y  d a t a .  F igu re  
shows a " h k  sink" experiment t h a t  e x h i l i t s  
the  disconti , .ui tv f o r  water i n  a  wedge formed 
by two p l a s t i c  p l a t e s .  
Figure 7 Figure 8 
The problem w a s  studied f u r t h e r  by L. Simon (Pacific J . Mnth. , 1980) who proved t h a t  if 
LM + 7  > n J 2 ,  u d -  r t / 2 ,  then u(x.y) is differentiable up KO V .  In independent work, 
N. Korevaar (Pacific J . Math. , 1980) found t h e  surprising result that i f  n > t / 2 ,  tP.ere 
e x i s t  soLutians that are bounded and dlscontinueus at '.'. 
Concus and Finn (?lath. i ! .  . 19 7 6 )  showed t h e r e  e x i s t  sec t ions  S?. n' C a, such that  
raises more fluid over f l '  zhan R Y o e e s .  The problem w a s  studied further by Fin11 (Vekua 
volume, P . c . 3  who gave general conditions under which ChiF behavior w i l f i  or wiL1 not  occur. 
Siege1 (Pacific J .  >!.lath., 1 . c  ' Lave anoth*t condit-.jn under which the smaller" tube must 
raise a larger volume over its section. 
For a capillary trlbe in outer space (zero gravity), solutions of ehe problem as posed do 
not in general e x i s t .  A t  a corner, as  in Figure 6, there can be no solution whet, a + ~  < u / 2  
(Concus and Finn, Acca Y a t h .  , :9743 . P!~vsica!Z;r. the f L l i W w s  out alnr.;; the x r n e r ,  to 
i n f i n i t y  or t o  the  top of the  c o n t a i n e r ,  whii l~ever comes first. Fnr  a regular polygon the 
above condition i s  S c 3 t  wnssille: i f  a + y 2 r 1 2  a laver syh~rical cap yield!; an explicit 
bounded solution Figure 8 shows the  resul ts  of an exper iment  conducted in the NASA drop 
tower i n  Cleveland and v e r i f v i n ~  t h e  predicted behavior.  
For a general section S? it appears t n  be not  easy to f i n d  existencectiteria. The cese 
7 * 0 w a s  studied Sy Chen (Pacl'ic . l .  Math., 19801, who gave a simple geometr ic  sufficiency 
condition. For ~ e n c r a ;  r ,  Finn <;.:nnxsrripta Hath.. 1979) reduced t h e  q u e s t i o n  t o  that  of 
properties O F  vector f i e l d s  aver  II. AppZv~z i6  rhe results to polvgonel doma.~ns. he found 
t ha t  in a parallelograrr: of arbitrarv s i d e  ra tro  a su!rltican e x i s t s  if and clnlv i f  a+7  a . /2 
a t  L;IP smaller vertex angle TU . Thus ,  a soZultion ex is:^ i n  anv rec tangle  FT > n / 4 .  
however. r h c  c x l s t e n r W c  C-J? f a i l  f o r  any 7 + n / 2 ,  in t r d p e z e s  obta ined  from rectangles by 
-- 
ar~itrari!T small deiom;ition?. 
-;%is behavior was clarified recent l v  hv Finn (Indiana Univ. I lach.  J. , t.o appear) , who 
showed t h a t  a solution surface e x i s r s  if and only i f  there is no subarc of a semicircle 
of radius RT - il . meeting Z in a n ~ l e s  7 as i n d i c a t e d  in Fi~ule 9 ,  for which 1 us 1 
+(I-) rn I- - Z* cos 7 + !F G O .  (12) 
Here the lengths and ereas  Z, n.. . - are as 
I n d i c a t e d  i n  Fi~ures 1, 9 .  
Consider a situation I n  which $(r) - 0, and 
i n  Which there i s  no r f o r  w h i c h  ~ ( r )  < 0. 
L e t  r 1 7 ,  rhen there i s  a-B 
-l 
Feq1;'ence of solution surfaces w i t h  hrtunlarv 
anglr  
- ' 3 '  tending to a 5olution wT t3 bo$'aarY 
a w e  7 on R I I ~ ,  to  
on I' a n d t h r o u  h s  Ct . The solution is 
-; ~ ~ ~ v m p t o t i ~  a t  7-8!0 a s v l i n d e r  of 
Figure Q r d i u s  K T .  The c x i n d e r  acrs  as a b a r ~ i ~ r  
srroqr which t h e  solution surface cennot he 
The behavior j u s t  described a c t u a l l y  occurs i n  a  t r apezo ida l  s ec t ion .  Also, l e t t i n 8  the 
smaller  base -, 0 while the  nonpara l le l  s i des  meet <st  V) i n  a c f i x e d  angle  2a,  r w i l l  I .  
tend t o  V while y + (n/2) - a ;  thus ,  the  above angle theorem appear8 a8 a l imi t i ng  case.  i 
Gerhardt (Pac i f i c  J .  Math., 1980) considered tubes ciosed a t  the  bottom and p a r t i a l l y  
f i l l e d  with l i q u i d .  He showed the re  always e x i s t  energy minimizing so lu t ions  (with o r  
wit:hcut grav i ty)  which may have the  value z - 0 on p a r t  o f  t he  base.  In  t h i s  reg ion ,  the i 
so lu t ions  appear t o  admit the physical  i n t e r p r e t a t i o n  of a  t h i n  f i lm  covering the  ba-e. 
A drop hanging from a  ho r i zon ta l  plhne (Figure 10) behaves very d i f f e r e n t l y  from the  ses-  
s i l e  drop. The sol- . t ion s ec t ion  i s  uniquely determined by the  he ight  uo a t  the  ver tex  and 
1 
I 
cons i s t s ,  f o r  any uo, of a  curve t h a t  can be continued ana ly t i c - i l l y  t o  i n f i n i t y  without 
l i m i t  secs  or  double poin ts  (Concus and Finn, Phi los .  Trans. Roy. Soc . ,  1979). There e x i s t s  
a l s o  a s ingular  so tu t ion  v )  - - ( r (Concus and Finn, Invent .  Math. , 1975 ; Huh, 
Disser 'cation, Dept. Chem. Eng. ,  Universi ty of Minnesota, 1969). I t  i s  conjectured t h a t  a s  
u  -+ - - , the "drop" s o l ~ t i o n s  tend ,  uniformly i n  compacts, t o  v ( r ) .  A proof of a  some- 
0 
what weaker r e s u l t  appears i n  Concus and Finn (Philos . Trans. Roy. Soc. , 1. c .  ) . 
Conditions fo r  s t a b i l i t y  of the  pendent drop have been given by E .  P i t t s ,  by Michael and 
by o the r s .  Most r ecen t ly ,  t he  problem was t r ea t ed  i n  f u l l  gene ra l i t y  by Wente (Pac i f i c  J .  
Math., 1980). Wente showed i n  p a r t i c u l a r  t ha t  the  occurrence of an i n f l e c t i o n  i n  t he  merid- 
iona l  s ec t ion  need not preclude s t a b i l i t y .  
The reasoning of Young on the  constancy of 7 i s  based on a  hypothesis t h a t  a l l  ma te r i a l  
forces a r e  c e n t r a l .  In the  presence of r e s i s t i v e  forces the  behavior can be very d i f f e r e n t .  
Finn and Shinbrot consider a  drop of l i qu id  on a  ho r i zon ta l  su r f ace ,  with y i n i t i a l l y  de- 
termined as i n  tne  Young theory.  I f  l i qu id  i s  now slowly added, the  wetted sur face  may r e -  
main constant wt.ile the angle 7 increases .  I f  r e s i s t a n c e  i s  very l a r g e ,  then continued 
addi t ion  of l i qu id  w i l l  eventual ly lead t o  a  value y > r ,  which is  physical ly impossible 
as  then the drop would penet ra te  the  supporting plane.  It follows t h a t  %geometr ica l ly  im- 
oped i n s t e i l i t y  m u s t  occur when 1 incieases !I;; u ,  forc ing  the  wetted sur face  t o  i n -  
A t  can be shown Binn, 1. Keine ngew . , 1 .  c  .) t h a t  an upper bound f o r  the 
iFTEEal  B i s  determine6 as  the  unique so lu t ion  of the  r e l a t i a n  
Finn and Shinbrot i n t e r p r e t  the  above behavior by pos t i l l a t ing  a  r e s i s t ance  fo rce  whose 
a rea  densi ty F i s  p o t e n t i a l ,  F = - Vq, and which i s  formally equivalent  t o  a d i s t r i b u t i o n  
of i i n e a r  densi ty 9 d i r ec t ed  normally on Z. They then apply t h a t  i n t e r p r e t a t i o n  t o  t he  
more complicated s i t u a t i o n  of a  drop on an 
inc l ined  p lane ,  i n t i a l l y  under zero g rav i ty  
and meeting the  plane i n  the  (Young) angle 
701 and then subjected t o  slowly increas ing  
Figure 11 
gravi ty  (Figure 1 1 ) .  Under hypotheses, t h a t  
depends only on the  pressure a t  t he  i n t e r -  
f a c e ,  and t h a t  t he  e f f e c t  can be separated 
i n t o  a r a d i a l  "squishing" term as occurs f o r  
the  ho r i zon ta l  p l a t e  and a  "sl iding" term due 
t o  the  i n c l i n a t i o n ,  they a r e  led  t o  a  r e l a t i on  
of the form ( f o r  small B) 
2 cos 7 = cos 7, + .(I) + a s i n  I s i n  8 - p s i n  I sin2@ . (14) 
Here a ,  13 are constants ,  a f s  e x p l i c i t l y  known and of order 8 , and c i s  decreasing 
2 i n  . 0 has order B , r has order @ i f  I < r / 2  and order L~ i f  4 - r / 2 .  Again 
a geometrically imposed i n s t a b i l i t y  appears, and i n  fac t  does so for surpris ingly small 
values o f  B . 
The s t a b i l i t y  of t h e  a x i a l l y  symmetric pendent d rop  
Henry C. Wente 
Department o f  Mathematics,  U n i v e r s i t y  of  Toledo 
Toledo, Ohio 43606 
A b s t r a c t  
We analyze t h e  a x i a l l y  symmetric pendent drop a s  it o c c u r s  i n  t h r e e  d i f f e r e n t  p h y s i c a l  
s e t t i n g s :  Problem A ,  c o n s t a n t  p r e s s u r e ,  f i x e d  c i r c u l a r  opening ( t h e  s i p h o n ) ;  Problem B ,  
cons tan t  volume, f i x e d  c i r c u l a r  opening ( t h e  medicine d r o p p e r ) ;  Problem C ,  p r e s c r i b e d  
volume, cons tan t  ang le  of c o n t a c t  w i t h  a  h o r i z o n t a l  p l a t e .  A s  examples,  t h e  fo l lowing  
r e s u l t s  a r e  v e r i f i e d .  For  Problem B we show t h a t  i f  t h e  opening is smal l  enough t o  
support  a  s t a b l e  pendent drop p i t h  a  b u l g e ,  then  a s  t h e  exposed volume is i n c r e a s e d ,  
s t a b l e  pendent drops  wi th  bo th  a  neck and a  ba lge  w i l l  be  formed. For  Problem C we show 
t h a t  wi th  i n c r e a s i n g  volume t h e  p r o f i l e  curves  f o r  t h e  fami ly  o f  s t a b l e  pendent  d rops  w i l l  
develop an i n f l e c t i o n  p o i n t  b e f o r e  i n s t a b i l i t y  a r i s e s .  
I n t r o d u c t i o n  
We f i r s t  analyze t h e  e q u i l i b r i u m  and s t a b i l i t y  c r i t e r i a  f o r  each o f  t h e  problems. 
Problem A 
Here t h e  drop i s  t o  p r o t r u d e  downward from a  f i x e d  c i r c u l a r  opening of  r a d i u s  f, h e l d  
a t  t h e  l e v e l  u  = ii where u  i s  t h e  v e r t i c a l  c o o r d i n a t e  w i t h  p o s i t i v e  d i r e c t i o n  upward 
and u  = 0  i s  t h e  ze ro  p r e s s u r e  l e v e l  of t n e  f l u i d .  ( s e e  F i g x e  1). I f  X is t h e  
exposed body o f  t h e  f l u i d  and R is  t h e  l i q u i d - a i r  i n t e r f a c e  w i t h  A ( Q  ) i t s  a r e a ,  t h e  
p o t e n t i a l  energy o f  t h e  c o n f i g u r a t i o n  i s  
o is t h e  s u r f a c e  t e n s i o n  of t h e  l i q u i d - a i r  i n t e r f a c e ,  P is t h e  d e n s i t y  of  t h e  f l u i d ,  and 
g  is t h e  g r a v i t a t i o n a l  c o n s t a n t .  The c o n d i t i o n  f o r  equilibrium is t h a t  t h e  f i r s t  v a r i a t i o n  
of  t h e  p o t e n t i a l  energy 6E (9,N) = 0  f o r  a l l  normal p e r t u r b a t i o n s  N o f  R which v a n i s h  
on t h e  boundary. The Eule r  equa t ions  y i e l d  
H is t h e  mean curva tu re  of  t h e  s l ~ r f a c e  measured s o  t h a t  it i s  p o s i t i v e  a t  t h e  d rop  t i p .  
By a  s u i t a b l e  s c a l i n g  we may assume t h a t  k  = 1. The c o n d i t i o n  f o r  s t a b i l i t y  is t h a t  t h e  
second v a r i a t i o n  be p o s i t i v e  f o r  a l l  n o n - t r i v i a l  normal p e r t u r b a t i o n s  . 
2 E 3 ( R , N )  > 0 f o r  a l l  N f 0 ,  b u t  N = 0 on E l .  ( 3  
Prcblem B 
A s  i n  P-oblem A t h e  f i x e d  c i r c u l a r  opening o f  r a d i u s  f l i e s  i n  a  h o r i z o n t a l  p l a n e ,  b u t  
now t: exposed volume i s  p r e s c r i b e d  ( s e e  F igure  1) .  Now t h e  c o n d i t i o n  f o r  e q u i l i b r i u m  is  
t h a t  t h e  f i r s t  variation of  t h e  energy 6Eo(C,N) = 0 f o r  a l l  p e r t u r b a t i o n s  N ,  van i sh ing  
on t h e  boundary and f o r  which t h e  f i r s t  v a r i a t i o n  of  t h e  volume i s  a l s o  ze ro .  By t h e  
method of  Lagrange m u l t i p l i e r s  we o b t a i n  
6 (Eo+ XV) ( R  ,N) = 0  f o r  some c o n s t a n t  1 (4 )  
and normal d e r t u r b a t i o n s  N van i sh ing  on t h e  boundary. This  y i e l d s  t h e  condi t - ion 
2H = -ku + 1 '  , where k= pg/o and 1' is  a  c o n s t a n t .  ( 5  
By a  v e r t i c a l  t r a n s l a t i o n  o f  c o o r d i n a t e s  we may t a k e  A '  t o  be z e r o ,  r educ ing  ( 5 )  t o  t h e  
cond i t ion  ( 2 ) ,  and with  the v e r t i c a l  c o o r d i n a t e  of  t h e  opening a t  t h e  l e v e l  u  = ii. 
1 
The c o n d i t i o n  f o r  s t a b i l i t y  i s  t h a t  
f o r  a l l  n o n - t r i v i a l  normal p e r t u r b a t i o n s  N ,  which  v a n i s h  on t h e  boundery  and f o r  which t h e  
f i r s t  v a r i a t i o n  o f  t h e  volume is  z e r o .  
Problem C 
The d r o p  i s  now penden t  from a  homogeneous h o r i z o n t a l  p l a t e .  The p o t e n t i a l  e n e r g y  is  now 
where 0 i s  a p h y s i c a l  c o n s t a n t  and I x I  is  t h e  a r e a  o f  c o n t a c t  o f  t h e  l i q u i d  w i t h  t h e  p l a t e .  
S e t t i n g  t h e  f i r s t   ariati ti on e q u a l  t o  z e r o  f o r  a l l  volume p r e s e r v i n g  p e r t u r b a t i o n s  y i e l d s  
t h e  c o n d i t i o n s  
a )  2H = -ku + X f o r  some c o n s t a n t  A ,  k  = pg/o 
b )  cosa  =6  
Here a i s  t h e  a n g l e  o f  c o n t a c t  o f  t h e  l i q u i d - a i r  i n t e r f a c e  w i t h  t h e  h o r i z c n t a l  p l a t e  
measured i n t e r i o r  t o  t h e  f l u i d .  Again we may choose  k  = I., and by a  v e r t i c a l  t r a n s l a t i o n  
o f  c o o r d i n a t e s  may set X = 0 ,  w i t h  t h e  h o r i z o n t a l  p l a t e  a t  a  l e v e l  u  = ii. C l e a r l y  it i s  
n e c e s s a r y  t h a t  l 6 l <  1 s o  t h a t  0  4 a  4 TT. There  a r e  no p o s s i b l e  penden t  d r o p s  when a = T 
s o  t h a t  we may c o n s i d e r  06 a  < n ( -1< f 4 1).  A s  i n  Problem B t h e  c o n d i t i o n  f o r  s t a b i l i t y  
i s  t h a t  t h e  second v a r i a t i o n  6?(E + hV)  ( R , N )  b e  p o s i t i v e  f o r  a l l  n o n - t r i v i a l  normal 
p e r t u r b a t i o n s  f o r  which t h e  f i r s t  v a r i a t i o n  o f  volume is z e r o .  (see F i g u r e  1).  
Problem C 
(d rop  from c e i l i n g )  
F i g u r e  1. The v a r i o u s  d r o p  c o n f i g u r a t i o n s .  
D e s c r i ~ t i o n  o f  t h e  P r o f i . l e  c u r v e s  
S u i t a b l y  n o r m a l i z e d , t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  p r o f i l e  c u r v e  whose s u r f a c e  o f  
r e v o l u t i o n  r e p r e s e n t s  t h e  l i q u i d - a i r  i n t e r f a c e  ( s a t i s f y i n g  ( 2 )  w i t h  k  - 1) is  
a )  r l ( s j  = c o s  $ r ( 0 )  = O 
b )  U '  ( s )  = s i n  u (0 :  = uo 
c)  (s)  = - ( s i n  $ / r )  -u $ (O)  = 0. 
The s o l u t i o n s  t o  t h i s  sys t em have been c a r f f u l l y  s t u d i e d  by many p e o p l e .  I n  p a r t i c u l a r ,  
I s h o u l d  ment ion  t h e  work o f  D.W. Thomson , F.Bashfo r th  and J . C .   dams^, and r e c e n t l y  
2. Conpus and R. ~ i 1 , n 3 .  
There  i s  a un ique  s o l u t i o n ,  { r ( s , ~ ~ , u ( s , r )  , $ ( S , K ) ) ,  t o  t h e  sys t em s a t i s f y i n g  t h e  i n i t i a l  
c o n d i t i o n s ,  r ( 0 , ~ )  = 0 ,  u ( O , K )  = u0 = - 2 ~ ,  $ ( O , K )  = 0 ,  where r  i s  t h e  mean c u r v a t u r e  a t  
t h e  d r o p  t i p .  The s o l u t i o n  e x i s t s  f o r  a l l  s and a l l  K and i s  a n a l y t i c  i n  b o t h  v a r i a b l e s .  
We n o t e  t h a t  u  0  g i v e s  a  s o l u t i o n  and t h a t  r e f l e c t i o n  o f  any s o l u t i o n  a b o u t  t h e  r - a x i s  
y i e l d s  a n o t h e r  s c l u t i o n .  Drops w i t h  uo < 0  r e p r e s e n t  penden t  d r o p s  and t h e  s o l u t i o n s  
c o r r e s p o n d i n g  t o  uo > 0 r e p r e s e n t  "emerging" bubb les .  W e  now l ist  o t h e r  i m p o r t a n t  
p r o p e r t i e s  o f  t h e  f a m i l y  o f  s o l u t i o n s .  
1. F o r  " sma l l "  uo < 0  t h e  s o l u t i o n  c a n  b e  e x p r e s s e d  n o n - p a r a m e t r i c a l l y  w i t h  u  a s  a  
f u n c t i o n  o f  r o v e r  t h e  e n t i r e  p o s i t i v e  r - a x i s ,  and u ( r )  uo Jo ( r )  where Jo(r) i s  t h e  
P s s s c l  f u n c t i c n  o f  o r d e r  z e r o .  
2. There  i s  a  v a l u e  u s  ( u a  -2.5678-) s u c h  t h a t  t h e  p r o f i l e  c u r v e  w i t h  d r o p  t i p  a t  u8 
a t t a i n s  s i m u l t a n e o u s  v e r t i c a l  t a n g e n t  and i n f l e c t i o n  p o i n t  a t  ( r f , u * )  where r l  . 9 1  
and u* -1.1 . F o r  0  r 4 r *  t h e  c u r v e  is  convex w h i l e  f o r  r g f e a t e r  t h a n  r i  
t h e  cukve may a g a i n  b e  e x p r e s s e d  n a n - p a r u n e t r i c a l l y  u  = u ( r ) .  
3 .  For  u$ < uo & 0  t h e  s o l u t i o n s  may be  expressed  i n  non-parametric for .  .., u  = u ( r )  , 
f o r  a l l  r. 
4 .  For  uo < u8 t h e  p r o f i l e  curves  a t t a i n  a  v e r t i c a l  t a n g e n t  a t  a  p o i n t  ( r l l u l )  
where 0  < rl < u* . The curves  form a bu lge  a t  t h i s  p o i n t  and r 
decreases  t o  a  :al$ a:d i ~ d  for& a  nec; a t  (r2!uZ) where u  < 0. r and ul a r e  
i n c r e a s i n g  f u n c t i o n s  o f2 'u0  f o r  uo < ug w i t h  m t rl = 0  and m i  u  = - a s  
uo approaches -w . 
5. For  u  <<  u$ . t h e  p r o f i l e  curves  form a  sequence of  b u l g e s  and necks  u n t i l  it 
c r o s s e s  t h e  Or-axis wr th  r '  (s) and u '  (s)  bo th  p o s i t i v e  from which p o i n t  on t h e  curves  
may be expressed  non-parametr ical ly  u  = u ( r )  o u t  t o  r = . 
6.The f i r s t  i n f l e c t i o n  p o i n t  on a  p r o f i l e  curve  w i t h  t i p  a t  uo < 0  o c c u r s  a t  a  
p o i n t  ( f , Q )  where O < 9 .  f and Q a r e  monotonical ly  i n c r e a s i n g  f u n c t i o n s  o f  uo 
f o r  uo < 0.  I f  uo < u$, s o  t h a t  t h e  p r o f i l e  curve  has  bo th  a  neck and a  bu lge ,  
then  t h e  f i r s t  i n f l e c t i o n  p o i n t  lies between t h e  f i r s t  neck and f i r s t  bu lge .  
F igure  2 .  P o s s i b l e  d rop  c o n f i g u r a t i o n s  
Ana lys i s  o f  s t a b i l i t y  
Our method f o r  determining t h e  s t a b l e  c o n f i g u r a t i o n s  f o r  each o f  t h e  problems proceeds  
a s  fo l lows .  Take a  given p r o f i l e  curve  { r  (s ,R )  ,u (s ,R)  ,$ (s ,E) }and l e t  (PIE)  be a  p o i n t  
on t h e  c u r v e ,  r = r ( B I r )  and ti = u ( S , ? ) .  The p r o f i l e  curve  from t h e  d rop  t i p  t o  t h i s  
p o i n t  g e n e r a t e s  a  p o s s i b l e  pendent drop whose exposed volume V ,  can be  c a l c u l a t e d .  
V  = volume of drop = ~ ; ( f i i  + Zsin (10 
The volume g i v e s  us  a  f o u r t h  f u n c t i o n  o f  t h e  parameters  s and K ,  V = V ( S , K ) .  For  each 
of  our  t h r e e  problems two of  t h e  f o u r  f u n c t i o n s  a r e  p r e s c r i b e d .  Th i s  g e n e r a t e s  a  mapping 
from t h e  ( s ,K) -p iane  { t h e  parameter  space)  i n t o  a  two-dimensional " c o n t r o l "  space.  The 
a n a l y s i s  of t h i s  mzp determines  s t a b i l i t y  f o r  each of  t h e  problems. 
S t a b i l i t y  f o r  problem A 
Here t h e  a p p r o p r i a t e  map i s  A ( s , K )  where it is d e f i n e d  by 
The " c o n t r o l "  space f o r  t h i s  problem i s  t h e  ( r , u ) - p l a n e .  It i s  e a s i l y  checked t h a t  t h e  
d e r i v a t i v e  of  A , D A ( s , K )  i s  i n v e r t i b l e  when s e q u a l s  zero.  Let  0 be  t h e  set of  a l l  
p o i n t s  i n  t h e  ( s , K ) - p l a n e  where t h e  d e r i v a t i v e  is  i n v e r t i b l e .  
D e f i n i t i o n .  0  con ta ined  i n  0  i r  t h a t  component a f  0 i n  t h e  parameter  space  which 
c o n t a i n s  t h e  l i n e S  s = 0. 
Theorem 1. Every p o i n t  (El;) i n  0 de te rmines  a s t a b l e  pendent d rop  f o r  Problem A. 
( i . e .  t h e  d rop  genera ted  by t h e  profHle  curve  ( r  ( s , R )  , u ( s , R )  ) f o r  0  < s < s') . Any p o i n t  
o u t s i d e  Us determines  an u n s t a b l e  pendent d rop  f o r  Problem A.  
Th i s  theorem i s  e s s e n t i a l l y  c l a s s i c a l .  
I t  fo l lows  t h a t  t h e  " c o n t r o l  set" A(OS), is  an open set i n  t h e  ( r , u ) - p l a n e .  A p o i n t  
(?,El de te rmines  a  s t a b l e  c o n f i g u r a t i o n  f o r  problem A i f  and o n l y  i f  it is  a member of  
t h e  set A(OS). W e  now wish t o  d e s c r i b e  t h e  r e g i o n s  Os and A ( 0 s ) .  S i n c e  A(Os) i2 
symmetric about  t h e  c o o r d i n a t e  axes ,  we may restrict o u r s e l v e s  t o  t h e  c a s e  r ) 0 ,  u  4 0  
Theorem 2. Choose R > 0  and c o n s i d e r  t h e  p r o f i l e  curve r s , , u s , ,  s 3 0. 
There is a  s m a l l e s t  p o s i t i v e  v a l u e  8 ,  such  t h a t  (s.17) is i n  0s f o r  0  < s < I w h i l e  
(!2,3) is  on t h e  boundary o f  0s. On t h e  i n t e r v a l  0 < s < 8 ,  w e  have r '  (s) = cos JI 
p o s i t i v e  s o  t h a t  0  < JI < (n/2). 
There fore  t h e  corresponding p r o f i l e  curve  ( r ( s , Z ) , u ( s , i i ) !  0  < s < I may be expressed  
i n n o n p a r a m e t r i c  form u s  f ( r , Z ) ,  f o r  0  < r < f  where f  = r ( I , C )  and Q =  f ( P , R ) .  
The p o i n t  ( f , Q )  l ies on t h e  boundary o f  A ( 0 s ) .  I t  is  t h e  c o n j u g a t e  p o i n t  t o  t h e  d rop  
t i p  a long  t h i s  p r o f i l e  curve.  
S ince  r '  (s) is pos!.tive, w e  may use  r a s  an independent  v a r i a b l e  r a t h e r  t h a n  s. 
P o i n t s  (?,ii),on t h e  boundary of  A(OS)  re determined by t h e  c o n d i t i o n  t h a t  t h e  
d e r i v a t i v e  DA(r , r )  be s i n g u l a r  where r = r ,  f ,  and u  = f ( r , x )  is t h e  
nonparametr ic  r e p r e s e n t a t i o n  of  t h e  curve .  T h i s  o c c u r s  when f ,  e q u a l s  zero.  (i .e.  
t h e  p o i n t  ( f , i i )  is on t h e  envelope rA , of  t h e  fami ly  of  p r o f i l e  curves .  
Theorem 3. The f i r s t  envelope , o f  t h e  fami ly  of  p r o f i l e  curves  u  = f ( r , ~ ) f o r  
K + 0  (uo ( 0)  and r p o s i t i v e f A  i s  t h e  graph o f  a  smooth ( a n a l y t i c )  f u n c t i o n  u  = e ( r )  
f o r  0  < r q a. where 'ao is  t h e  f i r s t  p o s i t i v e  z e r o  of  t h e  z e r o  o r d e r  Besse l  f u n c t i o n ,  
Jo(r) . This  f u n c t i o n  has  t h e  fo l lowing  p r o p e r t i e s .  
l i m i t  e ( r )  = -- a s  r -+ 0' , l i m i t  e ( r )  = 0 a s  r + a0  
The d e r i v a t i v e  e ' ( r )  i s  p o s i t i v e  on t h e  i n t e r v a l  0 < r < a 0  w i t h  e 8 ( a 0 )  = 0  and 
l i m i t  e l ( r )  = +- a s  r approaches  zero.  
The e n t i r e  envelope is t h u s  a  smooth curve  wi thou t  s e l f - i n t e r s e c t i o n s  which p o s s e s s e s  
a  cusp on ly  a t  (ao,O).  ( s e e  F igure  3 )  
Consequences. 
I. The mapping A ( s  ,K) is a  diffeomorphism of 0s o n t o  i ts  image A ( O s )  . 
IT. For  ( f , i )  i n  A ( O s )  where P < r i  , t h e  p r o f i l e  curve  f o r  t h e  s t a b l e  pendent 
drop i s  convex. For  r n e a r  a0  ( P < a, ) and ( f  ,t) i n  A (OS) , t h e  p r o f i l e  curve  
w i l l  c o n t a i n  an i n f l e c t i o n  p o i n t ,  and s o  t h e  s t a b i e  pendent d r o p  l o s e s  convexi ty .  (F igure  3) 
111. There a r e  no " i n a c c e s s i b l e "  s t a b l e  pendent drops  f o r  Prablem A. The v e r t i c a l  
l i n e  r = f ( P l e s s  t h a n  a. ) i n t e r s e c t s  A(OS)  i n  a connected i n t e r v a l .  Thus t h e  
s t a b l e  pendent drop corresponding t o  t h e  p o i n t  ( r , u )  may be reached from t h e  s t a b l e  
z e r o  p r e s s c r e  s o l u t i o n  ( u  t 0 ) cor responding  t o  t h e  p o i n t  (?,a) i n  A ( O S )  merely 
by i n c r e a s i n g  t h e  p r e s s u r e  ( p  = -u) con t inuous ly  from 0 t o  -5 . ( s e e  F i g u r e  3 . )  
4 h 
The c a s e  I < r j  
S t a b l e  pzndent 
d rops  a r e  a l l  
t I convex 
f / t < a,, t n e a r  a. 
I A s t a b l e  pendent drop which i s  n o t  convex 
F igure  3. The envelope T A  , s t a b l e  c o n f i g u r a t i o n s  f o r  problem A 
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S t a b i l i t y  f o r  problem B.  
The c o n s t r a i n t s  a r e  now t h e  r a d . 1 ~  o f  t h e  t u b e  r ,  and t h e  exposed volume V. Thus t h e  ! 
c o n t r o l  s p a c e  i s  t h e  ( r , V ) - p l a n e  and we a r e  l e d  t o  s t u d y  t h e  mapping B ( s , K )  from t h e  I 
paramete r  s p a c e  t o  t h e  c o n t r o l  s p a c e  d e f i n e d  by 1 
A s  i n  problem A w e  l e t  0  b e  t h e  open se t  i n  t h e  ( s , c )  -p l ane  where t h e  d e r i v a t i v e  DB(s,K) , 
is  i n v e r t i b l e .  Hcwever, s i n c e  B(O,h) = (0,O) t h e  l i n e  s = 0  l i e s  o u t s i d e  t h e  set 0. 
F i x  R and c o n s i d e r  t h e  c u r v e  B ( s , Z )  f o r  p o s i t i v e  s. There  e x i s t s  a  s m a l l e s t  p o s i t i v e  i 
v a l u e  SB, such  t h a t  t h e  d e r i v a t i v e  D B ( s , r )  is  i n v e r t i b l e  f o r  0  < s < SB b u t  s i n g u l a r  ! 1 
when s = sg-. L e t  ( rB,  uB) b e  t h e  c o r r e s p o n d i n g  p o i n t  on t h e  p r o f i l e  c u r v e  
s u s  , where r g  = r ( s B , Z )  and ug = u ( s g , C ) .  I t  i s  a  c l a s s i c a l  r e s u l t  t h a t  
i f  (I,U) i s  a  p o i n t  on t h e  p r o f i l e  c u r v e  p r l o r  t o  ( r B , u g )  t h e n  t h e  c o r r e s p o n d i n g  
penden t  d r o p  g e n e r a t e d  by t h e  p r o f i l e  c u r v e  up t o  u  s " symmet r i ca l ly"  s t a b l e  f o r  
problem B, w h i l e  i f  t h e  p r o f i l e  segment c o n t a i n s  t h e  p o i n t  ( r B , u g )  t h e n  t h e  g e n e r a t e d  
d r o p  is  u n s t a b l e  f o r  problem B. 
D e f i n i t i o n .  W e  c a l l  t h e  p o i n t  ( r B , u g )  t h e  "Volume-constrained" c o n j u g a t e  p o i n t  
on t h e  ~ r o f i l e  c u r v e  r e l a t i v e  t o  t h e  d r o p  t i p .  
Note. The ax i symmet r i c  penden t  d r o p  i s  s a i d  t o  b e  s y m m e t r i c a l l y  s t a b l e  i f  t h e  second 
v a r i a t i o n  O ' ( E ~  + hV)  ( i ? , N )  i s  p o s i t i v e  f o r  a l l  n o n - t r i v i a l  symmetric normal p e r t u r b a t i o n s  
N ,  o f  R which v a n i s h  on t h e  boundary and f o r  which t h e  f i r s t  v a r i a t i o n  o f  volume i s  ze ro .  
I f  t h e  p r o f i l e  c u r v e  can  b e  e x p r e s s e d  t e n - p a r a m e t r i c a l l y  i n  t h e  form r = r ( u ) ,  t h e n  
symmetr ic  s t a b i l i t y  i m p l i e s  s t a b i l i t y .  I n  c h i s  c a s e  we o b s z r v e  t h a t  t h e  a n g l e  o f  
i n c l i n a t i o n  $, must be  non-negatj1.c. However, i f  t h e  a n g l e  o f  i n c l i n a t i o n  becomes 
n e g a t i v e  on some p o r t i o n  o f  t h e  p l ~ f i l c  c u r v e  ( t h e  c o r r e s p o n d i n g  d r o p  i s  o f  r e - e n t r a n t  
t y p e ) ,  t h e n  t h e  d r o p  i s  u n s t a b l e  f o r  problem B due  t o  a  non-symmetric p e r t u r b a t i o n .  
T h i s  f a c t  was n o t e d  by D . H .  Michael  and P.G. Wil l iams Y .  F o r  an  a l t e r n a t i v e  d i s c u s s i o n  
see r e f e r e n c e  5.  
D e f i n i t i o n .  0 s  is t h e  s u b s e t  o f  O c o n s i s t i n g  o f  a l l  p o i n t s  ( s , i )  where 
--
0  < s < sa where sB depends on . I t  f o l l o w s  t h a t  ( s , ~ )  d e t e r m i n e s  a  s t a b l e  - 
configuration i f  i t  i s  i n  0s and an  u n s t a b l e  c o n f i g u r a t i o n  i f  i t  l i e s  o u t s i d e  o f  OS. 
W e  now wish  t o  d e s c r i b e  OS and i t s  image B(Os) c o n t a i n e d  i n  t h e  " c o n t r o l  space', 
t h e  ( r , V ) - p l a n e .  
Theorem 4 .  0s is  a  connec ted  open s e t  i n  t h e  ( s , c ) - p l a n e  bounded on t h e  l e f t  by t h e  
l i n e  s = 0 ,  and on t h e  r i g h t  by an a n a l y t i c  c u r v e  ) ,  which is t h e  g r a p h  o f  a  p o s i t i v e  
a n a l y t i c  f u n c t i o n  sB = o ( c ) .  
T h e r e f o r e  0 s  i s  2 ;>en s e t  i n  t h e  pa rame te r  s p a c e  and B ( O s )  is an open set i n  t h e  
c o n t r o l  s p a c e .  
Theorem 5. Let  ( r g , u g )  b e  t h e  vo lume-cons t r a ined  c o n j u g a t e  p o i n t  on t h e  p r o f i l e  c u r v e  
r s ,  u s ,  . A t  t h e  p o i n t  ( r g , u g )  t h e  d e r i v a t i v e ,  r '  ( s )  is p o s i t i v e .  The p o i n t  
( r g , u B )  i s  l o c a t e d  between t h e  f i r s t  and second i n f l e c t i o n  p o i n t s  on t h e  p r o f i l e  c u r v e .  
I f  t h e  p r o f i l e  c u r v e  p o s s e s s e s  a b u l g e  (and hence  a  neck)  t h e n  ( r B , u g )  i s  l o c a t e d  above 
t h e  neck.  A s  K app roaches  z e r o  t h e  p o i n t  (r  ,ug )  approaches  t h e  p o i n t  ( a l , O ) ,  where 
a 1  i s  a  r o o t  of  t h e  e q u a t i o n  rJo ( r )  + Z J o l  (re = 0. (see F i g u r e  4 )  
F i g u r e  4 .  L o c a t i o n s  o f  t h e  vo lume-cons t r a ined  c o n j u a a t e  p o i n t  
By Theorem 4 t h e  curve  y is  an a n a l y t i c  a r c  pa ramete r ized  by K .  Its image B(y)  is a 
pa ramete r ized  curve  i n  t h e  ( r ,V) -p lane  and,  a s  i n  problem A ,  it i s  t h e  enge lope ,  rg of  
t h e  fami ly  of  curves  (r  (S , K )  , V ( S  , K )  ) . Thus rB may be  expressed  i n  t h e  form ( r  ( K )  , V ( K )  ) 
where r  ( K )  = r ( o  ( K )  , K )  and V ( K )  = V(o ( K )  , K )  a r e  a n a l y t i c  f u n c t i o n s  o f  K .  Furthermore 
l i m i t  ( r ( ~ )  , V ( K ) )  = (0,O) a s  K +  m ,  l i m i t  ( r ( ~ )  , V ( K ) )  = ( c x l , O )  a s  K + 0 .  
B Theorem 5 we know t h a t  a g iven  curve  B ( s , P ) ,  touches  t h e  envelope a t  a p o i n t  where Y 
r (s)  is  p o s i t i v e .  Thus, i n  a neighborhood of  t h i s  p o i n t  , ( r B , V  ) , w e  may e x p r e s s  t h e  
curves  B ( S , K )  non-paramet r i ca l ly  i n  t h e  form V = g ( r , ~ ) .  I£ t t e  envelope is  smooth it  
w i l l  be  t a n g e n t  t o  t h e  fami ly  o f  curves  V = g ( r , ~ ) ,  and i t s e l f  would have a non-parametric 
r e p r e s e n t a t i o n  V = G ( r ) .  A p o i n t  on t h e  envelope of  t h e  fami ly  of curves  V = g ( r , ~ ) ,  
is  determine? by t h e  c o n d i t i o n  g K ( r r ~ )  = 0 w h i l e  t h e  c o n d i t i o n  f o r  smoothness i s  t h a t  
g r # 0 S i n c e  t h e  envelope T B  = B(y) is  a p a r a m ~ t e r i z e d  a n a l y t i c  curve  it w i l l  
be  smooth excep t  perhaps  a t  i s o l a t e d  p o i n t s  where t h e  d e r i v a t i v e s  r '  ( K )  and V ' ( K )  bo th  
van i sh .  A t  such p o i n t s  t h e  p o s s i b i l i t y  o f  a cusp a r i s e s .  One such cusp occurs  a t  ( a l t o ) .  
C o j e t u r e .  T h a t  p a r t  o f  t h e  envelope T B  which l ies i n  t h e  ha l f - space  V > 0 is  a 
smoot curve whlch may be  expressed  non-paramet r i ca l ly  i n  t h e  form V= ~ ( r ) ,  0 < r < a l l  
w i t h  G ( 0 )  = G(a1) = 3 and G '  ( a l )  = 0. There is a s i n g l e  v a l u e  r *  where G '  (r*) = 0. 
Computer c a l c u l a t i o n s  s t r o n g l y  i c d i c a t e  t h a t  t h e  c o n j e c t u r e  is v a l i d ,  b u t  a complete 
proof of  t h i s  is l a c k i n g  a t  p r e s e n t .  ( s e e  F igure  5) 
F igure  5.  The curves  B ( s , K )  and t h e - r  enve lope ,  TB.  
I f  t h e  envelope i s  a smooth c u r v e ,  then  it fo l lows  t h a t  t h e  map B ( s , K )  is a d i f f e o -  
morphism of OS o n t o  i t s  image B ( O S ) .  I n  t h i s  c a s e  any v e r t i c a l  l i n e  r r: r i n  t h e  
c o n t r o l  space would i n t e r s e c t  B : O s )  i n  a connected i n t e r v a l .  The s t a b l e  pendent d rop  
corresponding t o  ( P , v )  i s  a c c e s s i b l e  from t h e  f l a t  drop u 3 ,  corresponding t o  t h e  
p o i n t  (P,O) i n  t h e  c o n t r o l  space ,  through a smooth one-parameter f m i l y  o f  s t a b l e  
pendent d rops  o f  i n c r e a s i n g  volume and f i x e d  r a d i u s  f o r  t h e  a p e r t u r e  u n t i l  a maximum 
volume i s  reached. Th i s  i s  t h e  proceedure  used by E. P i t t s  i n  h i s  paper .  ' 
I f  t h e  envelope were n o t  smooth and con ta ined  c u s p s ,  then  t h e  poss ib i1 i t .y  a r i s e s  t h a t  
t h e  mapping B ( s , K )  is n o t  a one-to-one map of  0 s  o n t o  i t s  image, o r  t h a t  f o r  some P 
t h e  i n t e r s e c t i o n  o f  t h e  l i n e  r = P w i t h  t h e  s e t  : ( O S )  i s  n o t  connected.  I n  e i t h e r  
c a s e  t h e r e  would e x i s t  s t a b l e  pendent d rops  corresponding t o  some c o n t r o l  v a l u e  ( P , V )  
which could n o t  be connected t o  (r,O) i n  t h e  manner d e s c r i b e d  above. 
I f  we fo l low t h e  " u s u a l "  proceedure  of t r y i n g  t o  d e s c r i b e  t h o s e  d rops  which a r e  a c c e s s i b l e  
from t h e  i n i t i a l  drop u 0 , corresponding t o  t h e  p o i n t  (P,O)then we have t h e  theorem: 
Theorem 6 .  ( a )  I f  P < r f  then  a s  we i n c r e a s e  t h e  volume from z e r o  t h e r e  w i l l  be  
produced a one-parameter family  of  s t a b l e  pendent  d rops  f o r  Problem B. Through an i n i t i a l  
range of  volumes 0 < V < V l ( P ) ,  t h e  p r o f i l e  curves  w i l l  be  convex and t h e  d rops  w i l l  
?evelop a bulge.  When t h e  exposed volume reaches  V1(F),  t h e  p r o f i l e  curve  w i l l  develop 
an i n f l e c t i o n  p o i n t  a t  t h e  edge of  t h e  drop. With i n c r e a s i n g  volumes t h e  d rops  l o s e  
convex i ty ,  b u t  b e f o r e  t h e  l i m i t  of  s t a b i l i t y  i s  reached pendent d rops  p o s s e s s i n g  bo th  a 
necA and a bulge w i l l  evo lve .  
( b )  For  P > B dhere  J l(f?,)  = 0 t h e  "drop" u 5 0 is u n s t a b l e  f o r  problem B due t o  
n o n - ~ ~ e t r i c  p e r t u r b a t i o n s .  For P < e l  t h e  drop u . 0 i s  s t a b l e  and w i t h  i n c r e a s i n g  
volume t h e  p r o f i l e  curves  f o r  t h e  family  of  s t a b l e  pendent  d rops  w i l l  deve lop  an i n f l e c t i o n  
p o i n t  b e f o r e  t h e  l i m i t  of  s t a b i l i t y  i s  reached.  
( c )  For any r a d i u s  I' , drop h e i g h t  i n c r e a s e s  monotonical ly  w i t h  volume throughout  t h e  
range of  s t a b i l i t y .  
The r e s u l t  ( a )  of Theorem 6 was observed i n  t h e  l i m i t i n g  c a s e  of  smal l  drop w i t h  
narrow necks.  bv A.K. C h e s t e r s  5. 
Formation of neck 
 orm mat ion of ulge 
't 
Figure 6 .  Drop formation f o r  Problem B 
S t a b i l i t y  f o r  problem C. 
The con t ro l  parameters a r e  now t h e  angle of i n c l i n a t i o n  6 ,  and t h e  volume V ,  g iv ing  
C ( S , K )  = ($(s ,K)  , V ( S , K ) )  (13) 
as  our  mapping from t h e  parameter space t o  t h e  con t ro l  space. Again we l e t  0 be t h e  set 
of a l l  po in ts  ( s , ~ ) w h e r e  t h e  de r iva t ive  D C ( S , K ) ,  i s  i n v e r t i b l e  and we observe t h a t  t h e  
l i n e  s = 0  does not  meet t he  s e t  0 s ince  C ( O , K )  = (0,O). For each 2 ,  t h e r e  is a  
pos i t i ve  value sC depending on R, such t h a t  DC(s,P) is i n v e r t i b l e  f o r  0 < s c s b u t  i s  
s ingu la r  a t  sC. Let OS be t h e  s e t  of a11 po in t s  i n  0 of t h e  form ( s , R )  wgere 
0  < s Sc. 
Theorem 7. 0 is  an open simply-connected s e t  bounded on the  l e f t  by t h e  l i n e  a  = 0  
and n  e  r i g h t  Sy a  curve y which i s  t h e  graph of a  p o s i t i v e  a n a l y t i c  func t ion  
SC =OoC;:) where l i m i t  o C ( ~ )  Es zero a s  K becomes i n f i n i t e .  
Defini t ion.  For a  given p r o f i l e  curve ( r  (s,K),u(s,iZ)) s 3 0 ,  t h e  volume-constrained 
foca l  Point f o r  problem C is  the  poin t  (rC ,uC) on the  curve wi th  rC= r (sC , i 2 )  , uC= u(sC,K) . 
I f  a  p r o f i l e  curve is t o  generate  a phys ica l ly  meaningful conf igura t ion  f o r  problem C ,  
i t  is necessary t h a t  the  m g l e  of i n c l i n a t i o n  be non-negative along t h e  segment of  t h e  
p r o f i l e  curve generat ing the  drop. Otherwise t h e  drop would i n t e r s e c t  t h e  face .  This  
e l imina tes  from considerat ion t h e  re -en t ran t  drops. Therefore we l e t  0' be t h e  s e t  of 
those poin ts  (B,R) i n  0 f o r  which the  angle of i n c l i n a t i o n  is  p=s i t i $e ,  0  < a  < 8 .  S 
Theorem 8. The p r o f i l e  curve segment corresponding t o  any member of 0' genera tes  
a  s t a b l e  configurat ion f o r  problem C.  I f  t he  poin t  (I,;) l i e s  .outside tfie c losure  of 
the  s e t  O;, then the  generated drop is  uns tab ie  f o r  problem C. 
Remark: This r e s u l t  which was e s s e n t i a l l y  ' c l a s s i ca l "  f o r  problems A and B, i s  
somewhat more d i f f i c u l t  f o r  problem C. 
In o the r  words, l e t  ( r  ,u ) be t h e  volume-constrained f o c a l  po in t  f o r  problem C on 
some p r o f i l e  curve. suppo6e cha t  ( r  ,u ) comes before  t he  poin t  where t he  angle  of 
i nc l ina t ion  i s  zero. I f  ( E . i i )  is 5 p h n t  on t h e  p r o f i l e  curve p r i o r  t o  (r ,u ) then 
the  correeponding pendent drop i s  s t a b l e  f o r  problem C. while  i f  (F .l) come$ aF te r  (rcIuC) 
then the  r e su l t i ng  drop i s  unstable.  
Theorem 9. The volume-constrained foca l  po in t  (r ,u 1 f o r  a given p r o f i l e  curve 
lies between the  f i r s t  and second i n f l e c t i o n  poin ts .  f t  Eomes ahead of t h e  volume- 
cons t ra ined  conjugate poin t  f o r  problem B ,  (rg,uB) . 
Theorem 10. The s e t  C(0;) is symmetric about t h e  l i n e  $ = 0. I t  is  bounded on t h e  
l e f t  by t h e  l i n e  $ = 0 The r e s t  o f  C (0;) is  bounded by C (yC) where yC is  t h e  curve 
describe6 i n  Theorem 7. 
A s  i n  problem 8, t h e  s e t  C(y is t h e  envelope r , of t h e  family of  curves 
$ K S K  . By Theorem 9 Each curve i n  t h e  famfly w i l l  touch t h e  envelope a t  a 
point  where $'(s) is negative. Therefore i n  a neighborhood of  t h e  touching poin t  
each of  t he se  curves may be expressed non-parametrically V = h ( $ , ~ ) .  The envelope 
i s  determined by the  condit ion h (J , ,K)  = 0. I t  w i l l  be a smooth curve i f  h ( I J I , K )  Z 0. 
I f  t he  angle , $  i s  p o s i t i v e ,  theh dV/d$ = ~ , ( $ J , K ) =  V /$ is negative,and w#&e it is 
smooth, t h e  envelope w i l l  be t h e  graph of a dec reas ings fdc t ion .  
Con'ecture That p a r t  of t he  envelope r , which l i e s  i n  t h e  f i r s t  quadrant of t he  
($,- t h e  graph of a smooth functiofi V = V ( @ )  0 < J, < n ,  wi th  V 1  (0) = 0 ,  
V' ( $ 1  neqat ive  f o r  0 < J, <.a , and V '  ( a )  = 0. 
Computer ca l cu l a t i ons  s t rongly  support t h e  conjecture.  ti I f  t he  conjec ture  is t r u e ,  
then ( a s  i n  problem B) t h e  map C would be a diffeomorphism of 0' onto  its image, and 
the  i n t e r s e c t i o n  of a ve r f i ca l  l i n e  J, = it , with CiO') would ije a connected i n t e r v a l .  
This would imply t h a t  a s  we move v e r t i c a l l y  along t h e  l i 8 e  J: = Jj from ( J i , O )  t o  
, V 1 i n  the  cont ro l  space,  t h e  corresponding drops would genera te  t h e  e n t i r e  
familpaxof s t a b l e  pendent drops f o r  problem C. I f  t h e  conjec ture  were not  t r u e ,  then 
a s  was t he  case f o r  problem B,  t h e  procedure j u s t  described would f a i l  t o  pick up some 
s t a b l e  pendent drops f o r  Problem C. ( see  f i g u r e  7 .) 
t he  envelope TC 
- 'JJ 
Figure 7. The curves C ( S  , K )  and t h e i r  envelape TC 
The following theorem i d e n t i f i e s  those s t a b l s  pendent drops t h a t  a r e  acces s ib l e  from 
drops o f  very small volume. 
Theorem 11. ( a )  For any angle of contac t  J j ,  0 < & < n ,  s t a b l e  drops of small  volume 
are-convex and resemble sphe r i ca l  caps. These drops a r e  generated by p r o f i l e  cvrves whose 
t i p  i s  ct uo, where uo i s  ia rge  and negat ive.  A t  a c e r t a i n  p o s i t i v e  volume V , where 
V depends on 8 ,  t he  p r o f i l e  curve genera t ing  t h e  drop w i l l  develop an i n f l e c t i o n  po in t  
a t  i t s  edge. This drop is  s t a b l e .  A s  t he  volume i s  increased ,  f u r t h e r  s t a b l e  pendent 
drops a r e  ionnod, and t h e  i n f l e c t i o n  po in t  on t h e  p r o f i l e  curves w i l l  move t o  t he  i n t e r i o r .  
With increas ing  volume t h e  l i m i t  of s t a b i l i t y  w i l l  be reached before a second i n f l e c t i o n  
poin t  appears. 
(b)  If = 0 a l l  o r o f i l e  curves co r r e s  onding t o  pendent drops of  poo i t i ve  volume 
cant in an i n f l e c t i o n  poin t .  Drops of  smalf volume correspond t o  small values f o r  
a t  tfie drop t i p  A s  is decreased s t a b l e  pendent drops of  increas ing  volume areu?ormed. 
The drop generated by t g a t  p r c t i l e  curve whose t i p  is a t  uo = ua = -2.5678- is  unstable.  (Computer r e s u l t s  i n d i c a t e  t h a t  t h e  s t a b l e  pendent drop cT maximum volume occurs  with 
o = -1.6 with a volume of  18.4 
( c )  For any angle of contac t  drop he ight  i nc reases  monotonically wi th  volume 
throughout the  range of  s t a b i l i t y .  
Remark. For example, i f  the  angle of contac t  $ = (n /2) ,  it fol lows t h a t  wi th  
i n c m  volume and bef r e  t he  po in t  of i n s t a b i l i t y  i s  reached, pendent drops conta in ing  
both a neck and a bulge w y l l  appear. 
F i g u r e  8.  Drop f o r m a t i o n  f o r  problem C 
J u s t i f i c a t i o n  o f  t h e  s t a b i l i t y  c r i t e r i o n .  
As n o t e d  e a r l i e r ,  any r e - e n t r a n t  d r o p  ( d r o p  f o r  which t h e  a n g l e  o f  i n c l i n a t i o n  
becomes n e g a t i v e )  is n e c e s s a r i l y  u n s t a b l e .  O the rwise  a  s t a b l e  symmetr ic  penden t  d r o p  
r e p r e s e n t s  a  s t r o n g  l o c a l  minimum o f  e n e r g y  f o r  any o f  t h e  problems d i s c u s s e d .  A n!ce 
p roof  is based o f  t h e  method o f  H.A.  Schwarz i n  h i s  p roof  o f  t h e  i s o p e r i m e t r i c  p r o p e r t y  
o f  t h e  s p h e r e .  Fo r  example ,  r e l a t i v e  t o  Problem C we can  show t h e  f o l l o w i n g  r e s u l t .  
Theorem 12 .  L e t  tV,R) be a s t a b l e  penden t  d r o p  f o r  problem C w i t h  exposed volume V, - 
and a n g l e  o f  c o n t a c t  $.  Cons ide r  any o t h e r  penden t  d r o p  (Y,S) whose c o n t a i n e d  volume is  V. 
For  e a c h  h o r i z o n t a l  p l a n e  P ,  below t h e  s u p p o r t i n g  p l a n e ,  l e t  A(P) b e  t h e  c r o s s - s e c t i o n a l  
a r e a  o f  YAP,  and l e t  V ( P )  b e  t h e  volume of t h e  d r o p  l y i n g  below t h e  p l a n e  P. L e t  r ( P )  
b e  t h e  r a d i u s  o f  t h e  c ircle  whose a r e a  i s  A ( P ) .  Suppose t h a t  t h e  p a i r  ( r ( P ) , V ( P ) )  
d e t e r m i n e s  a  s t a b l e  penden t  drop for problem B and f o r  e v e r y  p l a n e  P. Then t h e  e n e r g y  
E ( R )  (see ( 7 ) )  is less t h a n  o r  e q u a l  t o  E i S ) ,  w i t h  e q u a l i t y  o n l y  i f  ( X , i l )  = (Y,S) .  
The method o f  p roof  is t o  f i r s t  symmetr ize  (Y,S) p roduc ing  a  n e r  d r o p  o f  less ene rgy  
and t h e  same volume, which w e  t h e n  compare t o  t h e  g i v e n  s t a b l e  d r o p .  
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Capillary surface discontinuitien above re-entrant corners 
N. J. Korevaar 
Mathematics Research Center, University of Wisconsin-Madison 
610 Walnut Street, Madison, Wisconsin 53706 
A capillary surface S is the (equilibrium) interface between two adjacent fluids that 
are also contacting rigid walls. Because the inte~face is in equilibrium one has 
information about the mean curvature of S and its contact angle T with the bounding 
walls. The general problem in the mathematical theory of capillarity is to ase this 
geometric information to deduce propertier of S. 
In this paper we study a particular contlgurativt~ ror which S is the interface between 
two fluids in a vertical capillary tube, in the presence of a downward pointing 
gravitational field. S is the graph a function u whose domain is the (horizontal) cross 
section R of the tube. The mean curvature of S is proportional to its height above a 
fixed reference plane, T is a p.escribed constant and may be taken between zero and x / 2 .  
The particular question we study here is, are there domains R for which u is a 
bounded function but does not extend continuously to an? We find eimple domains to show 
that the answer ie yes and study the behavior of u in those dorcains. 
In section 1 of this note we fix notation and briefly formulate the non-prrametric 
capillary problem described in the second paragraph above. 
In section 2 we review an important comparison principle that has been used (in the 
literature) to derive many of the results in capillarity. It allows one to deduce the 
approximate shape of a capillary surface by constructing comparison surfaces with mean 
curvature and contact angle close to those of the (unknown) solution surface. In the 
context of non-parametric problems the comparison principle leads to height estimates above 
and below for the function u. We describe an example from the literature where these 
height estimates have been used successfully. We indicate areas of possible future 
applications. In section 3 we construct the promised domains for which the bounded u 
does not extend continuously to the boundary. The point on the boundary at which u has a 
jump discontinuity will be the vertex of a re-entrant corner having any interior angle 
8 * x .  Using the con~parison principle we study the behavior of u near this point. 
Much of this paper u ee material from the note, "Or he behavior of a capillary surface 
at a re-entrant corner"' and from other sections of the Ph.D. dissertation, "Capillary 
surface behavior determined by the bounding cylinder's shapem7, by this author. 
Section 1: The r:c -, arametric capillary problem 
- 
2 1 For a Lipschitz domain 0 in R~ a function u e C ( Q )  n C ( 3 )  is a classical 
solution to the capillary problem in a gravitational field if 
div TU = 2ki(SU) = Ku in 0 , 
Tu = IJU Du = gradu, H(S,,) = mean curvature of Su, K > O ,  
0 Y prescribed, n = exterior normal to aP . 
Physically Su describes the capillary surface formed when a vertical cylinder with horizontal cross section O is placed in an infinite reservoir of liquid having zero rest 
height. Then 
K = where P = density of liquid 
g = (downward) acceleration of gravity 
o = surface tension between liquid and air 
0 1 COST = a ol = surface attraction bet-~een liquid and cylinder . 
(More generally, by picking the reference height u = 0 appropriately, Su can be tho 
interface between any two different density fluids occupying a capillary tube. Then o is 
the density difference between the two fluids, o is the difference in surface attraction 
between the two fluids and the bounding cylinder, and o is the surface tension between 
the two fluids) . 
Geometrically div Tu is twice the mean curvature of the surface Su. In some sense this 
is the average amount the surface is curving: Writing the surface locally as a graph above 
its tangent plane at a point P ,  c = b ( n ) ,  then one can verify that at P div Tu is the trace 
of the Hessian of b .  The correct choice of orthogonal coordinates s (called the prinzi- 
pal directions) makes the ilessian a diagonal matrix. Then div Tu is the sum of the curva- 
tures (second derivatives of b )  in these principal directions and H(S,) is the average. 
Geometrically Y is the ccntact angle between the (downward normal to the) capillary 
surface SU and the (exterior normal to the) bounding cylinder 3 0  x R (see Figure 1). 
Thus if the cylinder is of uriform composition Y is constant. We consider that case 
here. By considering the function -u if necessary (locking at the capillary tube upside 
down) we can assume 
The most natural way to prove the existence of capillary surfaces is to solve the 
variational problem associated to (11, ( 2 ) :  u should minimize the ~nergy 
or equivalently 
over the appropriate space of functions. The three terms making up the energy funct'onal 
are (in order surface energy, potential energy from gzavity, wetting energ!,. E m e r a  and 
Finn-Gerhardt' have studied the existence of variational sulutions tc the cayiilary problem 
in Lipschitz domains n. (In particular, existence theorems are guaranteed for the 
particular piecewise sniooth domains considered in section 3 . )  When it exists the function 
u in uniq e, real analytic in and satisfies (1) classically. Wherever 3R is s q o t h  Y enough ! C  1, u extends smoothly and satisfies the boundary condition (2) classically . 
(In-particular u can never be discontinuous at a point where an is smuoth.) 
Figure 1: Configuration for the Figure 2' The comparison principle: If Y < Y 
non-oaran~etric capillary problem. on 30 (wherever v < * I ,  than any last p ~ i # t  
of contact between S v  and S occurs inside 
o x R. ~t such a point, H(s,Y 3 H(s,). 
S e c t i o n  2 1  The compar ison p r i n c i p l e  
L e t  n be t h e  domain be ing  s t u d i e d  f o r  t h e  c a p i l l a r y  problem. L e t  0  b e  a  (bo..nded) 
subdomain ( p o s s i b l y  a l l  of  A ) .  L e t  n  be  t h e  a x t e r i o r  normal t o  30. Fo r  a  f u n c t i o n  
u  l e t  Y d e n o t e  t h e  c o n t a c t  a n g l e  o f  Su w i t h  t h e  s u b c y l i n d e r  10 x R. T h a t  is, 
Tu*n = c8syu. The comparison p r i n c i p l e  f o r  non-parametr ic  su r face r .  z -  r e l a t e d  mean 
c u r v a t u r e  and c o n t a c t  a n g l e  is1 
Theorem 2.11 L e t  v ,  w e c2 (0  ) and suppose  t h a t  
( i )  wherever  v  w  i n  0, d i v  Tv d i v  Tw 
(ii) wherever  v  6 w  o n  a0, Tv*n 2 Twgn l i . e .  Y v  Y w r  
Then v  i o  :lever a c t u a l l y  l e s s  t h a n  w, v  w. 
A s  a p p l i e d  t o  mean c u r v a t u r e  and c o n t a c t  a n g l e  Theorem 2 .!~ js due  t o  Concus and c inn^. 
I t  i s  a  s p e c i a l  c a s e  of  a  v e r y  g e n e r a l  comparison p r i n c i p l e  f c r  e l l i p t i c  e q u a t i o n s  w i t h  
s u i t a b l e  boundary c o n d i t i o n s .  
We roughly  s k e t c h  t h e  c l a s s i c a l  proof  of t h i s  theorem,  assuming c h a t  a0 is  smoatl , 
t h a t  v,w e ~ ' ( 6 )  an2 t h a t  ( i i )  is  r e p l a c e d  by t h e  s t r o n g e r  
- - 
( i i )  wherever  v  < w on a O ,  Y v  Yw.  
(See  F i g u r e  2 .  ) 
i u p p o s e  Sv does  not  l i e  e n t i r e l y  abovr  Sw. Then l i f t  Sv u n t i l  it r e a c h e s  a  p o i n t  
Q of  l a s t  c o n t a c t  w i t h  Sw. ( L i f t i r , g  Sv does  n o t  a f f e c t  i ts mean c u r v a t u r e  o r  c o n t a c t  
-- 
~ n c J l e  w i t h  a0 x R). The c o n d i t i o n  ( i i )  i m p l i e s  t h a t  wherever  v  < w on ab,  Sv rises 
more s t e e p l y  t h a n  S, t o  meet a0 x R. llence Q carmot  be a  bounaary p o i n t ,  on 
a0 x R,  and rnust i n s t e a d  b e  c o n t a i n e d  i n  0  x R. S i n c e  Q i s  a  p o i n t  o f  l a s t  c o n t a c t  
( t h e  l i f t e d )  Sv and S ,  a r e  t a n 1 e n t  t h e r e .  But ( t h e  l i f t e d )  Sv c o n t a c t s  Sw a t  Q 
and neve r  l i e s  bene> th  it ,  s o  w e  m a t  have  H(S,) H ( s w )  t h r r e .  T h i s  c o n t r a d i c t s  ( i ) .  
Thus Sv d i d  a c t ~ a l l y  l i e  above Sw. 
F i l l i n g  i n  t h e  d e t a i l s  t o  t h e  p r e c e d i n g  p roof  one  would s e e  t h a t  it is o n l y  t h e  
e l l i p t i c i t y  o f  t h e  mean c u r v a t u r e  o p e r a t o r  t h a t  i s  used ( f o r  b o t h  t h e  boundary and i n t e r i o r  
a r g u n e n t s  1. 
There  i s  a n o t h e r  ( less  i n t u i t i v e  b u t  a t i l l  s i m p l e )  p roof  t h a t  u s e s  t h e  d i v e r g e n c e  
s t r u c t u r e  o f  t h e  e l l i p t i c  e q u a t i o n  (11 ,  ( 2 ) .  Using t h i s  proof  and t h e  Cact  t h a t  
I T U I  6 1 it is  p o s s i b l e  to s a e  t h a t  a0 can be L i p a c h i t z  and t h a t  t h e  boundary c o n d i t i o n  
( i i )  need o n l y  b e  a t t a i n e d  i n  a  c e r t a i n  w e , ~ k  sense .  I n  p a r t i c u l a r  t h e  pornparison p r i n c i p l e  
w i l l  h o l d  f o r  t h e  p i e c e w i s e  smooth domains c o  s i d e r e d  i n  s e c t i o n  3 and f o r  t h e  s o l u t i o n s  9 u  t c  t h e  c e p i l l a r y  p r c t l e m s  i n  t h e s e  domains . 
The s p e c i f i c  form o f  Theorem 2.1  t h a t  we need f o r  s e c t i o n  3 i 6 :  
C o ~ o l l a ~ y  2.2: Le t  0  be p i e c e w i s e  smooth. L e t  u,v,w e c 2 ( 0 )  and suppooe t h e  c o n t a z t  
a n g l e  f o r  t h e s e  t h r e c  s u r f a c e s  e x i s t s  on t h e  smooth p a r t s  o f  :@. S u p y > s e  
d i v  Tv 6 *v, d i v  Tu = cu ,  d i v  Tw *w I n  b 
y V  6 Y ~ ,  yw a yU on a0 . 
Then v  > u  3 w i n  8. 
Proof :  We show v  2 u: C o n d i t i o n  ( i i )  of  Theorem 2.1 i s  s a t i s f i e d  on a l l  o f  30. 
C o n d i t i o n  ( i )  i s  s a t i s f i e d  s i n c e  v < u  i m p l i e s  l i v  Tv 6 r v  rn 6 d i v  T U .  ~ h u s  v  > 
Remprk 2 .3 :  Note t h a t  t h e  comparison p r i n c i p l e  soundu backwards: I f  v h a s  " l e s s "  mean 
c u r v a t u r e  and " l e s a "  co f i t ac t  a n g l e ,  Sv l ies  above SU.  I f  w h a s  "more" mean c u r v a t u r e  
and "more" c o n t a c t  a n g l e ,  S, 1Fcs benea th  S,. 
Remark 2.41 One o f  t h e  most s u c c e s s f u l  u s e s  of t h e  comparison j t r i n c i p l e  h a s  becn t o  s t u d y  
t h e  seemingly  s t r a n g e  b e h a v i o r  o f  c a p i l l a r y  s u r f a c e s  above dom i n s  w i t h  c o r n e r s ,  i n  t h e  
p r e s e n c e  of g r a v i t y .  T h i s  s t u d y  was unde r t aken  by Concus-Finng who showed t h a t  above a  
c o r n e r  w i t h  i n t e r i o r  a n g l e  8 s a t i s f y i n g  e < r - 2Y, u  approaches  i n f i n i t y  a s  t h e  v e r t e x  
is approached.  I n  c o n t r a s t  t h e y  showed t h a t  f o r  8 2 r - Z Y ,  u i a  bounded, un i fo rmly  an 
t h e  c o r n e r  i s  c l o s e d .  I n  t h e  u n b o ~ n d e d  c a s e  t h e y  a c t u a l l y  c o n s t r u c t e d  a  compar ison s u r f a c e  
that d2scribes u to within a constant. The methods we use in section 3 are very similar 
in spirit to theirs. 
There are other instances in the literature where the non-parametric comparison 
principle yields interesting height estimates, but I feel the general comparison technique 
has not yet been fully utilized, as the £0110-~ing three remarks indicate: 
Remark 2.5: Mean curvathre and contact angle (i.e. capillarity) make sense in the more 
general parametric setting of surfaces. The proof of the comparison principle that I 
sketched roughly can also make sense in the parametric setting: If there are two 
surfaces S1 and S2 of "known" mean curvature (known in the sense that the mean 
curvature is determined by the perhaps unknown position of the surface), each making 
"k.1owrw contact angle with a fixed third surface then by considering appropriate 
families of transformations of S1 relative to Si3' (not necessarily by r-gid motions), 
one can conclude location bounds on possible parametric cipillary surfaces. 
Remark 2.6: There is a connection between comparison surfaces such as those in ( 5 )  and the 
- 
energy fhnctional (4). Roughly speaking if f is a candidate to minimize (4) and if one 
knows of supersolutions v or subsolutions w iq the sense of (5) then one can assume 
without loss of generality that f lies beneath v and above w. This can be very useful 
in proving existence theorems, where it is often important to bound the minimizing 
sequence. For example, one r n give direct proofs of the existence theorems for 
"admissible domains" in the sen e of  inn-~erhardt' using this observation and tt? direct 5 variational techniques of Emer . For parametric variational problems the connection with 
the comparison principle has to do with the families of surfaces described in Remark 2.5. 
I am currently investigating this area and believe it will yield existence theorems for 
parametric capillary surfaces (of the type pictured in Figure 3) depen6;ng naturally on the 
geometry of the fixed bounding walls. 
Remark 2.7: Relativ ly little numerical work has been done computing capillary surfaces. 
-re= been somcf.) The effective use of comparison surfaces can reduce the amount of 
computing time needed by giving a priori bnunds above and below for the candidate functions 
(Remark 2.5). This can be especially useful in domains for which the capillary surface 
behaves in a singular fashion but for which good comparison surfaces can still be 
constructed, ifcr example the narrow wedges described in Remark 2.4 and the domains of 
section 3). 
igure 3: Some 
surfaces . 
capillary 
Section 3: Re-entrant corner domains 
Let 0 and y satisfy 
We will construct a domair. for which a bounded solution u to (I), (2) exists, but 
having a corner of interior angle 8 at which there is a jump discontinuity in u.  he 
arguments can be modified to include the case Y = 0. If Y = ~ / 2 ,  u 0. All other cases 
reduce to one of these ( 3 1 . 1  
Determine the domain scale by fixing R > 0 (ligure 4). Since 0 > r we can pick 
and O 2  satisfying 
For positive r less th.?n RsinJ2, let Qr be a bounded domain, of which the 
intersection with B3R(0) is shown in Figure 4, and which has c4 boundary except at 
Po and P1. B3R(U) is the disc of radius 3R centered at the origin.) 
Figure 4: The intersection of n, Figure 5: The subdomains I, and 11,. BR(Q) 
with tile disc of radius 3R. is tangent to I is the 
circle through bO a:ndPOil 'that hits ij 
with angle 8;. 
Lemma 3.1: There e.:ists a unique solution to (11, (2) in any RE. It is bounded above, 
no-negativs, and extends smoothly to the smooth parts of anc.  
Proof: The existerlce, regularity and boundedness follow from the references mentioned in 
section :. The fact that u > 0 follows immediately from the comparison principle (Cor. 
2 . 2 ) ,  comparing u to w - 0 qn the entire domain Q c .  
We are interested in the behavior of uE near POI as E approaches 0. We will show 
that u stays uniformly bounded in one sector touching Po whereas in andther it gets 
uniformfy large. It follows that u, eventually has a jump discontinuity at P,. 
Let L o  be the subdomain of Q, shown in Figure 5. Then we have 
Lemma 3.2: uE is uniformly bcunded in I,, independently of c. 
-- 
Proof: We use the conlpariscn principle, taking O = I,. Our candidate for a supersolution 
is a function v whey-e graph is a lswer hehisphere lying above BR(Q). Its contact angle 
with B~ : aP = is exactly r - 8 . (If a plane slices a sphere the contact angle 
is the same along the'gntire circle of contact. ) But by (7). . - (Il < 1. Along 
a B  (Q) n R the hemisphtre is vertical, Yv = 0 < yU since u is smooth there. Thus 
R 
v satisfies the supersolution boundary condition of Cor. 2.2. We must lift the hemisphere 
high enough to make 
div Tv rv . (8 
But div Tv = ~H(S,) = 2 / ~ ,  so (8) is satisfied if 
This can be accomplished by placing the south pole at height ~ / R K .  Since the lower 
hemisphere varies in height by R, the comparison principle implies 
This estimate is independent of 6 .  (see Figure 6.) 
Now f i x  8 '  w i t h  Y < 8; < O 2  a n d  l e ~  11, h e  t h e  s u b r e g i o n  o f  0 ,  a s  d e s c r i b e d  i n  
F i g u r e  5. ~ h i n  we h a v e  
Lenuna 3.3:  uc  a p p r o a c h e s  - u n i f o r m l y  i n  11, a s  c  a p p r o a c h e s  z e r o .  
P r o o f :  We a p p l y  t h e  c o n ~ p a r i s o n  p r i n c i p l e  w i t h  0 = I I c .  Our  c a n d i d a t e  w f o r  a  
s u b s o l u t i o n  is t h e  " u n d e r s i d e "  o f  a  t o r u s .  We t a k e  t h e  u n i q u e  ( v e r t i c a l )  t o r u s  i l i  R' 
c o n t a i n i n y  C a n d  C2 ( F i g u r e  5 ) .  I t  is g e n e r a t e d  by r o t a t i n g  Cl a h o u t  a n  a x i s  
p a r a l l e l  t o  the y - a x i s  a n d  g o i n q  t h r o u g h  U l ,  t h e  p o i n t  midway b e t w e e n  C1 a n d  C 2 .  Then 
i n  11, t h e  " u n d e r s i d e "  T  = Sw o f  t h e  t o r u s  i s  t h e  g r a p h  o f  
w h e r e  ( x l , y l )  = U1. T  c o n t a c t s  f j  X R w i t h  c o n t a c t  a n g l e  8; > Y a n d  c c n t a c t s  f 2  x R 
w i t h  c o n t a c t  a n g l e  o f  a t  l e a s t  8;. I t  is v e r t i c a l  a l o n g  C1 a n d  C2 a n d  h a s  c o n t a c t  
a n g l e  Y w  = 1 > Y U  ( s i n c e  u  is s n ~ o o t h  a l o n g  t h e s e  a r c s ) .  Thus  w  s a t i s f i e s  t h e  
s u b s o l u t i o n  boundary  c o n d i t i c n  o f  C a r .  2 . 2 .  I n  o r d e r  t o  b e  a  s u b s o l u t i o n  it  mus t  t h e r e f o r e  
be low enough  t o  s a t i s f y  
l \ u t  t h e  Itlean c u r v a t r r r e  o f  a t o r u s  c a n  be c a l c u l a t e d  a n d  s a t i s f i e s  
1 ) > Kw, i . e .  S o  i t  s u f f l c e s  t c  s a t i s f y  (T - 
T h i s  c a n  b e  d o n e  by p l a c i n g  t h e  h i a h e s t  p a r t  of Sw a t  t h e  h e i q h t  ( 1 1 ) .  S i n c e  t h e  t o t a l  
h e i q t l t  o f  Sw v a r i e s  L)y n o  nlore t h a n  H ,  we t h e n  h a v e  
nlld by t h e  c o n ~ p a r i s o n  p r i n c i p l e ,  
Uut r  is p r o p o r t i o n a l  t o  c and  H is f i x e d ,  so ( 1 2 )  i m p l i e s  t h a t  u c  a p p r o a c h e s  
i n f i n i t y  u n i f o r n ~ l y  i n  I I c  a s  c  a p p r o a c h e s  z e r o .  
Combining Lenmles 3.1-3.3 i l n n ~ e d i a t e l y  y i e l d s  t h e  d e s i r e d :  
Theorerr=: F o r  c s u f f i c i e n t l y  s m a l l  t h e  s o l u t i o n  u c  t o  t h e  c a p i l l a r y  p r o h l e m  ( 1 1 ,  ( 2 )  
i n  fit c a n n o t  he e x t e n d e d  c o n t i n u o u s l y  t o  t h e  v e r t e x  o f  t h e  r e - e n t r a n t  c o r n e r  o f  a n g l e  8. 
O ~ l e  c a n  s t u d y  t h e  1.ehavior  of uc  n e a r  t h e  v e r t e x  more c a r e f u l l y .  C o n s i d e r  f o r  e x a m p l e  
t h e  ~ a r t i c u l a ~  case 8 = 3;2r, e l  = r ,  e2 = r / 2 .  ( T h i s  is t h e  donlain o n e  g e t s  by p u s h i n g  
two v e r t i c a l l y  h ~ l d  t l r icroscope s l i d e s  c l o s e  t o g e t h e r  i n  a  bowl of w a t e r . )  S i n c e  uc 
beconles v e r t i c a l  n e a r  Po t h e  c a p i l l a r y  s u r f a c e  must  " l o o k  l i k e "  t h e  p i c t u r e  i n  F i g u r e  7:  
I t  h a s  e s s e n t i a l l y  no c u r v a t u r e  i n  t h e  v c r t i c s l  d i r e c t i o n  and  i t s  l e v e l  sets a r e  
a p p r o x i m a t e l y  c i r c u l a r  a r c s  w i t h  c u r v a t u r e  cz. I n  f a c t ,  o n e  c.an c o n s t r u c t  c o m p a r i s o n  
s u r f a c e s  h a v i n g  e x a c t l y  t h a t  f o r m  n e a r  P o ,  ( a n d  t h e n  m o d i f i e d  s l i g h t l y  n e a r  t h e i r  h i g h  a n d  low p o i n t s  t o  confornl  t o  t h e  c o m p a r i s o n  p r i n c i p l e ) .  An e a s y  c a l c u l a t i o n  t h e n  i l n p l i e s  t h a t  
t h e  jump i n  u  a t  Po i s  g i v e n  by 
l i m  s u p  ~ ~ ( 1 ' )  - l i n l  i n f  I ~ , ( P )  = - 
r + 1' E K 0  
a s  c appl-oirc11t:s e e r o .  F o r  d i s t i l l e d  w a t e r  a n d  a i r  K is a p p r o x i m a t e l y  1 3  a n d  
be tween  w a t e r  a n d  g l a s s  t h e  c o n t a c t  a n g i e  is n e a r  e e r o ,  s o  t h a t  o n e  s h o u l d  b e  a b l e  t o  a e e  a  
juldp o f  a b o u t  1 cni. by t a k i n g  
T h i s  is  q u i t e  nar row.  E x p e r i m e n t a l l y ,  b e t t e r  s u c c e s s  w i l l  he o b t a i n e d  by u s i n g  t w o  
f l u i d s  o f  a p p r o x i n ~ a t e l y  t h e  same d e n s i t y  ( s o  t h a t  * is c o n s i d e r a b l y  r e d u c e d ) .  ( A l s o ,  f o r  
a  junq:, o f  o n l y  1 c m .  t h e  0 ( 1 )  term i n  ( 1 3 )  c o u l d  s t i l l  p l a y  a  d e s t r u c t i v e  role. ) 
F i g u r e  6: A l o w e r  h e m i s p h e r e  c o n t a c t -  F i g u r e  7: The  a s y m p t o t i c  b e h a v i o r  o f  u  . 
3 n i n 9  anc x R w i t h  a n g l e  less t h a n  ( H e r e  8 = - , O1 = n, B2 = n / 2 ) .  
y. T h e  " u n d e r s i d e "  o f  a  t c r u s  w i t h  
a n g l e  o f  c o n t a c t  g r e a t e r  t h a n  Y. 
Re~iiark 3.5: What h a p p e n s  i n  t h e  c o m p l i n l e n t a r y  c a s e  o f  c o n v e x  c o r n e r s ?  A s  r e m a r k e d  i n  
s e c t i o n  2 ,  i f  0 ( n - 2 y  u a p p r o a c h e s  i n f i n i t y  u  i f o r m l y .  Simon h a s  shown t h a t  i n  t h e  
c a s e  r - 2 1  < 0 2. u a c t u a l l y  e x t e n d s  t o  b e  CP a t  t h e  v e r t e x 8 .  T h e r e f o r e  it seems 
t h a t  t h e  o n l y  way u c a n  h a v e  a  jump d i s c o n t i n u i t y  i s  i f  t h e r e  i s  a  r e - e n t r a n t  c o r n e r .  
T h i s  i s  a c t d a l l y  c o r r e c t :  u  e x t e n d s  c o n t i n u o  s l y  to  a p o i n t  o n  t h e  hou  d a r y  o f  a 9 L i ~ . s c h i t r  domain  i f  t h e  b o u n d a r y  i s  l o c a l l y  C Y  or l o c a l l y  c o n v e x  t h e r e  . 
Acknowledgment  
S r o n s o r e d  by t h e  U n i t e d  S t a t e s  Army u n d e r  C o n t r a c t .  N o .  DAAG29-80-C-0041. T h i s  m a ~ e r i a l  
is b a s e d  upon work s u p p o r t e d  by t h e  N a t i o n a l  S c i e n c e  F o u n d a t i o n  u n d e r  G r a n t  N o .  MCS- 
7927062 ,  Mod. 1. 
R e f e r e n c e s  
1. Brown, R .  A , ,  " F i n i t e  E l e m e n t  Methods  f o r  t h e  C a l c u l a t i o n  o f  C a p i l l a r y  S u r f a c e s , "  J. 
Conip. P h y s i c s ,  V o l .  3 3 ,  pp .  217-235. 1979 .  
2 .  C o n c u s ,  P .  a n d  F i n n ,  R . ,  "On t h e  Be l lav ior  o f  a  C a p i l l a r y  F r e e  S u r f a c e  i n  a  Wedge," 
P r o c .  N a t .  Acad.  S c i . ,  V o l .  6 3 ,  pp .  292-299. 1969 .  
3. Concus ,  P .  a n d  F i n n ,  R . ,  "On C a p i l l a r y  F r e e  S u r f a c e s  i n  a  G r a v i t a t i o n a l  F i e l d , "  
A c t a .  M a t h . ,  Vol .  1 3 2 ,  p p .  207-223. 1974 .  
-- 
4 .  Enuner, M., " E s i s t e n z f ~ ,  U n i c i t d  e R e g o l a r i t a  n e l l e  S u p e r f i c i  d i  Equilibria n e i  
C a p i l l a r i , "  Ann. Univ .  F e r r a r a  S e z .  V I I ,  V o l .  1 8 ,  pp. 79-94. 1973 .  
5. F i n n ,  F .  a n d  G e r h a r d t ,  C . ,  "The I n t e r n a l  S p h e r e  C o n d i t i o n  a n d  t h e  C a p i l l a r i t v  
P r o b l e m , "  Ann. Mat .  P u r a  A p p l .  IV,  V o l .  1 1 2 ,  p p .  13-31.  1977 .  
6. Kcrevaar ,  N . ,  "On t h e  Behavior  o f  a C a p i l l a r y  S u r f a c e  a t  a  Re -en t r an t  C o r n e r , "  
P a c i f i c  J .  Math., V o l .  88 ,  pp. 379-385. 1980. 
7. Korevaar ,  N . ,  C a p i l l a r y  S u r f a c e  Behavior  Determined by t h e  Bounding C y l i n d e r ' s  
Shape,  Ph.D. d i s s e r t a t i o n ,  S t a n f o r d  U n i v e r s i t y .  1981. 
8. Sinlon, L., " R e g u l a r i t y  o f  C a p i l l a r y  S u r f a c e s  Over Domains w i t h  C o r n e r s , "  P a c i f i c  .J. 
Math., Vol. 88,  pp. 363-377. 1980. 
-
9.  Simon, L. and Spruck ,  J . ,  " E x i s t e n c e  and R e g u l a r i t y  o f  C a p i l l a r y  S u r f a c e s  w i t h  
P r e s c r i b e d  C o n t a c t  Ang le , "  Arch. R a t i o n a l  Mech. Anal . ,  Vol. 61 ,  pp. 19-34. 1976.  
F l u i d  models and s i m u l a t i o n s  o f  b i o l o g i c a l  c e l l  phenomena 
H. P. Groenspan 
Department of Mathematics, Massachuset ts  I n s t i t u t e  of  Technology 
Room 2-343, 77 Massachuset ts  Avenue, Cambridge, MA 02139 
Abs t rac t  
One a s p e c t  of  B i o f l u i d  r e s e a r c h  concerns  t h e  dynamics of  coated d r o p l e t s .  Of s p e c i f i c  
i n t e r e s t  i s  t h e  manner i n  which t h e  shape of a d r o p l e t ,  t h e  motion w i t h i n  it a s  wel l  a s  t h a t  
of a s g r e g a t e s  o f  d r o p l e t s  can be c o n t r o l l e d  by t h e  modulation o f  s u r f a c e  p r o p e r t i e s  and t h e  
e x t e n t  t o  which such f l u i d  phenomena a r e  an i n t r i n s i c  p a r t  of c e l l u l a r  processes .  From t h e  
s tandpoin t  of bioloqv,  an o b j e c t i v e  is  t o  e l u c i d a t e  some of t h e  g e n e r a l  dynamical f e a t u r e s  
t h a t  a f f e c t  t h e  d i s p o s i t i o n  of an  e n t i r e  cel l ,  c e l l  c o l o n i e s  and t i s s u e s .  Convent ional ly  
averaged f i e l d  v a r i a b l e s  of continuum mechanics a r e  used t o  d e s c r i b e  t h e  o v e r a l l  "g loba l"  
e f f e c t s  which r e s u l t  from t h e  myriad o f  smal l  s c a l e  molecular  i n t e r a c t i o n s .  By t h i s  means, 
an a t t empt  is made t o  e s t a b l i s h  cause  and e f f e c t  r e l a t i o n s h i p s  from c o r r e c t  dynamical laws 
of motion r a t h e r  than  by what may have been unnecessary invoca t ion  of metabo l ic  o r  l i f e  
processes .  Tha d i s t i n c t i o n  between what must be  a l i f e  p rocess  and what may r e a l l y  be t h e  
r e s u l t  of more o r d i n a r y  inanimate mechanisms is an important  and c e n t r a l  q u e s t i o n ,  t h e  
r e s o l u t i o n  o f  which w i l l  l e a d  t o  a deeper  unders tanding of b i o l o g i c a l  a c t i v i t y  a s  w e l l  a s  
t h e  o r i g i n  of l i f e .  
Several  t o p i c s  a r e  d i scussed  where t h e r e  a r e  s t r o n g  a n a l o g i e s  between d r o p l e t s  and c e l l s .  
These a re :  encapsulated d r o p l e t s  -- c e l l  membranes; d r o p l e t  shape -- c e l l  shape; adhesion 
and spread of  a d r o p l e t  -- c e l l  m o t i l i t y  and adhesion; foams and mul t iphase  f lows -- c e l l  
aggrega tes  and t i s s u e s .  Evidence is presen ted  t o  show t h a t  c e r t a i n  concepts  of continuum 
theory  such a s  s u r f a c e  t e n s i o n ,  s c r f a c e  f r e e  energy,  c o n t a c t  ang le ,  bending moments, e t c .  
a r e  r e l e v a n t  and a p p l i c a b l e  t o  t h e  s tudy  of c e l l  b iology.  
1. I n t r o d u c t i o n  
A primary o b j e c t i v e  of b i o l o g i s t s  i s  t o  unders tand t h e  s t r u c t u r e  and f u n c t i o n  of b a s i c  
molecular  complexes t h a t  c o n s t i t u t e  l i f e  processes .  A t  t h i s  fundamental l e v e l  o f  i n q u i r y  -- 
t h e  d i r e c t  bio-chemical i n t e r a c t i o n s  between molecules  -- f l u i d  dynamics i s  n o t  a p p l i c a b l e  
(a l though mathematical a q a l y s i s ,  p r e s e n t l y  eschewed, could be used more e f f e c t i v e l y ) .  How- 
ever ,  when t h e  focus o f  s tudy  t u r n s  t o  t h e  exp lana t ion  o f  t h e  comparat ively l a r g e  s c a l e  
phenomena t h a t  r e s u l t  from a myriad o f  molecular  r e a c t i o n s ,  continuum theory  becomes a 
n a t u r a l  and o f t e n  p r e f e r r e d  means of i n v e s t i g a t i o n  a s  it does when t h e  corresponding 
t r a n s i t i o n  i n  physics  is made from s i n g l e  t o  many p a r t i c l e  systems. T h i s  i n  f a c t  is a 
p e r t i n e n t  analogy t h a t  w e l l  i l l u s t r a t e s  t h e  a n t i c i p a t e d  r o l e  of cortinuum mechanics i n  
biology. To say t h a t  t h e  movements o f  o r  w i t h i n  a c e l l  a r e  explained by t h e  c o n t r a c t i l e  
c a p a b i l i t y  of c e r t a i n  p r o t e i n  molecules  is  about  a s  s a t i s f y i n g ,  and a s  p r e d i c t i v e ,  a s  t h e  
knowledge t h a t  a l l  mechanics fo l lows  d i r e c t l y ,  i n  some way, from t h e  a p p l i c a t i o n  of Newton's 
laws o f  motion t o  each and every  c o n s t i t u e n t  p a r t i c l e  of a medium. I t  is n o t  g e n e r a l l y  
recognized w i t h i n  biology t h a t  ( a )  t h e  l a r g e  s c a l e  dynamical consequences of t h e  i n t e r -  
a c t i o n  o f  ve ry  many p a r t i c l e s  neeit n o t  be d i s c e r n i b l e  on t h e  n o l e c u l a r  s c a l e  o r  even 
p r e d i c t a b l e  from t h a t  s t andpoin t ;  ( b )  t h e  n e t  e f f e c t  on t h e  aggrega te  can be d i s t i n c t i v e ,  
new phenoniena which t ranscend  t h e  behavior  of t h e  i i c l iv idua l  e lements  such a s  waves, in -  
s t a b i l i t i e s ,  p a t t e r n s  and s t r u c t u r e .  A s  a r e s u l t -  t h e r e  is a p a u c i t y  of c e l l  p h y s i o l o g i c a l  
d a t a  t h a t  i s  r e l e v a n t  t o  continuum formula t ions  and v e r y  few experiments  a t t empt  t o  measure 
t h e  v a r i a b l e s  and parameters  t h a t  c h a r a c t e r i z e  t h e  r h e o l q y  of a medium o r  its dynamic 
response. (Even less can be s a i d  about  acceptance o r  t h e  u s e  of mathematics and mathe- 
mat ica l  models.) Unfor tunately ,  b i o l o g i s t s ,  l i k e  o t h e r  s c i e n t i s t s ,  can s c a r c e l y  maintain  
c o n t r o l  over  t h e  v a s t  flow of informat ion w i t h i n  t h e i r  own s p e c i a l t i e s .  However, t h e  
p resen t  s i t u a t i o n  does  exemplify t h e  o p p o r t u n i t i e s  and cha l lenges  i n h e r e n t  i n  t h e  renewed 
and growing c o n t a c t  between two venerab le  d i s c i p l i n e s ,  and t h e s e  w i l l  b e  s t r e s s e d  here .  
Continuum mechanics o f f e r s  t o  cel l  bioloqy,  t h e  means t o  s tudy  t i s s u e  morphogenesis, 
growth and d i f f e r e n t i a t i o n ,  c e l l  p rocesses  t h a t  invo lve  dynamic change, motion and flow, 
a s  w e l l  a s  t h e  c o n d i t i o n s  t h a t  main ta in  equ i l ib r ium.  The d e s c r i p t i o n  of p a t t e r n s ,  f lows  
and s t r u c t u r e s  i n  t e n s  of concinuurn s t a t e  v a r i a b l e s  and r h e o l o g i c a l  parameters  w i l l  pro- 
v i d e  unders tanding of t h e  dynamical p r i n c i p l e s  t h a t  govern g l o b a l  phenomena. The u s e  o f  
dimensional a n a l y s i s  w i l l  e n a b l e  d a t a  t o  be i n t e r p r e t e d  and c o r r e l a t e d ;  exper iments  w i l l  
be suggested and exper imental  t echn iques  adapted;  t h e o r e t i c a l  models and a n a l o g i e s  w i l l  
h e l p  fo:nulate and test  hypotheses and provide f o r  d e t a i l e d  a n a l y s i s  of  s p e c i a l  even ts .  
In  r e t u r n  b io logy  g i v e s  t h e  continuum mechanician a miraculous " f l u i d "  medium, an awe 
i n s p i r i n g  chemica l ,  m e t a b o l i c  sys t em where ~ l m o s t  a n y t h i n g  :o i~ce ivab le  can  o c c u r  and Beeme 
a c t u a l l y  t o  o c c u r  somewhere. K i t h  s u c h  wondrous m a t e r i a l ,  what must  be a l i f e  p r o c e s s  and  
what can  b e  t h e  r e s u l t  o f  more ordir .ary inan ima te  dynamics become c e n t r a l  q u e s t i o n s  t o  b e  
r e s o l v e d .  The p o l y m e r i z a t i o n  o f  c o n t r a c t i l e  f i b e r s  is a f a v o r e d  omnibus e x p l a n a t i o n  o f  much 
c e l l u l a r  a c t i v i t y  b u t  a l t h o u g h  t h i s  i r  i ndeed  a most  impor t an t  mechanism, non-metabol ic  
dynamic p r o c e s s e s  o f t e n  g i v e  a s i m p l e r  i n t e r p r e t a t i o n  of e v e n t s .  T h i s  d o e s  n o t  mean t h a t  
when a n  i n a n i m a t e  mechanism i s  a d e q u a t e ,  a  more compl i ca t ed  l i f e  p r o c e s s  is unnecessa ry .  
But it does  r e q u i r e  a r a t i o n a l i z a t i o n  o f  why i n  e v o l u t i o n a r y  d e v e l o ~ n n e n t s  a complex p r o c e s s  
h a s  s u b s t i t u t e d  f o r  a s i m p l e r  one .  Q u e s t i o n s  o f  t h i s  t y p e  must  l e a d  t o  d e e p e r  u n d e r s t a n d i n g  
o f  b i o l o g i c a l  p r o c e s s e s .  
B i o l o g i c a l  f l u i d  dynamics,  t h a t  is t h e  f l u i d  dynamics o f  cel ls  and t i s s u e s ,  c o n c e r n s  t h a t  
most  complex m a t e r i a l  rheo logy  y e t  s t u d i e d .  Al though i n  most  c i r c u m s t a n c e s  f l o w s  a r e  s low,  
c e l l u l a r  m a t e r i a l  i s  c h e m i c a l l y  a c t i v e  i n  t h e  ex t r eme ,  most d e f i n i t e l y  a non-Newtonian 
c o l l o i d ,  emul s ion  o r  m i x t u r e  s u b j e c t  t o  t empora l  and s p a t i a l  changes  of s t a t e  from s o l  t o  
g e l ,  a l l  w i t h i n  an ensemble o r  o r g a n e l l e s  o f  v a r i o u s  compos i t ions  and f u n c t i o n s  -- minu te  
de fonnab ie  domains e n c l o s e d  by a l i p i d / p r o t e i n  membranes o f  e x t r a o r d i n a r y  p r o p e r t i e s .  More- 
o v e r ,  even  t h e  s i m p l e s t  hydrodynamic a n a l o g i e s  and s i m u l a t i o n s  of cells and t i s s u e s  l e a d  to  
unso lved  f l u i d  problems o f  c u r r e n t  i n t e r e s t  i n  chemica l  e n g i n e e r i n g ,  rnicrohydrodynamics,  
po lymer i c  and i n t e r f a c e  s c i e n c e s .  
Corresponding t o p i c s  i n  b i o l o g y  and f l u i d  dynamics a r e  rough ly  t h e  f o l l o w i n g :  ce l l  
rheo logy  -- v i s c o e l a s t i c i t y ;  c e l l  membranes -- i a t e r f a c e s  and m ~ n o l a y e r s ;  cel l  shape  -- 
d r o p l e t  dynamics; cel l  adhes ion  and m o t i l i t y  -- l i q u i d  adhes ion  and s p r e a d i n g ;  ce l l  
a g g r e g a t e s  -- foams, e m u l s i o n s  and m u l t i - p h a s e  m i x t u r e s .  Some s p e c i f i c  problems w i l l  
i l l u s t r a t e  t h e s e  c o n n e c t i o n s  and t h e  feedback t h a t  c o n t i n u a l l y  g e n e r a t e s  new q u e s t i o n s .  
2 .  Su rvey  
Some o f  t h e  b i o l o g i c a l  phenomena which my c o l l e e g u e s  and I have  s t u d i e d  u s i n g  continuum 
t h e o r y  a r e  c e l l  c l e a v a g e ,  c e l l  a d h e s i o n  and m o t i l i t y ,  ce l l  membranes ( a s  monolayer  c o a t i n g s  
on d r o p l e t s ) ,  c e l l  c u l t u r e s  and c a p i l l a r y  growth.  
The re  a r e  e s s e n t i a l l y  two c l a s s e s  o f  problems r e p r e s e n t e d  h e r e .  One c o n c e r n s  mot ion  of  
and w i t h i n  a cel l  and t h e  o t h e r  d e a l s  w i t h  t h e  dynamics o f  cel l  a g g r e g a t e s .  I n  t h e  fo rmer ,  
t h e  r e l e v a n t  l e n g t h  s c a l e  i s  t h e  s i z e  o f  t h e  c e l l ,  which though s m a l l ,  i s  s t i l l  v e r y  much 
g r e a t e r  t h a n  molecu la r  d i s t a n c e s .  I n  t h e  l a t t e r  t h e  ce l l  i t s e l f  may b e  viewed a s  t h e  b a s i c  
e l emen t  o f  t h e  t i s s u e  f l u i d  a s  l ong  a s  t h e  phenomenological  s c a l e s  a r e  many ce l l  l e n g t h s .  
(However, b o t h  s c a l e s  a r e  u s u a l l y  m i c r o s c o p i c  i n  t h e  l i t e r a l  s e n s e .  Large  and cana l l  d i s -  
t a n c e s  a r e  r e f e r r e d  t o  t h e n  a s  m i c r o s c o p i c  o r  submic roscop ic  and u l t r a f i n e ,  r e s p e c t i v e l y . )  
A continuum theory  based on s u r f a c e  t e n s i o n ,  s low v i s c o u s  f l o w  and an  approx ima te  
momentum e q u a t i o n  s i m i l a r  t o  Darcy ' s  law, was f o r m u l a t e d 4  t o  d e s c r i b e  t h e  growth and 
movement o f  c e r t a i n  c e l l  c u l t u r e s  i n  r e s p o n s e  t o  a d i s t r i b u t i o n  o f  n u t r i e n t .  I n  t h i s  model,  
a  new c e l l  forms,  expands t o  p r o p e r  s i z e ,  and pushes  a s i d e  n e i g h b o r i n g  cells o f  t h e  c u l t u r e .  
The f o r c e s  o f  d i s p l a c e m e n t  a r e  t r a n s m i t t e d  w i t h  a t t e n u a t i o n  th roughou t  t h e  cel p o p u l a t i o n .  
The t o t a l  p r e s s u r e  deveioped i n  t h i s  way ci iuses i n t e r n a l  m i g r a t i o n  o f  cells and a d r i f t  o f  
t h e  e n t i r e  co lony  a s  it b u i l d s  i n  t h e  d i r e c t i o n  o f  a r i c h e r  s u p p l y  o f  n u t r i e n t .  The 
i n t e r n a l  mot ion  i s  assumed t o  be  p r o p o r t i o n a l  t o  t h e  necja t ive  g r a d i e n t  o f  t h e  p r e s s u r e  and 
a s u r f a c e  t e n s i o n  f o r c e  p r o p o r t i o n a l  t o  t h e  mean c u r v a t u r e  o f  t h e  tumor s u r f a c e  m a i n t a i n s  
t h e  co lony  a s  a compact and c o n t i n u o u s  mass. I n  e s s e n c e  t h e n ,  t h e  c u l t u r e  is s i m i l a r  t o  a n  
i n c o m p r e s s i b l e  f l u i d  w i t h i n  a v a r i a b l e  d o n a i n  i n  which t h e r e  a r e  s o u r c e s  and s i n k s .  T h i s  
t h e o r y  and e l a b o r a t i o n s  o f  i t 2  a r e  Found t o  y i e i d  good agreement  w i t h  o b s e r v a t i o n s .  
The c o m p e t i t i o n  between s u r f a c e  and i n t e r i o r  f o r c e s  t h a t  c o n t r o l  t h e  s h a p e  o f  t h e  c o l o n y ,  
mo t iva t ed  a n  examina t ion  o f  dynamic i n s t a b i l i t y  of  such  c u l t u r e s 3 ,  T h i s  a n a l y s i s  
e s t a b i i s h e d  t h e  c o n d i t i o n s  i n  which t h e  s l i g h t  s u r f a c e  d i s t o r t i o n s  t h a t  a r i s e  l e a d  t o  t h e  
p o s s i b l e  d i v i s i o n  o f  o r  d i s i n t e g r a t i o n  o f  t h e  co lony .  T h i s  l i x e  o t h e r  a n a l y s e s  makes 
t h e  i m p o r t a n t  p o i n t  t o  b i o l o g i s t s  t h a t  i n s t a b i l i t i e s  a r e  a n a t u r a l  p a r t  o f  b i o l o g i c a l  
development . 
T h i s  example o f  t h e  c o n t r o l  o f  shape  by s u r f a c e  t e n s i o n ,  and t h e  form o f  t h e  most  
prominent  mode o f  i n s t a b i l i t y  s u g g e s t e d  t h a t  ce l l  c l e q v a q e  c o u l d  a l s o  b e  approached a l o n g  
s i m i l a r  l i n e s .  A t h e o r y  o f  c y t o k i n e s i s  was p r e s e n t e d  i n  which c y t o p l a s m i c  s t r e a m i n g ,  
fur row development ,  c o n t r a c t i l e  r i n q  fo rma t ion  and d i v i s i o n  a r e  a l l  d i r e c t  and r e l a t e d  
e f f e c t s  o f  a dynamical  i n e t a b i l i t y  t h a t  i s  caused  by t h e  m o d t l a t i o n  o f  t e n s i o n  a t  o r  n e a r  
t h e  membrane s u r f a c e  d u r i n g  anaphase .  Based on e a r l i e r  work , a comple t e ly  f :u id  model 
o f  c l e a v a g e  dynamics was c o n s t r u c t e d  i n  which a n  e f f e c t i v e  s u r f a c e  t e n s i o n  s i m u l n t e s  t h e  
sum o f  a l l  f o r c e s  e x e r t e E  w i t h i n  t h e  boundary s t r u c t u r e  o f  a ce l l .  The dynamical  p r o c e s s  
h y p o t h e s i z e d  was shown t o  b e  u n s t a b l e  and once  t r i a g e r e d  deve lops  r a p i d l y  w i t h o u t  f u r t h e r  
s t i m u l a t i o n .  The pr imary  p a t t e r n  o f  i n s t a b i l i t y  e x h i b i t s  t h e  t y 2 i c a l  s h a p e  of  fu r row 
f o r m a t i o n  a t  t h e  e q u a t o r ;  t h e  t i m e  s c a l e  of t h i s  e x c i t a t i o n  i s  a l s o  c o n s i ~ l t e n t  w i t h  
o b s e r v a t i o n s .  However, t h i s  f i r s t  model i s  much t o o  s i m p l e  t o  be  an  e n t i r e l y  real ist ic  
d e s c r i p t i o n  of a  cel l ,  b u t  it, w i t h  t h e  accompanying expe r imen t s  on  t h e  d i v i s i o n  o f  o i l  
d r o p l e t s  and subsequen t  continuum a n a l y s i s  o f  t h e  ce l l  membrane a s  a  t h i n  e l a s t i c  s h e l l ' ,  
w e l l  i l l u s t r a t e  t h e  c a p a b i l i t i e s  o f  s u r f a c e  f o r c e s  and t h e  manner i n  which  t h e y  may be  
i m p l i c a t e d  i n  t h e  d i v i s i o n  p r o c e s s .  
A common theme i n  a l l  t h i s  work is t h e  c o n t r o l  o f  d r o p l e t  shape  by s u r f a c e  f o r c e s  t h a t  
a r i s e  from t h e  d i s t r i b u t i o n  of a  s u r f a c t a n t  o n  a p u r e  i n t e r f a c e ,  o r  from a  m a t e r i a l  which 
is i n  f a c t  a s e p a r a t e  s u r f a c e  f l u i d .  S e v e r a l  d r o p l e t  problems were  examined i n  o r d e r  t o  
e x p l o r e  t h e  r ange  o f  phenomena a s s o c i a t e d  w i t h  s u r f a c e  f l o w s  and t o  d e v e l o p  g r e a t e r  
i n t u i t i o n  r e g a r d i n g  t h e  p o s s i b l e  r e l e v a n c e  o f  such  e f f e c t s  i n  cel l  b io logy .  For  example,  
it h a s  been shown-hat t h e  d e p o s i t i o n  o f  mass t o  t h e  s u r f a c e  l a y e r  is i n  i t s e l f  s u f f i c i e n t  
t o  c a u s e  s p i c u l a t i o n  o f  a d r o p l e t  i f  t h e  l a y e r  m a t e r i a l  is n e a r l y  i n c o m p r e s s i b l e ,  i .e. ,  t h e  
s u r f a c e  compress iona l  modulus i s  l a r g e .  At e a r l y  times, t h e  s u r f a c e  l a y e r  d o e s  indeed  
behave l i k e  a t r u e  i n c o m p r c s s i h l e  f l u i d  and c r e n a t i o n s  form. Rut t h e s e  p r o t u b e r a n c e s  
d e c r e a s e  i n  s i z e  hnd i n  number a s  t h e  c o m p r e s s i b i l i t y  o f  t h e  r e a l  c o a t i n g  t a k e s  e f f e c t ,  
u n t i l  f i n a l l y  t h e  d r o p l e t  a g a i n  becomes s p h e r i c a l .  E s s e n t i a l l y  too much s u r f a c e  a r e a  f o r  
t h e  c o n t a i n e d  volume c a u s e s  r i p p l e s .  The manner i n  which e x c e s s  a r e a  is a c t u a l l y  
accommodated by f u l l y  n o n l i n e a r  changes  o f  d r o p l e t  s h a p e  -- whethe r  by bumps, i n v a g i n a t i o n ,  
f o l d s ,  o r  a  b reak  up i n t o  s m a l l e r  d r o p l e t s  -- is a  q u e s t i o n  under examina t ion .  
I t  is known t h a t  t h e  d e p o s i t i o n  and d r s o r p t i o n  of s u r f a c t a n t s  a l s o  l e a d s  t o  i n t e r f a c e  
i n s t a b i l i t i e s ~ ' ,  and i n  t h e  combina t ion  o f  t h e s e  e f f e c t s  ( and  3 more complex model o f  t h e  
s u r f a c e )  l i e s  a  p o s s i b l e  e x p l a n a t i o n  o f  a t  l e a s t  t h e  o n s e t  of  c r c n a t i o n ,  v i l l a t i o n ,  and 
s p i c u l a t i o n  of r e a l   cell^'^. 
The c o l l a p s e  of s u r f a c e  n o n o l a y e r s  i s  a  c l o s e l y  r e l a t e d  i n s t a b i l i t y  problem o f  i n t e r e s t  
which i s  be inq  esm,ined s i m u l t a n e o u s l y .  The ma themat i ca l  formal ism dtweloped i o r  d r o p l e t s  
a p p l i e s  i n  t h i s  c a s e  a s  w e l l .  
A s i m i l a r  approach based  on " t h i n  s h e l l "  t h e o r y  of s o l i d  mechanics was used  t o  c o n s t r u c t  
a  model o f  c a p i l l a r y  orowth i n  t i s s u e 1 ' .  Here t h e  s u r f a c e  a r e a  of  t h e  c a p i l l a r y  "cylinder" 
which c o n s i s t s  o f  endotheli .31 ce l l s ,  i n c r e a s e s  a s  t h e  c c l l s  d i v i d e .  T h i s  l e a d 3  t o  s i n u o u s  
and bu lbous  i n s t a b i l i t i e s  of t h e  column. These  d i s t o r t i o n s  secm e s s r n t i a l l y  t re sune a s  
t h o s e  o f  c a p i l l a r i e s  obse rved  i n  s i t u l :  .lnd i n  f a c t ,  t h e  t h e o r y  p r o v i d e s  a n  e x , > l a n a t i o n  o f  
and q u a l i t a t i v e  agrcer lcnt  w i t h  e s p c r i m e n t a l  d a t a .  
The u s e  of an e f f e c t i v e  s u r f a c e  t e n s i o n  t o  nlodel t h e  nrembralre and s u b c o r t i c a l  s t r  : tu re  
of t h e  c e l l  n a t u r a l l y  qave rise t o  t h e  q u e s t i o n  of whether  a d h c s i o ~ r  and m o t i l i t y  o f  c e l l s 1 '  
c o u l d  a l s o  be  s i m u l a t e d  by d r o p l e t s 1 " .  
I n t e r f a c i a l  t e n s i o n s  between membrane, s u b s t r a t u m  and amhicnt  mcdiilm must be  a  p a s t  o f  
t h e  p h y s i c a l  mechanism by which an  a l m o s t  s f h r r i c a l  c e l l  r a p i d l y  f l a t t e n s  a f t e r  m i t o s i s .  
Chemlcal <.hanges i n  t h e  cc l l  s u r f a c e  a t  d i v i s i o n  proh-ibly i n c r e a s e  t h e  a f f i n i t y  o f  membrane 
molecu le s  f o r  t h o s e  of t h e  s u b s t r ~ t u m  o r  so. i d  boundary providinc: t h e r e b y  t h e  main f o r c e s  
f o r  t h e  i n i t i a l  e x t e n s i o n  of a  ce l l .  The i n t r i n s i c  proctxss  may bc  somewhat analof lous  t o  
t h e  s p r e a d  o f  a  l i q u i d  d r o p l e t  on 3 s o l i d .  Al thouqh t h e  c e l l  a t t a c h e s  t o  t h e  s u r f a c e  st 
o n l y  thousands  oi sites ma in ly  a lonq i t s  p c r i p h c r y T " ,  w h i l e  tilere a r c  many b i l l i o n s  o f  
b ind inq  s i tes  f o r  .I l i q u i d  d r o p l e t ,  t h i s  i s  s t i l l  p robab ly  a  s u f  f i c i e n t l y  l a r g e  sample  f o r  
tllc 5;imc hi~rr l  ol' s t a t i s t i ~ . ; a l  ; r v c r ; ~ g i ~ q  tci .appl\. tl::it I I I \ J ~ * I . ! ~ C S  .I C O I I ~  ~ I ~ I I I I ~ I ~  thc01.y .  I t  h0111.l 
t h e n  f o l l o w  t h a t  s u c h  c o n c e p t s  a s  s u r f a c e  f ree e n c r q y ,  sp read inq  and c o n t a c t  a n o l e  have 
l o o s e  a n a l o q s  i n  c e l l  a d h e s i o n  and m o t i l i t y .  ( I t  shou ld  b e  n o t e d  t h a t  t h c  s p r e a d i n g  o f  
a  l i q u i d  d r o p l e t  i s  i n  many r e s p e c t  an unsolveti  problem. The e s a c t  n a t u r e  of t h e  boundary 
c o n d i t i o n s  a t  t h e  advancing l i q u i d / s o l i d  boundary is u n c l e a r ' ?  and t h i s  r e f l e c t s  t h e  un- 
c e r t a i n t y  abou t  t h e  p h y s i c s  o f  f l u i d  a t t a c h m e n t  of a  s u r f a c r  which i m p l i e s  t h e  c o n d i t i o n  of  
n o - s l i p .  
We advanced .I modelL ' f o r  t h e  movcmcnt o f  a  sn la l l  d r o p l c t  on .I s u r f a c e  s p e c i f i c a l l y  
a d a p t e d  f o ~  t h e  h iqh  v i s c o s i t y  of ce l l s .  T h i s  was based on t h e  l u b r i c a t i o n  e q u a t i o n s  and 
used t h e  concep t  o f  dynamic c o n t a c t  a n q l e  t o  d e s c r i b e  t h e  f o r c e s  t h a t  a c t  on t h e  f l u i d  a t  
t h e  c o n t a c t  l i n e .  Thc s p e c i f i c  p r o b l a s  s o l v e d  w i t h  t h i s  t h e o r y  were t h e  s p r e a d i n g  and 
r e t r a c t i o n  of a  c i r c u l a r  d r o p l e t :  t h e  advance  o f  a t h i n  two-dimensional  l a y e r ;  t h e  c r 2 e p i n y  
of a  d r o p l e t  on a  coatt?d s u r f a c e  t o  a  r e g i o n  of q s e a t e r  adhes ion ;  t h e  d i s t o r t i o n  of d r o p l c t  
shape  owing t o  s u r f a c e  con tamina t ion .  A more i n t e n s i v e  a n a l y s i s  o f  t h e  equationsl\hhvwed 
t h a t  an  advancing d r o p l e t  bccmles  more pear-shaped i n  o u t l i n e ,  w i t h  a  b r o a d e r  advancinq 
c o n t a c t  l i n e  and A narrower  r e t r e a t i n g  edge .  T h i s  h a s  some of t h e  f e a t r l i c s  o f  m o t i l e  cells: 
however, numer i ca l  methods w i l l  have t o  be employed t o  examine f u r t h c ~ '  t h e  shape  and 
s t a b i l i t y  of t h e  edge  con tour .  
The s i m i l a r i t i e s  between t h e  spreaci of a ce l l  and of a d r o p l e t  t h a t  were  n o t e d  by 
Greenspan and ~ o l k r n ? n l \  hhac been e x p l o i t e d  t o  a  remark.-ible d e q r c e  i n  t h e  z x p e r i m e n t s  o f  
Folkman and Nosc~ma .  @. They hnve shown t h a t  t h e  stray-e o f  a c c l l  can  d e t e r m i n e  whether  DNA 
s y n t h e s i s  w i l l  b e  p e r m i t t e d ;  t h e  t e c h n i q u e  used  was t o  c o n t r o l  t h e  d e g r e e  o f  s p r e a d i n g  on 
c o a t e d  t h e  p l a s t i c  s l i p s ,  i . e . ,  by modify ing t h e  i n t e r f a c i a l  t e n s i o n  i n  t h e  known manner. 
The f a c t  t h a t  cel l  s h a p e  can  b e  proven t o  c o r r e l a t e  w i t h  cel l  f u n c t i o n  substantiates s a n e  
o f  t h e  e a r l i e r  hypo theses  r e l a t i n g  shape  and f u n c t i o n " .  T h e r e  i s  now c o n s i d e r a b l e  
evidence ' :  t h a t  s u r f a c e  t e n s i o n  and c o n t a c t  a n g l e  a r e  mean ingfu l  and u s e f u l  c o n c e p t s  i n  
ce l l  b i o l o g y ,  b u t  more work is r e q u i r c d  b e f o r e  t h e  a d v a n t a g e s  o f  t h i s  v i e w p o i n t  a r e  
a c c e p t e d .  
The s t u d y  o f  t h e  dynamics o f  e n c a p s u l a t e d  d r o p l e t s  h a s  been ex tended  by c o n s i d e r i n g  a 
s u r f a c e  c o a t i n g  which is an  o r i e n t e d ,  p o l a r  f l u i d  o f  e i t h e r  a monolayer  o r  a b i l a y e r  
s t r u c t u r e .  The g e n e r a l  t h e o r y  of p o l a r  f l u i d s 2 3  was adap ted  f o r  s u c h  s u r f a c e  and 
g e n e r a l  c o n s t i t u t i v e  laws were  de t e rmined  t % a t  r e l a t e  s u r f a c e  stress, s t r a i n ,  bending manent 
and a non-Newtonian r h e ~ l o g y ' ~ .  The bending ;moment o f  t h e  membrane a r i s e s  f r a n  t h e  
p r e f e r r e d  o r i e n t a t i o n  o f  t h e  m o l e c u l e s  t h a t  form t h e  s u r f a c e  l a y e r .  I t s  impor t ance  h a s  been 
d i s c u s s e d  i n  c o n n e c t i o n  w i t h  t h e  s h a p e  o f  t h e  r e d  b lood  cell '5 and w i t h  t h e  growth o f  
c a p i l l a r i e s  i n  t i s s u e s 1 ' .  I n  b o t h  c a s e s ,  t h e  bending moment a p p e a r s  as a s t a b i l i z i n g  f a c t o r  
d 
because  it a c t s  t o  undo d i s t o r t i o n s  o f  an  e q u i l i b r i u m  c o n f i g u r a t i o n  and t o  c u t  o f f  t h e  
growth o f  i n c i p i e n t  wave i n s t a b i l i t i e s  below a c e r t a i n  wave l e n g t h .  However, t h i s  is  n o t  
a s  y e t  a g e n e r a l  c o n c l u s i o n  v a l i d  i n  a l l  c i r cums tances .  The i n t e r p l a y  of  moments, v a r i a b l e  i 
s u r f a c e  t e n s i o n  ( p r e s s u r e )  and chemica l  exchange w i t h  t h e  b u l k  f l u i d  by t h e  d e p o s i t i o n  and 
d e s o r p t i o n  of s u r f a c t a n t s  c o u l d  e a s i l y  produce  a r a n g e  of  new, i n t e r e s t i n g  and s u r p r i s i n g  j 
e f f e c t s .  
We a r e  c u r r e n t l y  examining t h e  dynamics of l i q u i d / l i q u i d  foams ( i .e . ,  c o a t e d  d r o p l e t s  
i n  an aqueous medium) w i t h  t h e  f o c u s  on  an  a c c u r a t e  d e s c r i p t i o n  o f  t h e  mot ion  t h a t  r ~ s u l t s  
from t h e  a d d i t i o n  of s u r f a c t a n t s .  The b e h a v i o r  o f  such  sys t ems  is i n  many ways a n a l o g o u s  
to  assemblages  of c e l l s  i n  c u l t u r e s  and  c o l o n i e s .  Fo r  example,  s p i r a l  p a t t e r n s  o f  mot ion  
a r c  obse rved  i n  such  b i l i q u i d  foams?6 ;  l i k e w i s e  t h e  d c v e l o p e n t  o f  " s i m i l a r "  s p i r a l s  i n  
c u l t u r e d  e p i d e r m a l  c e l l s  h a s  a l s o  been d e ~ c r i b e d ? ~ .  Vhe the r  t h e  u n d e r l y i n g  mechan ica l  and 
v i s c o - e l a s t i c  p r o c e s s e s  a r e  a l s o  ana logous  remains  t o  b e  s e e n . "  One d i f f i c u l t y  is  t h a t  t h e  
f l u i d  dynamics o f  foams i s  e s s e n t i a l l y  a n  undeveloped a r e a  whose t h e o r e t i c a l  f o r m u l a t i o n  is 
n o t  comple t e ly  unde r s tood .  Accord ing ly ,  we have  had t o  b e g i n  w i t h  c e r t a i n  fundamen ta l ,  
i d e a l i z e d  problenrs t h a t  a r e  s e v e r a l  l e v e l s  removed from b i o l o g i c a l  a p p l i c a t i o n s ,  and t h i s  
h a s  indeed  become a s e p a r a t e  program o f  r e s e a r c h .  
The r e s u l t s  of  such  a s t u d y  shou ld  a l s o  b e  d i r e c t l y  r e l e v a n t  t o  o u r  c o n t i n u i n g  
i n v e s t i g a t i o n  of t h e  growth and movement of c e r t a i n  ce l l  c u l t u r e s  and s o l i d  tumors  i n  
r e s p o n s e  t o  a changinq chemica l  envi ronment .  Development o f  a more e l a b o r a t e  compressib:e 
f l u i d  model o f  t i s s u e s  is n e c e s s a r y  i n  o r d e r  t o  s u b s t a n t i a t e  o r  t o  g e n e r a l i z e  t h e  e m p i r i c a l  
dynamical  law t h a t  h a s  been assumed. We would t h e n  b e  b e t t e r  p o s i t i o n e d  t o  i n q u i r e  a b o u t  
t h e  dynamic r e s p o n s e  of c u l t u r e s  t o  s t i m u l i ,  and t h e  e f f e c t s  o f  s p a t i a l l y  v a r y i n g  
r h e o l o q i c a l  p r o p e r i t e s .  
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C a p i l l a r y  f o r c e s  e x e r t e d  by l i q u i d  d r o p s  caugh t  between c r o s s e d  c y l i n d e r s :  
A 3-D meniscus problem w i t h  f r e e  c o n t a c t  l i n e  
T. W. Patzek and L. E. S c r i v e n  
Department of  Chemical Engineer ing r Mater ie l2  ':ience, 
U n i v e r s i t y  o f  Minnesota,  Minneapol is ,  Minnesota 55455 
A b s t r a c t  
The Young-Laplace equa t ion  i s  so lved  f o r  three-dimensional  menisc i  between c r o s s e d  
c y l i n d e r s ,  w i t h  e i t h e r  t h e  c o n t a c t  l i n e  f i x e d  o r  t h e  c o n t a c t  a n g l e  p r e s c r i b e d ,  by means of 
t h e  G a l e r k i n / f i n i t e  element method. Shapes a r e  computed, and w i t h  them t h e  p r a c t i c a l l y  
important  q u a n t i t i e s :  d r o p  volume, we t ted  a r e a ,  c a p i l l a r y  p r e s s u r e  f o r c e ,  s u r f a c e  t e n s i o n  
f o r c e ,  and t h e  t o t a l  f o r c e  e x e r t e d  by t h e  d r o p  on each  c y l i n d e r .  
1. Problem s ta tement  
A l i q u i d  d r o p  between s o l i d  f i b e r s  (F ig .  1) c o n s t i t u t e 3  a  three-phase  system whose 
thermodynamic a e s ~ r i p t i o n  may become q u i t e  inva lved  ( c f .  Huh 1 9 6 9 ) .  However, even without. 
g r a v i t y ,  i f  t h e  f l u i d - s o l i d  c o n t a c t  l i n e  d i f f e r s  from a  c i r c l e ,  o r  two c o a x i a l  c i r c l e s ,  
t h e  d rop  s u r f a c e  g e n e r a l l y  form6 a  three-dimensional  meniscur of c o n s t a n t  cur -~ .a tu re ,  d i f -  
f i c u l t  t o  app,oximate from experiment and n o n - t r i v i a l  t o  compute from theory .  I n  l a r g e  
d rops ,  g r a v i t y  j o i n s  s u r f a c e  t e n s i o n  i n  t h e  moldin,? of shape and t h e  s i t u a t i o n  becomes 
even more complex. The s u r f a c e  energy of  t h e  system i n  t h e  absence of g r a ~ i t y  is  
E = aLVSLV + (aLS - oSV) sLS + E~ . 
l i q i v a p  l i q / s o l - s o l / v a p  so l /vap  datum 
llere t h e  s o l i d  s u r f a c e  i s  r i g i d  and t h e  s o l i d - l i q u i d  vapor i n t e r a c t i o n s  a r e  L e s c r i b e d  by 
t h e  c o n s t a n t  i n t e r f a c i a l  t e n s i o n s  oLVt aLSl and oSV. 
Equi l ib r ium d r o p  shapes  make t h e  s u r f a c e  energy s t a t i o n a r y ,  i .e.  6E = 0 f o r  a l l  p e r t u r -  
b a t i o r ~ s  t h a t  l e a v e  t h e  d rop  volume f i x e d ,  6V = 0 ,  a ~ l d  oithe18 t h e  c o n t a c t  l i n e  f i x e d ,  
6zL = 0, o r  t h e  c o n t a c t  a n g l e  ~ n c h a n g e d ,  ( QLV = c o s  0 ,  where 0  is  t h e  c o n t a c t  
angfe )  . These c o n d i t i o n s  d e f i n e  a  v a r i a t i o n a l  problem e q u i v a l e n t  t o  t h e  Young-Laplace 
equa t ion  of c a p i l l a r i t y  - a  normal stress ba lance  - w i t h  a p p r o p r i a t e  boundary c c n d i t i o n s  
a t  t h e  c o n t a c t  l i n e :  
c a p i l l a r y  p r e s s u r  
"7 \\ normal i n t e r f a c e  p e r t u r b a t i o n  
- I 
6E = j 1 x p k  - 2HLV (?5LV) 6 ~ L V  kV dS + 
SLV 1- 
i n t e r f a c e  - O x  mean 1 / L i t  normal t o  i n t e r f a c e  
c u r v a t u r e  
i n t e r f a c e  l o c a t i o n  1 
normal c o n t a c t  l i n e  
+ 1 [QLV . 0 s  - 
I 
LLSv \ \ u n i t  normal t o  s o l i d  s u r f a c e  
L c o s i n e  of c o n t a c t  a n g l e  6 
~ q .  [2]  makes p l a i n  t h a t  t h e  van i sh ing  v a r i a t i o n  f o r c e s  t h e  Young-Laplace r e s i d u a l ,  
2H -(m - pL)/oLV, and l i k e w i s e  t h e  young-~upr6  r e s i d u a l ,  c o s  0  - (as"  - oLS)/oL; , t o  be 
orkyogona l ( a s  viewed i n  t h e  a p p r o p r i a t e  f u n c t i o n  space)  t o  a d m i s s i b l e  nr rmal pe r tu rba-  
t i o n s .  
A d r o p  o f  l i q u i d  t r a p p e d  between two p e r p e n d i c u l a r  cy l inde r? .  o f  e q u a l  r a d i i  ir o f  in -  
terest. When t h e  c y l i n d e r s  t ouch ,  t h e i r  p o i n t  o f  c o n t a c t  i s  t a k e n  a e  t h e  o r i g i n  ( F i g .  2 ) .  
S p h e r i c a l  c o o r d i n a t e s  a r e  used  to o b t a i n  a s i n g l e - v a l u e d  r e p r e s e n t a t i o n  o f  t h e  l i q u i d -  
vapor  i n t e r f a c e .  A s p h e r e  o f  r a d i u s  R, e q u a l  t o  t h e  c y l i n d e r  d i a m e t e r ,  is c h o r e n  a s  t h e  
oaee  s u r f a c e  and i s  c e n t e r e d  a t  t h e  o r i g i n .  
The unknown p o e i t i o n  o f  t h e  i n t e r f a c e ,  meaaured i n  t h e  u n i t s  o f  R ,  is 
Analogouely ,  t h e  i n t e r f a c e  p e r t u r b a t i o n  is 
Fur the rmore ,  i n  t h e  c a s e  o f  s p h e r i c a l  r e p r e s e n t a t i o n ,  Weinqa r t en ' s  f o r m u l a s  r e l a t e  t h e  
mean c u r v a t u r e  of t h e  i n t e r f a c e  t o  t h e  d i v e r g e n c e  o f  t h e  u n i t  normal on  t h e  u n i t  s p h e r e  Q : 
T h i s ,  t o g e t h e r  w i t h  t h e  d i v e r ~ e n c e  theorem,  l e a d s  t o  t h e  weak form o f  Eq. [ 2 ]  : 
\ p r o j e c t e d  domain on u n i t  s p h e r e  
p r o j e c t e d  b ino rma l  of c o n t a c t  l i n e  
p r o j e c t e d  c o n t a c t  l i n e  
2 .  G a l e r k i n / f i n i t e  e l emen t  method- 
The main s t e p s  of t h e  f i n i t e  e l emen t  a l g o r i t h m  c a n  b e  o u t l i n e d  a s  f o l l o w s :  
( i )  The problem 1s n o n l i n e a r  and s o  an  i n i t i a l  e s t i m a t e  o f  d r o p  shape  (and c o n t a c t  
t i n e  p o o i t i o n )  is  needed t h a t  f a l l s  w i t h i n  t h e  domain of convergence  o f  t h e  
i t e r a t i o n  method. E s t i m a t e  from e i t h e r  a n a l y s i s  o f  a l i r l i t i n g  c a s e  o r  e x p e r i -  
m e n t a l  o b s e r v a t i o n s  o r  a b l end  of b t h .  The l a b t  l e a d s  t o  t h e  i n s i d e  s u r f a c e  o f  
a smalZ t o r u e  a s  a n  i n i t i a l  g u a s s .  
( i i)  To d i r c r e t i z e  t h e  problem, p a r t i t i o n  t h e  c o r r e s p o n d i n g  s p ~ a e r i c a l  domain ( F i g .  3 )  
i n t o  c u r v i i . : n e a r  q u a d r i l a t e r a l s  between t h e  e q u a l l y  spaced  s p i n e s  4 = c o n s t a n t  
( c f .  Kistler 1 9 8 1 ) .  The s r . n e s  remain  f i x e d  b u t  t h e  nodes  o f  t h e  q u a d r i l a t e r a l s  
car. move a long  them. L e t  '-he nivnber of nodes  i n  t h e  p a r t i t i o n  be N .  
( iii) C o n s t r u c t  a f i n i t e  e l emen t  b a s i s  f u n c t l o n  Y' (8  ,@) f o r  t h e  subdomain around each  
node ( c f .  Brown, O r r ,  an? S c r i v e n  1979) : 
- choose  t h e  b i q u a d r a t i c  polynomial  on  t h e  ( F ,  rl) - u n i t  s q u a r g ,  
- map e a c h  q u a d r i l a t e r a l  i s o p a r a m e t r i c a l l y  ( 8  ,@) + ( 4 ,  n) o n t ~  t h e  u n i t  s q u a r e .  
T h i s  p r o c e d u r e  t r a n s f o r m s  t h e  o r i g i n a l ,  f r e e  boundary domain R i n  ( e l $ ) -  
c o o r d i n a t e s  i n t o  a f i x e d  s q u a r e  i n  t h e  map ( f  ,n) (Stra.1g and F i x  1 9 7 3 ) .  
( i v )  Approximate t h e  d r ~ p  shape  a s  
- noda l  v a l b e s  a .  a r e  t h e  c o e f f i c i e n t s  t o  b e  found.  1 
(vl Approximate t h e  shape p e r t u r b a t i o n  a s  
- t a k e  y .  a s  a r b i t r a r y  c o e f f i c i e n t s .  Because t h e  y .  's a r e  a r b i t r a r y ,  t h e  
~ a l e r k d  weighted r e s i d u a l s  - t o  which Eq. [6] t rankforms under ( i v )  and 
(v )  - must van i sh  a t  equ i l ib r ium.  T h i s  b r i n g s  o u t  t h e  d i r e c t  l i n k  between 
t h e  Ca te rk in  and o a r  Sa t iona t  approach. 
( v i )  Soive t h e  r e s u l t i n g  N nonlirlear a l g e b r a i c  e q u a t i o n s  f o r  t h e  c o e f f i c i e n t s  ai 
us ing Newton's method. 
- update  t h e  o r i g i n a l  domain i n  each i t e r a t i o a  
- u s e  t h e  Jacobian f o r  c o n t i n u a t i o n  i n  t h e  parameter (pV - pL)/oLV o r  V. 
( v i i )  Terminate i t e r a t i o n  when t h e  L, norm of r e s i d u a l s ,  i.e. t h e  l a r g e s t  r e s i d u a l ,  
i s  smal le r  than  a p r e s e t  v a l u e ,  e.g. 10-6 ( a s  was a c t u a l l y  u s e d ) .  
The a lgor i thm was programmed i n  F o r t r a n  and executed on a CDC CYBER-74 computer. I, 
took c a .  2 s e c / i t e r a t i o n  f o r  169 unknowns and t h r e e  t o  a t  most f i v e  i t e r a t i o n s  t o  converge. 
A sequence of drop s h a s e s  i n  o r d e r  of  i n c r e a s i n g  volume is  shown i n  F ig .  4 
(R(pv - pL)/ofl, I LMBDA). A s  c a p i l l a r y  p r e s s u r e  d e c r e a s e s ,  t h e  l i q u i d  forms d r o p s  of 
inc reas ing  vo ume and f i n a l l y  e n c i r c l e s  bo th  c y l i n d e r s .  The p l o t t e d  d r o p s  a r e  s t a b l e ,  
including t h e  l a r g e s t  one - t h e  s u r f a c e  of  whizh c o v e r s  more t h a n  h a l f  o f  t h e  c y l i n d e r  
c ross - sec t ion .  
3.  P r a c t i c a l  q u a n t i t i e s  
Drops of l i q u i d  caught  between c rossed  f i b e r s  o f  non-woven f a b r i c s  draw them t o g e t h e r  
by c a p i l l a r y  a c t i o n  and, when t h e  l i q u i d  s o l i d i f i e s ,  f a s t e n  t h e  f i b e r s  t o s e t h e r .  S i m i l a r  
phenomena occur  i n  pase r ,  where water  a t  t i m e s  forms d r o p l e t s  by c a p i l l a r y  condensa t ion  
from humid a i r .  Liquid d rops  between f i b e r s  a r e  s l s o  p r e s e n t  a t  c e r t a i n  s t a g e s  o f  o i l y  
s o i l  removal by d e t e r g e n t  a c t i o n .  Furthermore,  d rop  behavior  between c r o s s e d  c y l i n d e r s  
is important t o  d i r e c t  measurement of adhes ive  f o r c e s  betdeen s o l i d  s u r f a c e s  i n  t h e  pre-  
sence of capi l lary-condensed l i q u i d s  (Fishe--  and I s r a e l a c h v i l i  1981) .  These and o t h e r  
a p p l i c a t i o n s  c a l l  f o r  computation of t h e  fol lowing p r a c t i c a l l y  impor tan t  q u a n t i t i e s :  
(i) drop  volume V 
(ii) w e t t ~ '  a r e a  of each c y l i n d e r  A 
(iii) c a p i l - a r y  f o r c e s  exer ted  by d r o p  
- c a p i l l a r y  p r e s s u r e  f o r c e  (pv - pL) I ez . cLV dS 
s ~ v  
- s u r f a y e  t e n s i o n  f o r c e  oLv I e, inLv 
L ~ s v  
- t h e i r  sum: t o t a l  f o r c e  holding c rossed  c y l i n d e r s  t o g e t h e r .  
Fig .  5 shows t h a t  t h e  t o t a l  f o r c e  on t h e  c y l i n d e r s  i n c r e a s e s  w i t h  t h e  w e t t a b i l i t y  of 
t h e  s o l i d  by t h e  l i q u i d .  A s  can be seen Zrom Fig.  6 ,  t h e  components of t o t a l  f o r c e  va ry  
widely wi th  t h e  drop volume bu t  t h e i r  sum i n c r e a s e s  s lowly and approaches  a n  ~ s y m p t o t i c  
l i m i t  as t h e  volume s h r i n k s  t o  zero.  That l i m i t  i s  4 n oyaV(R/2) c o s  B ( F i s h e r  and 
I s r a e l a c h v i l i  1 9 8 1 ) ,  and becomes a good approximation f o r  R(pV - pL)/cLV l o 4 ,  i.e. f o r  
very small  drops .  I f  t h e  mean c u r v a t u r e  is  taken  a s  t h e  i n d e ~ e n d e n t  parameter ,  t h e  d rop  
volume grows extremely s e n s i t i v e  t o  it a s  t h e  c o n t a c t  a n g l e  d e c r e a s e s  (F ig .  7 1 ,  whereas 
t h e  t o t a l  f o r c e  aqa1.n approaches t h e  l i m i t  (F ig .  8 ) .  
Sununary and conclu.s= 
What i s  desc r ibed  h e r e  is a n  s t e n s i o n  c f  e a r l i e r  a n a l y s e s  of  three-dimensional  menis- 
cus  shapes ( O r r ,  Brown and Striven 1977) . 
Besides y i e l d i n g  equ i l ib r ium shapes  of  d rops  w i t h  f i z e d  c o n t a c t  l i n e s ,  a s  i n  p a s t  3-D 
ana lyses ,  t h e  a lgor i thm used h e r e  a l s o  g i v e s  shapes  of d r o p s  w i t h  a prescr ibed  aon tac t  
a n g l e ,  which is  sometimes a c l o s e r  approximation t o  r e a l i t y .  
Computations f o r  o t h e r  c a s e s  o f  3-D menisc i  making a p r e s c r i b e d  c o n t a c t  a n g l e  can  be 
t r e a t e d  s i m i l a r l y .  Augmented by a block-Lanczos method f o r  s o l v i n g  t h e  r e l a t e d  
eigenproblem (see Brown and Scriver, 1980 1 , the algorithm tests s t a b i l i t y  rj t h  respect to 
a d m i s s i b l e  perturbations w i t h  t h e  contact line fixed. The case of prescribed contact 
a n g l e  is more d i f f i c u l t  but i s  also being treated In the continuation of t h i s  work. 
The results show that total c a p i l l a r y  fcrce between cylindels increases with decrensing 
contact a n g l e ,  i . t .  with better wett ing .  Capillary force also increases with d~crsaaing 
drop volume, approaching an asymptotic l i m i t .  However, the wetted area on each cylinder 
decreases w i t h  decreas ing drop volume, which raises the question of the optimum drop v o l -  
ume to strive Ior, when permanent bonding is sought from s o l i d i f i e d  liquid. For then t h e  
strength of the bond i s  likely to  depend upon t h e  area of contact, which is the wetted 
area when the  bonding agent w r s  introduced in llquid form. 
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The motion of a drop on a rigid surface 
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Abstract 
The assumptions of a region of slip near a moving contact line (to remove the force- 
singularity) and a constant contact -1e are used to obtain the equation for the shape of 
a thin drop of liquid resting on a .+ plane. Three asymptotic expansions are matched 
together to obtain an expression for : n ~  rate at which the drop spreads. Some cases of 
sliding motion are also examined. ALL: clgh the technique is presented here for thin drops 
only, it can also be applied to drops of arbitrary size. 
Introduction 
The chief difficulty that has to be overcome in an att+ntt to describe the motion of a 
drop in contact with a rigid surface is the determination of the correct boundary condi- 
tions to be applied at the contact line where the surface of the drop meets the rigid sur- 
face. If tho drop is spreading over the surface, or if it is sliding along it, or both, 
the contact line is moving and it is well known that in these circumstances application of 
the no-slip boundary condition leads to a solution containing an unacceptable singularity. 
For certain purposes this singularity can be ignored but if, for example, we wish to deter- 
mine the rzte at which the drop spreads or the speed at which it slides, a dynamical bal- 
ance of the forces acting must be achieved, which proves to be impossible in the presence 
of tka force-singularity. To circumvent this difficulty, the most widely used device is to 
replace the no-slip boundary condition in the vicinity of the contact line by one allowing 
a certain amount of slip there. The argument in favour of this proposal is that large 
stresses occur near the contact line, associated with the rapid change in direction of the 
fluid motion there, and the molecular forces which are usually sufficient to prevent s.ly 
slip between fluid and solid may be unable to control these large stresses. Of course, 
what is really required is a good molecular theory for the junction between drop, solid and 
surroundin? air. Failing such a theory, some model boundary condition may be proposed in 
the hope that its exact form is of little consequence and that it will at least enable 
finite answers to be produced in answer to questions involving the force balances associ- 
ated with the motion and that these answers can then be tested experimentally. The sim- 
plest model boundary condition is one which replaces the usual no-slip condition by one 
which allows a small amount of slip, proportional to the local velocity gradient. If u is 
the velocity parallel to the plane surface and z is measured normally away from it, the 
proposed boundary condition is 
- 
for a fluid in contact with a solid boundary at rest. The slip coefficient A is a measure 
of the length over which slip is significant. Although its value is unknown, if the slip 
is produced by molecular effects we might expect a value of the order of 10'~ m. Such 
slip is only expected to occur close to the contact line and the boundary condition should 
revert to its usual form elsewhere. However, the very sr,*all size suggested for X indicates 
that the slip condition can be used everywhere with negligibly small error. As ye shall 
see, allowing for slip near the contact line gives speeds proportional to l/ItnAl whi$h 
is of much greater significance than any erroneous inclusion of terms proportional to L . 
When we have decided to use a slip boundary condition for problems involving moving can- 
tact lines, the stresses near the contact line are still large and we may consequently 
expect that there will be a significant distortion of the shape of the free surface near 
the contact line. The large stresses will be balanced by capillary effects, which are pro- 
portional to the curvature of the surface. In order to provide sufficient boundary condi- 
tions for the shape of the free surface to be calculated, it is necessary to specify the 
angle at which the free surface meets the plane. Observations of contact angles seem to 
s h m  that the angle increases with the speed of advance of the contact line, and decreases 
w1.-n the contact line is retreating. For stationary drops, the contact angle is not 
uniquely defined but can take any value between certain limits. The evidence for the 
dynamic behaviour of the contact angle is based on observations which do not take account 
of any rapid change of slope in the very small distance from the edge of :he drop where, 
as we have seen, large stresses are present. It may well be that the contact angle 
measured at the edge itself does not change with speed and the dynamic behaviour refers 
only to an apparent contact angle, only relevant at some distance from the edge. Evidence 
in favour of this contention has been provided by Lowndesl who has produced numerical cal- 
culations for the motion of a meniscus along a tube uaing the slip hypothesis and kee ing P the actual contact angle fixed. He was able to show that apparent contact angles cou d 
be found from his calculated meniscus shapes which were in good agreement with observed 
values and that marked changes in slope occurred in the imediate vicinity of the edge. 
The calculations of Lcwndeo' show that a self-consietent rational framework for dealing i 
with moving contact lines is provided by the assumptions of slip at the edge and a fixed 
contact angle. This framwork has been used to discuss the spreading and eliding of a drop 
which is thin enough for lubrication theory to be used2. These problems are time-dependent 
and an estimate of the speeds involved depends crucially on the slip hypothesis. Both the 
neniscus problem and the drop problems needed considerable numerical calculation, although 
the use of lubrication theory reduced the amount required to a large extent. The equations 
for t!le spreading and sliding drop problems involve a small parameter, the slip coefficient, 
wtrich suggests that matched asymptotic expansions could yield the desiree answers without 
recourse to extensive numerical calculation. An attempt at such a procedure was made 
before the numerical results were obtained, but was not successful. The present paper, 
however, shows that matched asymptotic expansions can be used to obtain the rate of spread 
of a thin drop and, with certain restrictions, the rate at which a drop slides down a plane. 
The key to success was the realisation that, as well as expected inner and outer expansions, 
an intermediate region was required across which the inner and outer regions could be 
matched. The method employed has some similarities to the one set out by ~ a c e y ~ ,  except 
that he used a multiple scale approach and did not carry the solution sufficiently far. 
Although the methods to be desiribed here can be applied to a variety of problems, for 
simplicity they are explained with reference to the problems examined before4. The drop is 
assumed to be thin and two-dimensional and it is also assumed that it is small enough for 
the Bond number to be small, that is, for gravity to be less significant than capillarity. 
In the first problem, the drop is placed on a horizontal plane and allowed to spread until 
its equilibrium position is reached. The quantity to be determined is the rats of spread 
of the drop as a function of its width. In the second problem, the drop is placed on an 
inclined plane, when both spreading and sliding may occur. The final width of the drop and 
the speed at which it slides are the quantities to be determined in this case. 
Formulation 
The application of lubrication theory to the problems to be solved is straightforward 
and has been described in detail before . The simplified forms of the Stokes equations 
enable the velocity components to be found in terms of the pressure and the application of 
the normal stress condition and the kinematic boundary cpndition at the free surface yields 
an equation for the height h(;,t) of the drop,-where x is measured parallel to the plane 
surface and 5 is the time. The equation for h is 
where u is the fluid viscosit.y, g gravity, a surface tension, the slip coefficient 
and 8 the inclination of the plane to the horizontal. Lubrication theory is only valid 
if the slope of the drop surface is everywhere snall, so the contact angles must be small. 
A non-dimensional form of (2) is 
and a is a length scale associated with the size of the drop and a, is a typical value 
of theo (small) contact angle. 
The extent of the plane covered by the drop can be fixed by two more unknowns, al(t) 
and a2(t), so that a2 r x r al and 
The volume of fluid in the drop remains constant throughout the motion and the length scale 
can be chosen 80 that 
The other conditions on h relate to the slope of the surface of the drop at its edges. 
The proposal indicated in tbe introducti~n shows that, when the~contact line is moving in a 
direction from th interior of the drop to the exterior (an advancing edge), the contact 
angle is fixed at its static value, which we can take to be the scaling factor o . For 
a retracting edge, when the motion is it, the opposite direction, the contact angle is equal 
to the minimum static angle a, . At a stationary edge the contact angle can lie anywhere between or and aa . The boundary conditions to be applied at the edges are, therefore, 
where 6 = a,/aa and 0 r B s 1 . 
The final information needed to specify the problem completely is the initial state, 
that is, the values of al(0), aZ(0) and h(x,O) . From arbitrary initial states, one 
expects a fairly rapid transient phase during which the shape of the drop changes without 
significant spreading taking place. This is because the rate of spread is controlled by 
conditicns at the contact line where large stresses resist the motion. No such restriction 
is placed on the distortion of the drop surface when the edges are fixed. Since the 
initial phase is of little significance to the general spreadiny problem it will be ignored 
here. The height of the drop is then a function of time only through its dependence on the 
positions of the edges. Thus the solutions to be obtained are of similarity type and the 
initial shape of the drop will be assumed to agree with these solutions for the given 
initial positions of the edges. 
Spreading 
The simplest problem of the type being considered is when the drop spreads on a 
horizontal surface. If we suppose that the drop starts from a position wherr the 3pparent 
contact angles are greater than the static value, the edges of the drop will move outwards. 
If the drop is initially symmetric about its mid-position, it will remain so and we may 
write a (t) = -a2(t) = a(t) and consider the interval 0 b x s a  only. The problem then 
takes th& form 
where = da/dt and h is a function of x and a , in line with the intention to ignore 
any initial transient phase. As already explained, the rate of spread is expected to be 
small so that we cah expand in powers of some small parameter c(1) , where X < <  c < <  1 
but the dependence of c on X is yet to be determined. Hence we can write 
and, in the outer region where x is 0(1), h = ho + thl + ... From equation (9) the 
equations satisfied by ho and hl are 
and these have to be solved subject to the conditions (10) , ( I , ] )  and (12) , except that the 
condition on the slope at the edge of the drop is not to be applied in this outer region. 
The solutions are 
3 hl = u1a4 [ (a  + X) Enla + x) + (a - x)  in(a - x)  - Pa tn 2a + =!a2 - XZ) 1 (17) 
so that, near the edge of the drop where a - x is small, 
h %  a - x  a - x  7 + r ula4(a + x) [tn + 2 ] . 
The inner region is close to the edge of the drop and is where slip is important. In 
this region we write 
x = a - AX, h(x,a) = AH(X,a), H = Ho + cH1 + . . . (19) 
The equation satisfied by H witn a term O(X) omitted is 
and the boundary conditions are 
and aH/aX is not more than logarithmically infinite as X . The solution is 
so that, for X- , 
Although (18) and (23) both contain logarithmic terms, it is not possible to match these 
two expansions together and an intermediate expansion is required. This region is of width 
0 (c) , and the match can be achieved if we choose 
The variables to be used in this region are defined by 
and the governing equation (20) becomes, after one integration, 
Neglecting the exponentially small term, the solution is 
which matches with the inner solution (23) if we choose co = 1, cl = 0 . To match with 
the outer solution (18) we write 
and obtain 
Comparing this with the outer solution, we can see that the logarithmic term and the 
constant term both match if 
- 6 1 + 3u1 = a , u2 = u1 ( 2  - Ln 2ai , (30) 
so that the rate of spread of the drop is given approximately by 
c f l  + c(2 - Ln 2a)) a - 1) , 
or, to the same order of accuracy, 
The objective of determining the rate of spread of the drop as a frlnction of its width 
has thus been achieved. If the leading term only in the outer expansion is included an 
apparent contact angle is given by the value of am2, from (18). With variables in their 
dimensional forms, equation (32) yields the expression 
for the apparent contact angle at the edge of a drop of width 2a advancing with speed U 
when the static contact angle is small. But the inclusion of the second term in the outer 
expansion destroys the validity of the concept of an apparent contact angle as a directly 
measurable quantity since, with the extra term included, the slope does not tend to a 
conotant at the edge of the drop within the outer region. It is, however, still possible 
to define the quantity (33) as a derived contact angle as it could be measured by finding 
the curvature of the dr;p =t its mid-point, for example, thus taking into account the outer 
solution but not requiring any measurement to be made in the vicinity of the edge. 
Sliding 
The second problem is when the drop is placed on an inclined plane. The drop is no 
longer symmetric and both edges have to be treated. As before, the Bond number is small, 
and gravity enters the problem only through the positive paramet.er K defined in ( 4 ) ,  
which measures the component of qravity down the plane. Any transient behaviour is again 
ignored, so that we suppose the height of the drop to depend on the co-ordinate x 
measured along the plane and on the positions of the two edges, but not directly on the 
time. The same three regions encountered in the spreading ~roblem are present, but 
because both edges have to be treated, it is convenient to introduce a change of variable. 
If we write h(x,t) = f(s,al,a2), where 
x = f (al + a*) + +(a1 - a2) s , (34) 
the range covered by the independent variable s is from -1 t.o 1. In the outer region, 
we c:n write f = fo + fl + ... , and the equation for fo is 
and the solution which vanishes at the edges and which satisfies the volume condition (6) is 
Since fo must be non-negative for s in [-1,1] , this solution is only acceptable if 
0 < b 6 1 , where 
This condition may be broken either in the initial stage or during the spreading of the 
drop. In either case, a different appr-sch from that used here must then be employed. 
The failure of the condition implies that regions are developing where the drop becomes 
very thin and although this is an interesting possible behaviour, this aopect of the prob- 
lem is not investigated here, and we assume that b < 1 throughout the motion. 
The ~econd term in the expansion in the outer region satisfies the equation 
16 a3i1 il (l+s) (l+b) + i2(l-s) (1-b) 
- =  
(a1-a2) 5 as3 (1-s2)2(1 + bs13 
The bc..ndary conditions on fl are 
r 1 
fl = 0 at s = -1 and at s = 1, f ,  d~ = 0 , J- 1 
and the solution can be found in closed form after a great deal of algebra. The only 
quantities of interest are the asymptotic values for the height of the drop near the two 
edges and these are given by 
The solutions in the inner and intermediate regions are similar to those found in the 
spreading problem, except that the edges may be moving in either direction or be station- 
ary. The conditions ( 7 )  apply at the lower edge x = a, and when they are applied, and 
the resulting inner expansions matched via the intermediate expansion to the outer solu- 
tions, we obtain the equation 
where S is a step function, defined by 
S(x) = 1 for x > 0, S(x) = 0 for x < 0 , (4 3 
When the edge is at rest, (42) i8 replaced by i ,  = 0 . The corresponding results for the 
upper edge x = a2 , where the conditions ( 8 )  apply, are 
when the edge is moving, and a2 = 0 when it is at rest. 
These equations are sufficient to determine the future behaviour of the drop from any 
given initial position of the edges. The drop may not move at all, or one or both edges 
may move in either direction as the drop spreads or contracts. The most interesting 
possitility is when the drop spreads and slides, approaching a final state in which the 
width of the drop and its-speed down the plane attain constant values. This final state 
can be found by setting al = i2 = U and -a2 = 2a . From (42) and (441, with b re- 
placed by its value in terms of K and a 'irom ( 3 7 1 ,  we obtain the equations 
There are too many parameters for it to be uasy to make general statements about the 
motion. An approximate set of criteria can be found by retaining only the dominant terms 
on the left-hand sides of (42) and (44), that is, the logarithmic terms. Then it follows 
that a = 0 if 0 < a'2(1 + abK/3) < 1 , 1 (47) 
i2 = 0 if 6 < a-2(1 - a4~/3) < 1 . 
3! 
A static final state is only possible if these two conditions qn the width of the drop 
overlap, which they do if 0 s K c Kc , where 
while for K > Kc the drop will slide. If there is no contact angle hysteresis, that is, 
if ar aa , the drop will slide however small the inclination of the plane . 
Extensions and concl~sionr 
Although only thin two-dimenrional drops have been considered here, the method is 
applicable to many other cases. The spreading of a thin drop by both capillarity and 
gravity and without the restriction to two-dimensionality has boen examined4. The 
capillary spreading of a drop which i r  not thin, so that the simplifications of lubrication 
theory are not availabla, has alro been examined and the results compared with those 
obtained experimentallys. Further work on the sliding problem, with the extension to 
three-dimenrio!ality and the lifting of the restriction on the gravity parameter K is 
planned. 
The aim of this paper has been to show that the moving contact line problem can, in 
certain circumstances, be solved in a satisfactory manner. The solutions for which 
experimental corroboration is available1'5 indicate that the proposed boundary conditionr 
can ba used with some confidence. The results cbtained here and elrewherebC5 show that the 
ap~iication of these conditions need not involve a large amount of refined numerical 
~nalysis to resolve the solution near the contact lj-~e. 
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P r o f i l e s  of  e l e c t r i f i e d  d r o p s  and bubbles  
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U n i v e r s i t y  of Minnesota,  P i n n e a p o l i s ,  Minnesota 55455 
A b s t r a c t  
Axisynrmetric e q u i l i b r i u m  shapes  of c o n d u c t i n g d r o p s  and bubbles ,  (1) pendant  o r  sessile 
on one f a c e  of a c i r c u l a r  p a r a l l e l - p l a t e  c a p a c i t o r  o r  (2 )  f r e e  and surface-charged,  a r e  
found by s o l v i n g  s imul taneous ly  ;he free-boundary problem c o n s i s t i n g  of  t h e  augmented Young- 
Laplace e a u a t i o n  f o r  s u r f a c e  shape  and t h e  Laplace e q u a t i o n  f o r  c l a c t r o s t a t i c  f i e l d ,  g i v e n  
t h e  s u r f a c e  p o t e n t i a l .  The problem is  n o n l i n e a r  and t h e  method is  a  f i n i t e  e lement  a lgo-  
r i t h m  emplol*ing Newton i t e r a t i o n ,  a  modif ied f r o n t a l  s o l v e r ,  3nd t r i a n g u l a r  as w e l l  a s  
q u a d r i l a t e r a l  t e s s e l l a t i o n s  o f  t h e  domain e x t e r i o r  t o  t h e  d r o p  i n  o r d e r  t o  f a c i l i t a t e  re- 
f i n e d  a n a l y s i s  of  s h a r p l y  curved d r o p  t i p s  seen  i n  exper iments .  The s t a b i l i t y  l i m i t  pre-  
d i c t e d  ;y t h i s  compute:-aided theoretical a n a l y s i s  a g r e e s  w e l l  w i t h  exper iments  of  Wilson 
and Taylor  (1925) .  The i n s t a b i l i t y  and mechanism of  charged d r o p l e t  e j e c t i o n  are under 
t h e o r e t i c a l  and exper imental  s tudy .  
The shape of a  conduct ing f l u i d  in t -z i face  is  a f f e c t e d  by mobi le  s u r f a c e  charge .  The d i s -  
t r i b u t i u n  of  mobile f r e e ,  s w f a c e  charge  i s  a f f e c t e d  i n  t u r c  by t h e  shape of  t h e  i n t e r -  
f ace .  A t  e q u i l i b r i ~  - charge  d i s t r i b u t e s  t o  make uniform t h e  p o t e n t i a l  o f  che i n t e r f a c e .  
But s u r f a c e  charge  c i e a ~ e s  an e l e c t r i c a l  p r e s s u r e  t h a t  competes w i t h  c a p i l l a r y  p r e s s u r e  
( t h e  r e s u l t a n t  of s u r f a c e  t e n s i o n  i n  a  curved i n t e r f a c e )  and h y d r o s t a t i c  p r e s s u r e  t o  c o n t r o l  
t h e  shape.  
Only c y l i n d r i c a l  and s p h e r i c a l  e q u i l i b r i u m  d r o p s  have y i e l d e d  t o  c l a s s i c a l  a n a l y s i s  
(Rayl-.igh 1882, Basse t  1894, Tay lor  1969, Michael and O ' N e i l l  1972) .  Shapes t h a t  d e p a r t  
from s tandard  c o o r d i n a t e  s u r f a c e s  can  be analyzed by modern computer-aided mathematics w i t h  
f i n i t e  element b a s i r  f u n c t i o n s  ( C i f f o r d  1 9 7 9 ) .  
Observat ions  of electrifies d r o p s  and bubbles  s t a n d  i n  need of  = c u r a t e  : r e t i c a l  a n a l -  
y s i s  of siiapes and s t a b i l i t y .  F r e e  3rops  were s t u d i e d  by Nolan 1926, Macky 1 ~ ~ 1 ,  Doyle,  
Moffe t t  and Vonnegut i964 ,  ar:d o t h e r s ;  supported d r o p s ,  by Zeleny 1914, 1917, Wilson and 
Tay lc r  1925, Macky 1930, Krohn 1974, and o t h e r s .  The r e s u l t s  of  a n a l y s i s  w i l l  p e r t a i n  t o  
such f i e l d s  a s  s p r a y  g e n e r a t i m  i n  technology and c loud  p h y s i c s  i n  s c i e n c e .  
2 .  Observat ions  o f  charged s e s s i l e  soap-bubbles 
A soap-bubble s i t t i n g  on t h e  lower, we t ted  p l a t e  of  a c i r c u l a r  p a r a l l e l - p l a t e  c a p a c i t o r  
appears  hemispher ica l  i n  t h e  absence of  f i e l d .  A s  t h e  f i e l d  s t r e n g t h  is  r a i s e d  t h e  bubble  
e l o n g a t e s  a long t h e  f i e l d  d i r e c t i o n .  Because t h e  p l a t e  is wet ted  t h e  c i r c u l a r  c o n t a c t  l i n e  
s l i d e s  f r e e l y  and t h e  c o n t a c t  a n g l e  remains  approximately  90°. The p r o l a t e  shape sequence 
seen a t  f i e l d  s t r e n g t h s  up t o  a  c r i t i c a l  v a l u e  is  a  fami ly  o f  s t a b l c  e q u i l i b r i u m  shapes:  
f o u r  members a r e  shown i n  F ig .  1. Computer-aidcd t h e o r e t i c a l  a n a l y s i s  is  used t o  t r a c k  
t h i s  shape fami ly  i n  s e c t i o n  6 .  
I r lcreas ing t h e  f i e l d  s t r e n g t h  even s l i g h t l y  beyond t h e  c r i t i c a l  v a l u e  l e a d s  t o  a dynamic 
success ion.  The and of t h e  bubble r a p i d l y  narrows and becomes c o n i c a l .  F i l aments  a r e  sub- 
sequen t ly  e j e c t e d  from t h e  end of t h e  bubble ,  t h i s  s ~ i t t i n g  be ine  accompanied by i n t e n s e  
v i b r d t i o n s  of  t h e  t i p .  Such o b s e r v a t i o n s  were o r i g i n a l l y  r e p o r t e d  by Wilson and Tay lor  
(1925) and Zlacky (1930) .  
3. S ta tement  of  t h e  two c a s e s  analyzed 
The two s i t u a t i o n s  t r e a t e d  h e r e  a r e  r'own i n  F ig .  2: 
Case 1. 
Axisymmetric d rop  o r  bubble s e s s i l e  (pendant)  c n  one f a c e  of a c i r c u l a r  p a r a l l e l - p l a t e  
c a p a c i t o r  (F ig .  2a) . 
Case :. 
Free surface-charged d r o p  i n  absence of a n  e x t e r n a l  imposed f i e l d  (F ig .  2b) .  
4. Governing d imens ion less  group,?, e q u a t i o n s  and b o s a r y  c o n d i t i o n s  
The r e l e v a n t  d imens ion less  ., sups  a r e  compiied i n  Table  1. Tn t h e  c a s e  o f  t h e  f r e e  
d r o p s  we choose t o  wcrk w i t h  t h e  p o t e n t i a l  a t  t h e  d r o p  s u r f a c e  r e l a t i v e  t o  " i n f i n i t y "  i n -  
s t e a d  of s p e c i f y i n g  t h e  charge  Qn t h e  drop.  The two a l t e r n a t i v e s  a r e  of c o u r s e  f u l l y  equiv-  
a l e n t .  
The governing e q u a t i o n s  of  e l e c t r o s t a t i c s  and c a p i l l a r y  h y d r o s t a t i c s  and boundary condi-  
t i o n s  a r e  summarized i n  F i g s .  3 and 4 .  U is of  c o u r s e  t h e  e l e c t r o s t a t i c  potential. I n  
t h e  normal stress b a l a n c e s  a t  t h e  i n t e r f a c e s  2H is twice t h e  d imens ion less  mean c u r v a t u r e ,  
a n o n l i n e a r  f u n c t i o n  o f  f i r s t  a r ~ d  second d e r i v a t i v e s  of t h e  d r o p  p r o f i l e s ;  K is a r e f e r e n c e  
p r e s s u r e ,  E' r e p r e s e n t s  t h e  e l e c t r i c a l  p r e s s u r e  c r e a t e d  by s u r f a c e  charge ,  and 4 Gz is t h e  
h y d r o s t a t i c  p r e s s u r e  c r e a t e d  by a g r a v i t a t i o n a l  f i e l d  (supposed a b s e n t  i n  Case 2 ) .  
5. Computer-aided a n a l y s i s  
T h e o r e t i c a l  computat ion of  d r o p  shape r e q u i r e s  s o l v i n g  a system made n o n l i n e a r  by t h e  
f r e e  boundary and by t h e  c u r v a t u r e  and electrical p r e s s u r e  i n  t h e  augmented Young-Laplace 
equa t ion .  The procedure  is: 
(i) Es t imate  d r o p  shape and e l e c t r o s t a t i c  p o t e n t i a l  from e i t h e r  a n  a n a l y s i s  of l i m i t i n g  
c a s e  o r  exper i i i en ta l  o b s e r v a t i o n .  
(ii! P a r t i t i o n ,  o r  tessellate, t h e  one-dimensio1t;rl domain (d rop  p r o f i l e )  i n t o  c u r v e  
segments and t h e  two-dimensional domain (surrounding space)  i n t o  q u a d r i l a t e r a l s  
between s p i n e s  0 = c o n s t a n t  ( c f .  Kistler 1981) a s  i n d i c a t e d  jn F ig .  5. 
(iii) I n  t h e  2-D domain c o n s t r u c t  f i n i t e  element b a s i s  f u n c t i o n s  ( r , B )  f o r  t h e  sub- 
domain around each node: 
- choose t h e  b i q u a d r a t i c  polynomial on t h e  ( ~ , q )  - u n i t  squaxz; 
- map each q u a d r i l a t e r a l  i s o p a r a m e t r i c a l l y  o n t o  t h e  u n i t  s q u a r e . ( F i g .  6 ) .  
( i v )  I n  t h e  1-D domain e x p l o i t  t h e  f a c t  t h a t  . the  1 - D  b a s i s  f u n c t i o n s  ( 0 )  when 
mapped i s o p a r a m e t r i c a l l y . o n t o  0 < E <_ 1 are simply and v e r y  c o n v e n i e n t l y  t h e  i so -  
p a r a m e t r i c a l l y  mapped Y l  ( ~ , q  = 0) ( c f .  Kistler 1981) .  
(v )  Approximate t h e  i n t e r f a c e  shape a s  
M i f ( O ) =  Z q i 4  [ @ ( € ) I  
i= 1 
and t h e  p o t e n t i a l  a s  
N 
( v i )  Form G a l e r k i n  weighted r e s i d u a l s  and r e q u i r e  them t o  v a n i s h  
( v i i )  Solve t h e  r e s u l t i n g  N + M + 1 n o n l i n e a r  a l g e b r a i c  eclsa t ions  f o r  t h e  unknown 
c o e f f i c i e n t s  (qi ,  U . ,  K) by Newton i t e r a t i o n :  
- d e r i v a t i v e s  w i t h  r e s p e c t  t o  q i 6 s  a r e  c a l c u l a t e d  by ganging nodes a long  
s p i n e s ;  
- t h e  domain i s  updated a t  each i t e r a t i o n :  
- convergence approaches  q u a d r a t i c  rste; 
- t h e  Zacobian is v a l u a h l e  f o r  c o n t i n u a t i o n  i.1 t h e  pa ramete r s  and e v a l u a t i o n  
of  s t a b ~ l i t y .  
( v i i i )  Modify t h e  f r o n t a l  s o l v e r  ( I r o n s  1970, Hood 1976, 1977) t o  hand le  t h e  c o n s t r a i n t  
of f i x e d  volume and u s e  it f o r  t h e  l i n e a r  e q u a t i o n  set i n  Newton i t e r a t i o n .  
- The presence  of a f r e e  boundary makes t h e  f r o n t a l  s o l v e r  c o s t - e f f e c t i v e .  
( i x )  ' - n i n a t e  i t e r a t i o n  when t h e  norm of t h e  l a r g e s t  component o f  c o r r e c t i o n  v e c t o r  
i s  s u f f i c i e n t l y  smal l .  
(x) Change t h e  parameter  ( t y p i c a i l y  E, o r  U o ) ,  e s t i m a t e  a s l ~ a p e  by c o n t i n u a t i o n  and 
begin anew. 
- P r e f e r  t h e  s e c a n t  v e r s i o n  of f i r s t - o r d e r  c o n t i n u a t i o n  because it i s  e a s i e r  
t o  u s e  t h a n  t h e  t a n g e n t  v e r s i c n  and it m a i n t a i n s  near -quadra t i c  convergence '  
wi th  b i g g e r  parameter changes than  does  ze ro th -order  c o n t i n u a t i o n .  
( x i )  Concentrate  cornputationa? power where needed: 
- r e f i n e  t h e  t e s s e l l a t i o n  i n  r e g i o n s  of  s h a r p  g r a d i e n t s ;  
- d e r i v e  Robin boundary c o n d i t i o n  t o  account  f o r  a sympto t i c  f a r  f i e l d  behavior  
and thernby s h r i n k  t h e  computat ional  domain. 
An example of t h e  l a s t  p o i n t  is shown i n  F ig .  7:  a f i n i t e  element mesh of  t r i a n g l e s  and 
r e c t a n g l e s  which proved computa t iona l ly  e f f i c i e n t .  
6 .  R e s u l t s  
C a l c u l a t i o n s  were programmed i n  FORTRAN and made on t h e  C o n t r o l  Data Corpora t ion  CYBER 74 
a t  t h e  U n i v e r s i t y  of  Minnesota. 3 s e c / i t e r a t i o n  was t y p i c a l  f o r  N + M + 1 = 183 unknowns 
and 2 -  4 i t e r a b i o n s  were r e q u i r e d  t o  convexge. 
Case I.  Resu l t8  fop axieymmetr ic  eupported  bubble (S = 01 
F i n i t e  element c a l c u l a t i o n s  f o r  a bubble meeting one of t h e  c a p a c i t o r  p l a t e s  a t  a f i x e d  
c o n t a c t  a n g l e  of 90° s i m u l a t e  t h e o r e t i c a l l y  exper iments  w i t h  e l e c t r i f i e d  soap-bubbles 
d e s c r i b e d  i n  s e c t i o n  2 ( c f .  Wilson and Taylor  1925 and Macky 1930) .  Moreover, i f  t h e  
spacing between t h e  p l a t e s  is  much l a r g e r  than  t h e  bubble r a d i u s ,  bo th  experiment and the-  
o r y  model a d r o p  f r e e l y  f l o a t i n g  i n  a uniform a p p l i e d  electric f i e l d  i n  t h e  absence o f  
g r a v i t y .  Drop shapes  and e q u i p o t e n t i a l s  f o r  a bubble of volume 2n/3 a r e  p l o t t e d  a s  func- 
t i o n  o f  t h e  p a r a l l e l - p l a t e  electric f i e l d  Ee i n  Fig.  8 ,  which shows t h a t  bubble p r o f i l e s  
a r e  p r o l a t e  i n  t h e  f i e l d  d i r e c t i o n .  Th is  t h e o r e t i c a l  a n a l y s i s  us ing  f i n i t e  element b a s i s  
f u n c t i o n s  can be made a s  a c c u r a t e  a s  t h e  computer a l l o w s  and it a l r e a d y  confi rms T a y l o r ' s  
(1964 ) s p h e r o i d a l  approximation. 
R e s u l t s  f o r  a bnbble o f  volume 2n/3 w i t h  i t s  c o n t a c t  l i n e  f i x e d  a r e  p l o t t e d  i n  Fig.  9. 
The t h e o r e t i c a l  a n a l y s i s  p r e d i c t s  t h a t  bubble shape t e n d s  toward c o n i c a l .  
Fami l ies  of d r o p s  o f  volume 2r/3 w i t h  e i t h e r  t h e  c o n t a c t  l i n e  f i x e d  o r  t h e  c o n t a c t  a n g l e  
p r e s c r i b e d  a r e  p l o t t f d  i n  parameter space  i n  F ig .  10. I n  bo th  c a s e s  t h e  fami ly  l o s e s  
s t a b i l i t y  a t  a t u r  ,ng p o i n t ,  bubbles  w i t h  c o n t a c t  l i n e  f i x e d  being t h e  more s t a b l e  o f  t h e  
t w o .  The s t a b i l i t y  l i m i t  p r e d i c t e d  f o r  t h e  f i x e d  c o n t a c t  a n g l e  c a s e  by t h i s  computer- 
a ided  t h e o r e t i c a l  a n a l y s i s  is  w i t h i n  39 of  t h e  v a l u e  0.321 ob ta ined  e x p e r b e n t a l l y  by 
Wilson and Taylor (1: 2 5 ) .  
Aspect r a t i o  a s  f u n c t i o n  o f  p a r a l l e l - p l a t e  electric f i e l d  E, is p l o t t e d  i n  F ig .  11. 
When c o n t a c t  a n g l e  is f i x e d  t h e  c r i t i c a l  bubble is e longa ted  1.82/1.37 t imes  as much a s  
one w i t h  c o n t a c t  l i n e  f ixed .  
How s u r f a c e  charge  d i s t r i b u t e s  on supported bubbles  is p l o t t e d  i n  Fig.  12. The o r d i n a t e  
is t h e  r a t i o  o f  l o c a l  s u r f a c e  charge  d e n s i t y  on ;he b ~ b b l e  t o  charge  d e n s i t y  o n  t h e  p l a t e  
f a r  from t h e  bubble. Because e l e c t r i c a l  p r e s s u r e s  goes  a s  t h e  s q u a r e  o f  charge  d e n s i t y ,  
e l e c t r i c a l  p r e s s u r e  a t  t h e  bubble t i p  a t t a i n s  v a l u e s  from 40 t o  50 times a s  l a r g e  a s  t h a t  
between two p a r a l l e l - p l a t e s  f o r  t h e  l a r g e r  of t h e  two v o l t a g e s  shown. 
Case 2. R e s u l t s  f o r  azisymmstr ic  f r e e  surface-chargsa drop 
Though t h e  sphere  is a n  e q u i l i b r i u m  shape a t  a l l  v a l u e s  of charge  q it was shown by 
Lord Rayleigh (1882; see a l s o  Hendricks and Schneider  1962) t h a t  a sphere  o f  r a d i u s  R 
is u n s t a b l e  t o  ar.17 p e r t u r b a t i o n  p r o p o r t i o n a l  t o  t h e  Legendre polynomial of o r d e r  n , 
Pn (COS tl ) ,  i f  t h e  charge  exceeds 
o r ,  i n  d imens ion less  form, 
I n s t a b i l i t y  f i r s t  appears  f o r  t h e  n = 2 mode, i.e. t h e  second s p h e r i c a l  harmonic, and 
t h e  c r i t e r i a  Q = 4 n a  o r  Uo = a a r e  known a s  t h e  Rayleigh l i m i t .  The f i n i t e  element 
a n a l y s i s  p r e d i c t s  t h e  f i r s t  i n s t a b i l i t y  t o  occur  a t  Uo = 1.42 , which is i n  good agree-  
ment with  t h e  v a l u e  ,'T, and t o  correspond t o  b i f u r c a t i o n  from t h e  t r u n k  fami ly  o f  spheres  
(F ig .  1 3 ) .  The t h e o r e t i c a l  a n a l y s i s  a l s o  r e v e a l s  t h a t  b i f u r c a t i o n  a t  t h e  Rayleigh l i m i t  
is s u b c r i t i c a l ,  the reby  confi rming T a y l o r ' s  (1964) surmise from h i s  s p h e r o i d a l  approxima- 
;ion. A secondary b i f u r c a t i o n  is found a t  Uo = 1.40 along t h i s  branch fami ly  o f  p r o l a t e  
shapes.  ~'he t t  s o r e t i c a l  a n a l y s i s  a c c u r a t e l y  p r e d i c t s  t h e  b i f u r c a t i o n  p o i n t s  o f  t h e  h igher  
modes, bu t  t h e s e  a r e  n o t  shown i n  Fig.  13.  
7 .  Concluding Remarks 
Charge r e p u l s i o n  can overcome t h e  a t t r a c t i v e - l i k e  a c t i o n  of s u r f a c e  t e n s i o n  and when it 
does it l i m i t s  t h e  s u r f a c e  charge  t h a t  c s n  be s t a b l y  c a r r i e d  by a f l u i d  i n t e r f a c e :  a t  
t h e  l i m i t i n g  charge  d e n s i t y  t h e  i n t e r f a c e  becomes u n s t a b l e .  
Cnnputer-aided a n a l y s i s  w i t h  f i n i t e  element b a s i s  f u n c t i o n s  can handle  r e l a t i v e l y  com- 
p l i c a t e d  e q u i l i b r i u m  p r o f i l e s  of e l e c t r i f i e d  drops.  Tt.s f i n i t e  element a lgor i thm developed 
h e r e  is n o t  l i m i t e d  i n  i t s  app1icab:li ty i n  c o n t r a s t  tc t h e  method o f  Borzabadi and Ba i ley  
(19781, who cal-<. :  , l t ed  p r o f i l e s  of d rops  hanging from a t u b e  connected t o  a h igh  v o l t a g e  
source.  
Addi t iona l  - e s u l t s  w i l l  be  repor ted  e lsewhere.  With t h e  f low f i e l d  i n s i d e  t h e  d r o p  
accounted f o r ,  t h e  methods developed h e r e  and c e r t a i n  o t h e r s  should make i t  p o s s i b l e  t o  
ana lyze  t h e  dynamic success ion  i n  u n s t a b l e  d rops  and se t t le  t h e  long-s tanding q d e s t i o n  
of how charged drops  break up. 
The authors would like to thank X. A. Pmundson for assisting with the construction of 
the parallel-plate capacitor an6 taking the photographs, ant? R. E. Benner, N. E. Bixler 
and S. F. Kistler for extensive discussion and valuable insights into finite element anal' 
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TABLE 1 
G o v e r ~ i n g  dimensionless  groups 
~ A ~ L O R  CQC ~ l ~ ~ e r t  
Figure 1. Observations o f  a charged sessile soap-bubble. 
Figure 2 .  (a )  Axisynunetric drop or  bubble s e s s i l e  (pendant) on one f a c e  o f  a c i r c u l a r  
p a r a l l e l - p l a t e  capac i tor ;  (b) f r e e  surface-charged drop (no appl ied f i e l d ) .  
r, I AUGUENTED V W N G  L A P U C E  E0UATK)N I 
u - y  L- L - A  
Figure 3 .  Governing equarions and boundary condi t ions  (Case 1) . 
Figure 4 .  Governing equations and boundary condi t ions  (Case 2 ) .  
Figure 5 .  Spherical coordinate  r,+w 6 U. I ~ ~ ~ I , I C  L:F- .I ",.I d b  I. .IU. -I- II-IW , 
representat ion.  .I=% l l t lm  1 ~ ~ 1 )  
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Figure 8 .  Drop shapes and equipotentials for fixed contact 
angle ( 9 0 ° )  case. 
. ON STABLE OW STABLE 
Figure 9. Drop shapes and equipotentials for fixed contact 
line case. 
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Figure 10.  So lut ion  f a m i l i e s  i n  parameter Figure 11.  Aspect r a t i o  a/b a s  a funct ion  
space f o r  axisymmetric sup- o f  p a r a l l e l - p l a t e  e l e c t r i c  
ported bubble ( G  = 0 ) .  f i e l d  E , .
75 - 1 23 imnmz> 
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Figure 12. Dis tr ibut ion  o f  surface  charge on s e s s i l e  bubbles.  
Figure 1 3 .  a i f u r c a t i o n  diagram 1.n parameter space f o r  f r e e  surface-  
charged drop (no e x t e r n a l l y  appl ied f i e l d ) .  
A numerical method for integrating the kinetic equations of droplet spectra 
evolution by condensation/evaporatiun and by coalescence/breakup processes 
Isaac M. Enukashvily 
Department for Research and Development, Israel Meteorological !Service, 
P. 0. Box 25, Bet-Dagan, Israel 
Abstract 
An extensio9 of the method of moments is developed for the numerical integration of the kinetic equa- 
tions of droplet spectra evolution by condensation/evaporatioi~ a d  by coalescence/bre.kup processes. The nu- 
mber density function n (x,t) in each separate droplet packet between droplet mass grid points (x 
represented :-.. an expandon in orthogonal polynomials with a given weighting function. ~n this way 2- 
ber concentrations, liquid water contents and other moments in each droplet packet are conserved and the prob- 
lem of solving the kinetic equations is replaced by one of solving a set of coupled differential equations 
for the number density function moments. The method is tested against existing analytic solutions of the cor- 
responding kinetic equations. Numerical results are obtained for different coalescence/breakup and condensati- 
on/avaporation kernels and for different initial droplet spectra. Also droplet mass grid intervals, weighting 
functions and time steps are varied. 
Introduction 
There are three major difficulties in numerical computation of droplet spectra evolution by condensa- 
tion/evaporation and coalescence/brea)t;lp processes, which occur as a result of interaction between drop!ets 
and vapour-air environment. 
a)The relaxation time of condensation/evaporation process is much smaller than the relaxation time of 
coalescence/breakup process and therefore the numerical computations of these processes &.equire a different 
time steps. 
b)A correct appxnximation of droplet number Gensity function nk(x,t) in each separate 
droplet packet between d-oplet mass grid points (xkBq+ ). In Lrr, s appro%:%f~' of number density 
function either the number concentration nor the liquid witer content of droplets are conserved. In BlacksS 
mthod3*? it is impossible :o estimate the error of the approximate numerical solution and an assumption 
is made + I  .r in rtch separate droplet packet a11 droplets are spread over the whole mass interval (X~,X~+~;: 
This Bleckps uniform distributl~n hypothesis gives as a result a significant increase of the mass conv 
sion velocity from small droplets to large drops. 
c)The problem of correct cqutation of water vapour supersaturation taking into account the release 
of latent heat of condensation/evaporation during the time step used for the numerical computation of the 
condensation/evaporation processes. 
Method of mcme> 
In this study an extension of Bleck's method3 and of the method of moments 5*6 is developed for nu- 
merical integrating the kinetic equations of droplet spectra evolution by condensation/evaporation and 
coalescence/breakup processes. Each separate droplet mass interval (~~,x~+~),where .~x is 
as a droplet packet with its own number concentrati~n, liquid water content and otherkkntk. The unknown 
number densfty.function nk(x,t) in each droplet packet is represented by an expansion in orthogonal polyno- 
mials with a given weighting function 
where Z=X/X represents the nondimensional mass of droplets in the packet ( X ~ , X ~ + ~ ) ,  
Wk(r,k)--waighting function. 
Gik(z) -are polynomials orthogonal in the range (1 ,s) with weighting function 5 (z ,t). 
t)-are the expansion coefficients which are expressed as linear combina.lons of the number 
densitr.'kkunction moments and depend on the moments of Nk(z,t) as well. 
In this way droplets number concentration, iiquid water content and other moments are conserved in each 
separate droplet packet and the problem of solving the kinetic equations is replaced by one of solving an 
infinitive set of coupled differential equations for the number density function mmnts.However, approxiu- 
ting nk(z,t) by m a n s  of first L terns of the expansion (1) and also replacing the expulsion coefficients 
aik(t) by means of linear conbinrtians of n d e r  density function wnents we qbtain a finite set of 
ORIG??:Fw $?:.*,; is 
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CcuPled differential equations to compute the first L moments of the nk(t,t)7, Note that the approxima- 
tion of the nk(z,t) by means of the first L terms of the expansion (1) assmer that the expansion 
coefficients for i b ,  i=L*l, . . . . . . are zero, that is 
aLk(t)mO; aL+l,k(t)m9; . . uv  [a 
By(2) the larger order moments of the number density function may be determined by means of the 
first L moments of the nk(z,t). 
The accuracy of the _approximation of nk(z,t) by means of the first L tenns of the 
CItpan~ion (1) in droplet packet( x k I x k , ~  depends on the choice of Wk(z.t) as well as on the 
choice of droplet mass grid points. e number density function n(x,t) is a distribution funct- 
ion which in experiments is determined only for the range (x,x+d& If droplet mass increment 
dx is nnrch snuller th17 X, the n(x,t) in each range (x,x+dx) represents a piecewise constant 
function and an arbitrary moment of n(x,t) in the range (x,x*dx) is expressed by means of the 
zero-order moment d?l(x,t)=n(x,t)dx; therefore also the number density function n(x,t) is determined 
by zero-order moment dN(x,t) and does not depend on the choice of the weighting functions in 
the range (x,x+dx). 
For the numerical :qmputotions cf the kinetic equations it is imposs'ble to cho- 
ose droplet mass grid points for which ( X ~ + ~ - X ~ )  is much smaller than xk ; therefore for such 
grid points the zero-order approximation of the expansion (1) (L= 1) will bz incorrect for an 
arbitrary weighting function Wk(zit). So, if f>r numerical solution of the corresponding kinetic 
quations we have choosen the droplet mass grid points xk+ =sxk , then we have to define for 
what value or' the grid intervals ) the first-order ~pproxination of ( I )  (L-2) will be 
Correct that is will be nor dependen:x&l-xkhe choice of the weighting functin W (z.t). It is 
shown that for s equal or smallex than two the first-order approximation of the expansion (1) 
that is the approximation of nk(z,t) by means of the first two moments is sufficiently correct. 
The relations are obtained to compute the zero-order and the first-order approxim- 
tions of the polynomial expansion (1) for an arbitrary range (1,s) and for an arbitrary weight- 
ing f ~ i o n s .  
It should be noted that the first-order approximation of the expansion (1) (G2) 
describes not only the case where the droplets in the packet (xk,x + are spread over the 
whole mass interval (xkIxk+ ) , but also the case where the dropletsk iA the packet (x~,\+~) 
are located only in the pirt of the whole r u s  interval (X~,%+~) 7 
Numerical method for integrating the condensation/evaporation 
kinetic equation 
In this study a separate treatment of microphysics of condensation/evaporation process 
(without advection phenomena) is adopted and this process for sufficien:ly small time stops is 
cor.sidered as a space-homogenous process. Such consideration is based on the assumption that 
the tine ;ntegration ia broken up into separate treatment of the dynamic tendency and of the 
microphysical processes which control the vapour supersaturation field. 
Differential equations which describe the microphysics of the droplet spectra evo- 
lution by condensation/evaporation processes can be written as: 
where S(t)-water vapour supersaturation; M(t)- droplets rota1 liquid water content; Q(t)-water vavo- i 
ur density; Q (t)- water va3our saturation density at temperature T(t). The equation (3) represents 
the condensati8n/evaporation kinetic equation; (4)-represents the individual drnplet diffusional growth 
equation which includes the terms due to surface tension ( 8 )  and solute effects-*tc); (6) re- 
presents the m u s  conservation equation; (7)- the first l m  of thermodynamics; (8)- the Clapeyron 
-Clawius equation. 
Multip!ying (3) by xmdx and :ntrgrating from xk(t) to xk+ (t), and also taking into 
account that n(x,t)dx=no(y)dy we have the set of number density function rannts quatiom 
~ k + l  (t) Xk*l (0) 
rn- 1 m- 1 
- = 1 x (dx/dt)n(x,t)dx= rn / (ih,t)) (dx().,t)/dt)~ (Y)+/ 
where 
represents the n-order moment of the number density function in the droplet packet with nonfixed 
arid points ( xk(t), xktl(t) ) '  that is in the droplet packet which for t-0 is contained within 
grid points ( xk(0), xktl (0: ) and for time t transfers in the droplet packet ( xk(t), xktl(t) ) 
as a result of the droplets diffusional growth. 
For t-0 we have initial conditions: 
Exom equation (9) we h ~ v e  for m=O and m=l 
0 
where Nk(t)=$(t) and ?(t)*((t) represent the nmber concentration and liquid water conte?t 
respectively in the drop et p cket with nonfixed g ~ i d  points (xk(t), ). Using (10) we 
h w ~ e  for the droplets total liquid water content 
where J-the total number of droplet packets. 
Picardns method of successive approximations is used for the. integration of differen- 
tial equation (4) with the initial condition for t=O x-y. It is assumed that the droplet indi- 
vidual diffusional growth rate in the (j+l)-th approximation is detem.ino2 by the droplet w s s  
in j-th approximation. Substituting (4) in (11) and approximating no&) by means of the first 
two *men's Nk(0) and j(0) we obtain the first relationship between total liquid water con- 
tent of droplets and be ween water vaGour supersaturation: 
where 
are the condensation/evaporation integrals. 
The second relationship between M(jl(t) and ~("(t) can be derived using the equations 
(5)-(8). Expanding Qs(t) in Tailor's series, we have for suffic!ently small time steps, ( that is 
for time steps for which ( T[t)-T(OI)<< T(0) is sotisffed) 
where 
and Lo represents the latent heat of water vaporisation.Such m approach gives the possibility to 
obtain the analytic relationships to compute the unknown values of x(y,t), x (xk(o),tj, Mk(&;, 
M(t). S(t), Q(t), T(t), Q (t) for sufficiently small time steps 7 .  (O<trrl) whkch msy be much 
smaller than the time sttp used for the numerical computation . the coalescence/brenku~ pro- 
cesses. The redistribution of the liquid water mass from the drc,let packets between nonfi~ed 
. grid points (~~(t),x~+~(t)) among the droplet packets locsted between fixed gri'd points ( x ~ , x ~ , ~ )  
. .. - 
which are used for the n erical computation of the coalescence/treakup processes can be computed 
""4 without too much difficulty . 
Note that according to (10)the ntmber concentration ~ ~ ( t )  in the droplet packets with 
nonfixed grid points (X~(L;,X~+~(~)) is constmt and for initial manodisperse droplet spectrum 
M(t)-vrd)~(t) where N(0) represents the total number concentration of droplets. Thurcfore for the 
initial monodisperse droplet spectrum and for the case 6-0 and @(c)-0 in equation (4) there 
exists the analytic solution of the set of differential equations (4 ) ,  (ll), (12) which m y  be 
used for the test of the numerical method developed in this study. 
Numerical method for integrating the coalescence/breakup 
kinetic equation 
-
The coalescence/breakup kinetic equation for the droplet number density function n (x,t) 
c m  be writtun as: 
.) x/ 2 - 
n x t  
= - t  Y Y Y  - Y - t n y t d - n , t +  n ( y t Q ( y B x ) ( ) d  at 
X1 1 X 
In this quation a(x,y) represents the coa1erct;nce kernel for two droplets of mass x m d  y; 
X is the smallest BUS in the spectnm of iropletr, P(x)- the probability that a droplet of 
d s s  x will break up during a unit ti- and Q(y,x)-the droplet mmber density function, *,me& 
due ?o bredcup of a parent drop of u s s  y. 
Multiplying (IS) by xmdx .nd integrating (13) from 5; to L,,~-S~ yield. 
where 
represents the m-th order 80 m t  of the number density function of droplets in the packet 
(xkDx + ). According to Bleck ', the first two double integrals on the right side of (14) can 
be c u u t e d  sectionally over small areas. Using this idea also for the couputation of the last 
two integrals in (Id), we have 
where k-1, 2,......,J; J is the nmbrr of droplet packets: -0, 1, i,......i; and m is the order 
of moments. In the set of difC.renti.1 equatirns ( 1 0  *TDk * q;k-l,k D khk,b .\re coalescmce 
double iritegrals which describe the kinetics of the coalescsnce plocess. art two teru in 
(16) describe the droplet breakup process. 
fie computation of the coalescence and brerkv; double integrals requires the' values 
of the unknown number density function n(x,t) in each scprrnte droplet packet. Therefore approxi- 
mting again the number density function ni(z,t) by m e m s  oi the f!rst L t e a s  oi' the exppsi- 
on (I) and replacing the npmsior coeffi irnts a (t c m m s  of linear combinations of v), 
we have from (1.) a finite m 11f ~0uplr2 drffekntlal quario..r to compute the first L - 
ments of the %(z,t) in w c h  separate droplet p:.cket. 
There exist canservation relations between the coalescence double integrals, which for 
8-0 and m-1 describe the droplets mmber concentratic.l conservation ud liquid water :ontent con- 
servation respectively during the coalescmce interaction between two uroplet packets. 
The detail? method for nmerical integrat3ng of the coalescmc~/brerkup kinevic q u -  
ation is contained ir. . 
The unluram number density f~:tion n ( z , ~ )  :i, s c h  separ~te droplet pbcket ( 5 , x  
( X ~ + ~ = S X ~ )  is represulted by an expansion in ortkogonal po1ynod.L~ with a given weighting &a! 
tion in thr range ( X ~ , X ~ + ~ ) .  In this way the problem of solving the condensatior~/mvapcration ud 
coalescmce/breakup kinetic equations is replaced by one of soiving a set of coupled differential 
equations for the momants of the number density fmction nt(z,t). 
The method of m n t s  developed in this study, is testd *gainst eristing analytic 
solutions of the correspondiri kinetic equations. Nusrica? results *:r obtained for Afferent 
coalescence/breakup kernels, f o ~  Ziffercnt individual droplet diffurional growth rate and for dif 
ferent initial droplets spectra. Also droplet mass p l . 1  points intervals, weighting functions .M 
integration t i n  steps are v~ried. 
Ihe results of the numerical camputatiws of the d m l e t  spectra evolution by c d m s a -  
tion/evaporation processes indicate that the comergehce of the ticard's mthod of the succerj.ve 
.pproxirrtions for the aquation (4) for small t i M  intewals is sufficiently rapid. For mnodis- 
parse initial droplet spectra a coqvison between nmeriul results conputed by the mthod of 
this study .nd between existing analytic solution of dmplet spactra evolution by condensation pro- 
cess is made. It is sham that a siultmeous use of the Picardns mthod and of the method of 
m n t s  gives raasoluble results which u e  very close to the existing analytic solution. 
For the n w r i u l  integration of the caupled differential equations for I+.(%) and 
%(t) which are derived fmm 06). the f o d  t h e  differencfng fs adopted. For practical c a -  
putations the droplet w s  grid points xk+l=% u e  the most convenient. The results of the nu- 
merical computations indicate that if the chosen weighting function is close to the unkaoun n u -  
ber density function %(rat). the difference between nutrical results caputed by maas of the 
zero-order ap~mxiution and by means of the first-order approximation of the expansion (1) is 
sufficiently small. The results of nueriul coqutations also show that the difference between 
rmcriu? results coquted by raas of the first-order .pprodntion of the expansion (1) with 
iw not luge d even if the chosen weighting functions are not close to the 
..=:ty fmction q.(z,t), the use of the first-order approximation of the expan- 
sion . ' I  for di-ftront %(r,t) gives nwrical results which a n  close to the existing analflic 
solutinns. Therefore one mportmt aspect of the method 3f mments is its ability to estinte 
far a ),en kernels the efficiency of the chocen weighdng function. that is the sufficiency of 
the Z:;-order qproxiution of the expansion (lj when there is no analytic solution. A prelimi- 
nary nuerical results are obtained to study the influance of the cdensation/ev.poration pmces- 
ses on the droplet spectra evo'xtion by the coalescence/bre.lrup precesses. 
nus, the convergence of the expansion of the nuber density function nk(2.t) in 
. - e m  of orthogonal polynomials with a given weighting functions in the range (I,tj ( ~ 2 )  is 
sufficiently rapid d for droplet rass grid pints (plfsxk ( 3 2 )  the approximation of q(2.t) 
by mans of the first two terms of the expansion is sufficiently correct. 
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Bubble in a corner f l w  
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Abstract 
The distortion of a two-dimensional bubble (or drop) in a corner of angle 6, due to 
the f l w  of an inviscid incompressible fluid around it, is examined theoretically. The 
flow and the bubble shape are determined as functions of the angle 6, the contact angle 
6 and the cavitation number . The problem is formulated as an integrodifferential 
equation for the bubble surface. This equati generalizes the integrodifferential 
equations derived by Vanden-Broeck and Keller P72. The shape of the bubble is found 
approximately by using the slender body theory for bubbles presented by Vanden-Broeck and 
~eller~. When Y reaches a critical value Y (6,6 1, opposite sides of the bubble touch 
each other. Two different families of solutioB for Y Y are obtained. In the first 
family opposite sides touch at one point. In the second f8miiy contact is allwed along a 
segment. The methods used to calculate these tvo families are similar to the ones used by 
Vanden-Broeck and ~ e l l e r ~  and vanden-~roeck~. 
1. Introduction and formulation 
We consider the steady potential flow around a gas bubble or liquid drop in a corner of 
angle 6 .  The contact angle is denoted by 6 (see Figure 1). We shall write "bubble" to 
mean either bubble or drop. We take into account the surface tension 0 at the interface, 
but we ignore the flow inside the bubble, assuming that the pressure is a constant 43 
throughout it. 
Figure 1. Sketch of the bubble and the coordinates 
In  order to formulate this problem we assume that the complex potential without the 
6a hcMie is ( x  + iy)'I6, where a is a constant and x and y are Cartesian 
c m r  linates. 
6 
2.-1 
We introduce dimensionless variables by choosing (4) as the unit length and 
20 21-6 4 7 )  as the unit velocity. We also introduce the dimensionlers potential be and 
stream function b9. Here, b > 0 is a dimeneionlesm conetant to be chosen 80 that 
= and + - - -  at the stagnation points on the wall8 y = 0 and y = xtan6, 
respe~tively. We dinote the streamline along the tvo la118 and along the bubble boundary 
6 by $ - 0 In theee variables b( + + i$) - i (x + iy 1' at infinity or. equivalently 
at infinity. 
The flow occupies the region $ 3 0 of the +, 9 plane, and the bubble boundary 
1 1 corremponde to the segment - 5 + < 5 of the axis $ = 0 The problem of finding the 
- - 
flow consists of determining x + iy as an analytic function of + + i$ in the half plane 
$ 3 0 satimfying Equation (1) at infinity. Then the bubble surface is given by setting 
1 1 $ = 0 in x(+ + iS) and y(+ + i$) and letting + range from - 2 to 2. The contact 
angle conditions require that the bubble surface meets the walls at the angle 6, which 
yields 
* (  x 
tan 6 as + + 
+ 1 -tan(B-6) as + * - 5 .  
On the bubble surface the pressure in the fluid, vhich is given by the Bernoulli 
equation, must differ from $ by ak, where k is the curvature of the interface. This 
leads to the boundary condition 
Here, pa, P and q are, respectively. the stagnation pressure, the density and the speed 
of the fluld outside the bubble. In dimensionless variables (3) becomes 
where Y ie the cavitation number defined by 
The problem can be fu~ther simplified by requiring the bubble to be symmetric about tho 
Y line y = x tan 2. This implies that 
y+(+.O) = y+(-+,O)cos( - x I-+,O)sin6. 0 < + < + T ' ( 6 )  
By using Equation ( 6 )  we can restrict our analysie to the interval 0 < + < 5. 
2. Reformulation as an integrodifferential equation 
It is convenient to reformulate the boundary value problem as an integrodifferential 
equation by considering the function 
which is analytic in the half plane 9 > Q and vanishes at infinity am a consequence of 
Equation (1). Therefore, on 9 = 0, its real part is the Hilbert tranmform of its 
1 imaginary part. The imaginary part vanishes on 9 - 0 ,  ) + I  ? 2 and therefore the Hilbert 
transform yields 
6 1- - 
I 0 ( -  [-y (+',O)cos6 + ; (+',0)sin6] 
+ + j  ,' - 4 d,' . 
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We nor use the symmetry condition (61 to rewrite ( 7 )  in the form 
Next we express the boundary condition (4) in terms of x, and y, noting that 
q2 = b x  + I .  Then (4) becomes 
Now (8)  and (9) together constitute a nonlinear integrodifferential equation for y ( + )  
1 + in the interval 0 6 + 6 D $ - 0 The contact angle conditions (2) complete the 
formulation of the problem for y (+,0) and b. 0 
For Y = -, the equation defined by (8 )  and (9) reduces to the integrodifferential 
equation derived by Vanden-Broeck and ~eller'. 'Phe particular case I = ; represents half 
of a free bubble. 
For Y = 0 = i. the equations (8)  and (9) reduce to the integrodifferential equation 
- 
derived by Vanden-Broeck and Keller'. This case represents a quarter of a free bubble in a 
straining flow. 
The integrodifferential equation defined by (8) and (9) can be oolved numerically for 
arbitrary valuer pf 6, y and 6 by using the numerical procedures described by Vanden- 
Broeck and Keller ' 2. 
In the next section,, we shall find the shape of the bubble approximately by using the 
slender body theory for bubbles presented by Vanden-Broeck and ~ellerl. 
3. Slender body approximation 
For Y large the bubble tends to an arc of a circle of radius Y .  A r decreases 
numerical solutions show that the bubble elongates in the direction of the line which 
bisects the angle between the two walls. Then it develops a horn or spike which larye 
curvature near ita end. Finally when Y reaches a critical value Y0(I,6), opposite 
midem of the bubble touch each other. For 6 < the contact point is at x = y = 0. For 
6 ' 2  the contact point is away from x = y = 0. Typical prof iles for 6 = r and 
6 - I = can be found in Vanden-Broeck and Kellerle2. These profiles were obtained by 
solving numerically the integrodifferential equation of Section 2. 
For y - yO(6,6) the bubble im slender. Therefore we shall use the slender body theory 
for bubble. presented by Vanden-Broeck and Kellerl to get an approximate description of the 
flow around tha bubble. In the lwest order, the flow about a mymletric slander bubble is 
approxinatod by the flow about a rigid plate lying along the center line of the bubble. In 
the present case the center line of the bubble conrists of a straight segment of 8ome 
length a lying along the line y = x,tan6/2. We introduce the coordinates x ,y' (see 
Figure 1) and find the potential b+(x ,y') of the flaw about these plates requiring that 
r 
6 7J 
at infinity b(+ + i9) - ; (x + iy) . Evaluating the potential on the plate 
y' = 0 ,  x' > 0 we obtain 
By differentiating (10) we find that the flow speed q on the plate is 
Before using q to get the bubble shape, we ahall determine the length a. We do so by 
requiring the suction force F, exerted by the flow on the end of the spike, to balance 
. 
the surface tension 2a. As we see in Ref. 5 [p. 412, Eq (6.5.411, F = rp~'/4. Here 
e 
A, is the coefficient in the expansion b+ - Ar1l2 cos in terms of polar coordinates 
- 
with their origin at the end of the plate. Upon setting F = 20 and introducing 
dimensionless variables we obtain 
26 a% -' 
From (10) we find A2 = --; , so (12) yields 
We next use (11) for q in (4) and approximate the curvature k by -nx,,,(xl). Here 
the equation of the bubble is y x .  Then (4) becomes 
At the end of the spike we require 
n(a) = 0 . 
In addition the contact angle condition yields 
6 
n'(u) = -tan(@ - . 
Here a is defined by the equation 
The function n(xl) is easily obtained by integrating (14) twice with the auxiliary 
conditions (15) and (16). In the particular case 6 = ., the result of the integration is 
1 - a(a - xl)log(a - x') + a210g2a + (a - xe)tan(8 - ;) . (18) 
For 6 = r ,  (13) becomes 
2 
a = ; .  
Vanden-Broeck and ~eller' have shown that the approximate solution (17), ( l 8 )  ia in fair 
1 
agreement with the exact numerical solution of ( 8 )  and (9) for 3 - 8 and Y - Yo( 8, 1). 
For Y < Y (8.6) (14)-(16) yield unphysical profiles in which opposite sides of the 
bubble cross 8ver. In the next two sections we construct physically acceptable families of 
solutions for Y < r0(B,6). We shall present these results in the important particular 
case 6 = 1. 
4. Solution with one point of contact 
To obtain solutions for Y < y0(m,8) we require the free surface to be in contact with 
itoelf at one point. Then the bubble contains a small sub-bubble near its tip (see Figure 
2). We denote by c the x' coordinate of the contact point. 
We describe the profile of the bubble by the equations y' = nl(xl) 0 < X' < c and 
y' = n2(x1) c x X' < a. Then by symmetry we have 
Figure 2. Profile of the bubble with one point of contact for Y = Y - - 1 .  and 
0 = 2r /3 .  The vertical scale is the same a8 the horizontal ccale. The 
cavitation number in the sub-bubble is equal to yo. 
Figure 3. Profile of the bubble with one point of contact for Y - -4.5 
and B = 2 r / 3 .  The vertical scale i8 the same as the horizontal 
scale. The cavitation number in the 8ub-bubble is u - -0.6. 
The conditions (15) and (16) yield 
ni(0) = -tan($ - ;j . (23 
The functions nl(xl) and n2(x1) are obtained by integrating (14) twice. The four 
constant o l  integrations and the value of c have to be evaluated to satisfy the six 
conditions (20\-(23). This yields a system of six equations with five unknowns. Therefore 
we cannot ex act this system of equations to have a solution for any value of Y other 
than i0(B.*P 
The physical reason why the problem does not have a solution for ia that it 
rtqtiirea the cavitation number in the mub-bubble to be the same as inYthleypain bubble. It 
is to be expected that the cavitation number within the sub-bubble will have some value 
other than Y, which we cannot prescribe. Following the general philosophy of the method 
used by Vanden-Broeck and ~ e l l e r ~  we shall introduce the unknown cavitation number u in 
the interval c ( x' ( a. 
Integrating (14) twice we obtain 
1 
- 7 a(a - x')log(a - x') + A + Ex' , 
Here 
(20)- 
Dl IJ 
A, 8, E and D are the four constants of integration. Using the six conditions 
(23) we obtqin a system of six algebraic equations for the six unknowns A, B, E, 
and c. This system can easily be solved and yields a unique solution for any Y in 
the interval -- . y . 1 0 ( 8 1 . ) .  Typical profiles for 6 = $! are shown in Figures 2 and 
3. The value of yo is approximately equal to -1.7. As Y decreases the size of the 
sub-bubble increases and the size of the main bubble decreases. For r = --, u = -0.39 
and the main bubble vanishes. It. is interesting to note that the present solution a180 
exists in the interval Yo < Y < Y Here Y* is the value of Y for which sy(c) = 0. 
A similar result was found by Vanclen-Broeck and l(eller3. 
The results are summarimed in Figure 4. The solution before contact described in 
Sections 2 and 3 correspond to the interval yo ( Y < -. It is represented by the straight 
line v = Y in Figure 4. The other curve in Figure 4 corresponds to the present 
solution. It exists in the interval -- < Y < Y*. Therefore there are two possible 
solutions ir. the interval yo ( Y 4 I*. 
5. Solution with an interval of contact 
In this section we derive another solution for Y Y ~ (B,=) by requiring the bubble to 
be collapmed between x '  = f and x' = g (see Figure 5). We describe the profile of the 
bubble by the equation8 y' = nl(x'), 0 < X '  ' f and y' - n (x'), g . x' < a. The 
functions sl (x ) and n2( x' ) m:mt satisfy the following coiditions 
Fiqure 4. The cavitation number r as a function of I .  
Figure 5. Profile of the bubble with one regment of contact for Y = -3.0 and 
6 = 2r/3. The vertical acale ia the same as the horizontal scale. 
The values of f and g are rerpectively 0.19 and 0.47. 
The functions nl(x') and n2(x8) are obtained by integrating (14) twice. They are 
therefore given by the relation. (24) and (25). The six conmtantr A, B, E, D, g and f 
are found by ratisfying the mix conditions (26)-(29). We note that the prerent rolution 
can be found with the same cavitation number everywhere. 
2. A typical profile for B - is shown in Figure 5. As Y decrearer the sizes of the 
mein bubble and of the rub-bubble decreame. Furthermore the length of the contact regment 
increarer as Y decrearer. For Y = - ,  the bubble reduce. to a rtraight segment of 
length a lying on the x' axis. 
Finally let ur mention that tbe equilibrium of forcer require tho regment of contact to 
be a "film of impuritier" characterized ~y a rurface tenrion equal to 20. Thir ir very 
unlikely to occur in reality. Therefore the bubble with a segment of contact ir phyrically 
unrealirtic. However, thir mathematical rolution ir phyrically relevant to dercribe the 
deformation of an inflated membrane. For detail8 ree vanden-Bro.ck4. 
Sponsored by the United Stater Army under Contract No. DMG29-80-C-0041. Thir material 
ir bared upon work supported by the National Science Foundation under Grant No. MCS- 
7927062, Mod. 1. 
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Asymptotic expansions  and e s t i m a t e s  f o r  t h e  c a p i l l a r y  , rob len  
~re 'de ' r i c  Pau l  D r u l o i s  
Department of  !lathematice, The U n i v e r s i t y  o f  Iowa 
Iowa C i t y ,  Iowa 52242 
A b s t r a c t  
T h i s  paper  ana lyzes  t h e  asympto t i c  p r o p e r t i e s  f o r  smal l  Bond number B of t h e  e q u i l i b -  
rium c a p i l l a r y  i n t e r f a c e  i n t e r i o r  t o  a  c i r c u l a r  c y l i n d r i c a l  t u b e  v e r t i c a l l y  dipped i n  an 
i n f i n i t e  r e s e r v o i r  of l i q u i d .  (The Bond number B is a  d imens ion le r s  p a r a n e t e r  which i s  
t h e  r a t i o  of g r a v i t a t i o n a l  t o  c a p i l l a r y  f o r c e s . )  .The formal  expafieion i n  powers of  B of 
t h e  s o l u t i o n  t o  t h e  d i f f e r e n t i a l  e q u a t i o n  d e s c r i b i n g  t-ilibrium s u r f a r ?  (as can  be ob- 
t a i n e d  Ly s tandard  p e r t u r b a t i o n  methods) i s  proved t o  he  t r u l y  asymptotic-to a l l  o r d e r s  
alld uniformly i n  t h e  v a r i a b l e  and parameter  y, t h e  c o n t a c t  ang le .  
Sequences of g e n e r a l  e s t i m a t e s ,  i n  c losed  form, f r o  above and from below, a r e  a l s o  
t R given f o r  t h e  s o l u t i o n  and r e l a t e d  func t ions .  The m- term i n  t h e a e  sequences a r e  asymp- 
t o t i c a l l y  e x a c t  t o  o r d e r  m. An id iosyncrasy  of t h e  problem, c r u c i a l  i n  o b t a i n i n g  t h e s e  
e s t i m a t e s ,  i s  t h e  a b s o l u t e  monotonici ty  of t h e  s t r u c t u r a l  f u n c t i o n  of  t h e  system i n  i n t e g r a l  
form. 
F igure  1. 
\le c o n s i d e r  t h e  c l a s s i c a l  c a p i l l a r y  problem of d e s c r i b i n r j  t h e  e q u i l i b r i u m  f l u i d  i n t e r -  
f a c e  J i n t e r i o r  t o  n c i r c u l a r  c y l i n d r i c a l  tube  ve r t i ca1 l .y  dipped i n t o  an i n f i n i t e  r e s e r -  
v o i r  of l i q u i d  (Fig .  1).  Let  u ( r )  be t h e  h e i g h t  (above t h e  l e v e l  i n  t h e  o u t e r  r e s e r v o i r )  
of  t h e  s u r f a c e  J a s  a  f u n c t i o n  o f  t h e  d i s t a n c e  r t o  t!le a x i s  of  t h e  tuhe.  Then u ( r )  
is a  s o l u t i o a  of  t h e  f o l l m ~ i n g  boundary va lue  problem 
u r ( l - )  = tan(; - y). 
I n  t h i s  fo rmula t ion ,  t h e  q u a n t i t i e s  r ,  u ,  y ,  and B a r e  d imens ion less ;  y  is t h e  con- 
t a c t  ang le  o f  J with  t h e  boundary c y l i n d e r  ( 0  s y s n) ,  and B = p g ~ ~ / ~  > 0 is  t h e  Bond 
number wi th  p t h e  d e n s i t y  d i f f e r e n c e  a c r o s s  , g t h e  q r a v i e a t i o n a l  a c c e l e r a t i o n ,  R 
t h e  r a d i u s  of  t h e  c y l i n d e r ,  and T t h e  s u r f a c e  t e n s i o n .  We r e f e r  f o r  background t o  p r e v i -  
ous  p a p e r s 3 ~ 4 r 5 , 6 , 1 0  and, i n  p a r t i c u l a r  t o 1  t 2 ,  f o r  d e t a i l e d  p r o o f s  o f  most o f  t h e  t : leorem.  
Boundary v a l u e  problem ( 1 , 2 , 3 )  has  a  unique s o l u t i o n ;  t h i r  s o l u t i o n  w i l l  be s t u d i e d  i n d i -  
r e c t l y  by t h e  shoo t ing  method. S e t  v ( r , h , B )  t o  be  t h e  unique s o l u t i o n  of  t h e  fo l lowing  
i n i t i a l  v a l u e  problern 
vr(O,h,B) = 0. 
vr S e t  a l s o  o ( r , h , F )  = - n ( r , h  ,B) and s = s i n ( r  - y) . (The parameter  h  i r  t h e  m a n  q 
c u r v a t u r e  a t  t h e  apex of t h e  cor responding  s u r f a c e  of  r e v o l u t i o n  and a is t h e  s i n e  of  t h e  
s l o p c  a n g l e  of  v  Then t h e r e  e x i s t s  a  unique h  * h ( B , s )  much t h a t  O( l ,h ,B)  = st t h i r  
i s  a l r o  t h e  unique h  such t h a t  t h e  f u n c t i o n  2h/B + v ( -  ,h,B) i r  t h e  s o l u t i o n  of ( 1 , 2 , 3 ) .  
Consequently,  s e t  
For t h e  above e x i s t e n c e  and uniqueners  r e s u l t s ,  s e e ,  =or example, 161 or [Z]. 
I n s t e a d  o f  t h e  i n i t i a l  v a l u e  problem ( 4 , 5 , 6 ) ,  we a h a l l  use  an e q u i v a l e n t  i n t e g r a l  System 
f o r  t h e  p a i r  ( o , v ) ,  namely, 
where t h e  s t r u c t u r a l  f u n c t i o n  g is g iven  by 
, f o r  l y 1 < 1 .  
Note t h a t  g  is a b s o l u t e 1  monotonic on t h e  i n t e r v a l  0 , l  i . e . ,  h a s  nonnegat ive  d e r i v a -  
t i v e s  on a11  o r d e m f l ) .  Th i s  f a c t  is e s s e n t i a l  i n  o b t a i n i n g  t h e  e s t i m a t e s  below. 
The approach w i l l  c o n s i s t  i n  f i r s t  obtaining asymptot ic  r e s u l t s  ( r e a p .  e s t i m a t e s )  f o r  t h e  
s o l u t i o n  o r , h , B  , v , l , B  of t h e  i n i t i a l  va lue  problem ( i n  i n t e g r a l  form) , then  d e r i v i n g  
from t h e s e  r e s u l t s  s i m i l a r  ones  f o r  h ( B , s )  and t h e n  u ( r , B , s )  . 
Absolute monotonici ty  and a n a l y t i c i t y  of  a and v  
S ince  ( 4 )  is s i n g u l a r  a t  r = 0 ,  we need t o  show t h a t  t h e  p a i r  I a ,v )  i n  l o c a l l y  ana- 
l y t i c  a t  r = 0 and depends a n a l y t i c a l l y  on t h e  parameters  h  and B. T h i s  can be done i n  
a  number o f  ways ( c f . ,  f o r  example, wentell  ; a l t e r n a t i v e l y  l ,  it can be observed t h a t  tlre 
,'one dimensional  s o l u t i o n n  (8,i i )  f i .e .  , t h e  p r o f i l e  curve of  t h e  c a p i l l a r y  s u r f a c e  between 
two v e r t i c a l  pa! ' l l e l  p l a t e s )  is a r a j o r a n t  f o r  ( 0 , ~ ) .  S ince  (?J, j )  is s o l u t i o n  of  a  
r e g u l a r  i n i t i a l  ~ # a l u e  problem, w e  conc lude ,  by t h e  method of majoran t s ,  t h a t  
P r o p o s i t i o n  1: For every q, 6 > 0 ,  t h e r e  e x i s t s  p > 0 such t h a t  t h e  f u n c t i o n s  
o ( r , h , B )  and v ( r , h , B )  a r e  a n a l y t i c  i n  t h e  dcmain Irl * p ,  lh l  * TI, I B ~  * b i n  c3. 
Now t h e  a b s o l u t e  monotonici ty  of  g  on ( O , l \  y i e l d s  t h a t  o ( r , h , B )  and v ( r , h , B )  are 
a b s o l u t e l v  monotonic i n  a l l  t h r e e  v a r i a b l e s  f o r  p o s i t i v e  v a l u e s  of r ,  h ,  and B. T h i s  can 
5e checked by p w e r  s e r i e s  s u b s t i t u t i o n  i n t o  system ( 8 , 9 ) .  Thus t h e  t r i p l e  p w e r  series 
expansion of a and v  a t  (0,O ,0 )  has  nonnegat ive  c o e f f i c i e n t s .  Th i s  l a s t  f a c t  t o g e t h e r  
w i t h  Pr ingsheim's  Theorem below impl ies  t h a t  t h i r  expansion i r  convergent  on t h e  maximal 
i n t e r v a l  0 r < p . p(h,B) where a ( . , h , B )  and v ( . , h , B )  can be  con t inued  as a s o l u t i o n  
of i n t e g r a l  syr tem ( 8 , 9 ) .  S i n c e  o( .h ,R)  and v ( * , h , B )  a r e  monotonic and bconded, we ob- 
t a i n  convergence up t o  t h e  boundary o f  t h e  d i s c  of convergence. 
P ro  o s i t i o n  2 :  The power series expansions  of  o ( . ,h ,B)  and v ( . , h , B )  a t  r = 0 con- 
verge +a so U t e  y  and uniformly i n  t h e  c l o s e d  convex d i s c  Irl s o(h,R; .  Moreover 
0  < p(h,B) < - and,  a t  r = p ( h , E ) ,  o ( r , h , B )  = 1. 
The t r i p l e  p w e r  a e r i e s  e x ~ a n s i o n s  o f  a and v  a t  ( r , h , B )  = (0,O.O) 
c o n M ~ t e l y  and uniformly i n  t h e  c l o s e d  domain 
D = ( ( r , h , ~ )  € c3: Irl s ~ ( l h l ,  1 ~ 1 ) .  
Pr ingsheim's  Theorem: Let 
an2 R t h e  r a d i u s  o f  converoence o f  paver  series (12) .  Suppose cn 2 0 ,  f o r a l l  n z 0 .  
Then z = R is a s i n g u l a r  p o l n t  o f  f .  
Asymptotic expansions 
Theorem 4: For each m r 0 ,  t h e  series e x p a n s i ~ n s  i n  powers o f  B o f  t h e  f u n c t i o n s  
h ( B , s ) ,  o ( r , h ( B , s )  ,B) , v ( r , h ( B , s )  ,B) , and u ( r , B , s )  a r e  asymptot ic  t o  o r d e r  m uniform- 
l y  i n  r and s over  t h e  e n t i r e  range 0 r r s 1, -1 s s s 1, a s  B + 0. 
Proof ( o u t l i n e )  : By symmetry, we way r e s t r i c t  o u r s e l v e s  t o  s 0. R e c a l l  t h a t  h(B,s)  
is t h e  unique s o l u t i o n  of 
Now a ( l , h , O )  = h a-"(l,.,.) is a n a l y t i c  a t  each p o l n t  (h,O) where h is i n  t h e  com- 
p l e x  d i s c  1 hl < 1. Since  ah( l ,h ,O)  = 1, t h e  i m p l i c i t  f u n c t i o n  theorem i m p l i e s  t h a t  
. -
h(B,s)  is a n a l y t i c  a t  each p o i n t  ( 0 , s )  where s is i n  t h e  complex d i s c  Is1 < 1. A com- 
pac tness  argument shows t h a t ,  f o r  each so w i t h  0 < so < 1, t h e r e  e x i s t s  Bo > 0 such 
t h a t  h (B,s )  is a n a l y t i c  i n  \ B !  Bo, (sl SO and 
m 
h(B,s)  = 1 B " s ~ ( s )  where S,(s) = -(0 ,s) .  
n=O an 
This  y i e l d s  t h e  asymptot ic  s ta tement  f o r  h(B,s! away from s = 1, i - e . ,  c o n t a c t  a n g l e  
y = 0. 
The neighborhood of s = 1 r e q u i r e s  a s p e c i a l  t r e a t m e n t  and t h e  use  o f  t h e  paramet r ic  
system f o r  t h e  p r o f i l e  curve (parametr ized by a r c l e n g t h ) .  The corresponding f u n c t i o n  
- TI n h(B,a)  where a = 7 - y is shown t o  be a n a l y t i c  i n  a neighborhood o f  (0,$ by t h e  i m -  
- - 
p l i c i t  func t ion  theorem. Thus h(B,s)  = E ( ~ , a r c s i n  s ) .  W e  conclude,  s i n c e  t h e  f u n c t i o n  
a r c s i n e  is cont inuous a t  s = 1. 
The o t h e r  t h r e e  func t ions  a r e  handled i n  a s i m i l a r  way. QED. 
In  p a r t i c u l a r ,  S n ( l i  = l i m  5, e x i s t s .  Th is  settles i n  t h e  n e g a t i v e  t h e  problem of  
s +l- 
p o s s i b l e  n o n u n i f o m i t y  a s  s a l  ( c f .  [I])  . 
I n  Tables  1, 2 ,  3,  and 4 below, w e  g ive  t h e  f i r s t  few c o e f f i c i e n t - f u n c t i o n s  o f  each ex- 
pansion a s  can be obtained by s t a n d a r d  p e r t c r b a t i o n  t echn iques .  P rev ious ly  ~ a ~ l a c e ' ,  
~ o i s s o n ~ ,  a y l e i g h ~ ,  and concus3 computed formal ly  t h e s e  asymptot ic  expansions t o  v a r i o u s  
o rders .  We should a l s o  mention t h a t  s i e g e l l o  had proved r e c e n t l y  t h e  f i r s t  term of t h o s e  
expansions t o  be t r u l y  asymptotic.  
F i r s t  w e  need 
(where t h e  s e r i e s  converge i n  D) and recur rence  formulas f o r  t h e  f u n c t i o n s  An and vn 
J.l. + U" + . .. '" n J.. 1lI 1\. 
if. n 
Tab),\) 1. 
~ .. :tt~-~: ]. 
'" 2 J.09 .. -
~2 1If Al.:...i - X~ 
-, 
It 
""J ~ Xl~2 -I- A4).,1 - )., ~i:t l. 1 - 1 I A~A* J, J. - A3 
· ~-
Table 4. Expansions for the BVP 
2 2 2 1 3 2  + B [r Xl (s) X;(s) pA(sr) - r A2(s)p; (sr) - r l1(s)~i(sr) 
Estimate? 
The coefficient-functions An and pn are odd, analytic in the unit disc, and abso- 
lutely monotonic in the interval 0 , l  This yields the following lower estimates by 
truncation of the series (15) and (161, for each m 2 0, 
3 for (r,h,~) € D+ = D tl [o,-1 . 
Using the fact that the right hand s ~ d e  of (20) is increasing in h and setting 
h = h(B,s) and r = 1 in (20), we get the upper estimate 
. 
where hm(B,s) is the unique nonnegative solution of equation 
Estimates on the other side are obtained by induction on m from integral system ( 6 , 9 ) ,  
using Picard's method of successive approximations and a careful estimation of each iterate. 
The proof uses strongly the absolute monotonicity of the function g. For each m 2 0, we 
get the upper estimates 
for (r,h,B) € D+. Using the fact that the right hand side of (24) is increasing in h and 
setting h = h(B,s) and r = 1 in (24) , we get, for m 1, the lower estimate 
h(B,s) 2 Cm(B,s) (26) 
where hm(B,s) is 
(i) 0, if B~ a s/~~(s), 
(Fi) the unique nonnegative solution of equation 
348 
Now, s e t t i n y  h = h ( B , s )  i n  (20) and (21! and u s i n j  ( 2 b ) ,  
S i r t ~ i l a r l y ,  s e t t l n y  h = h ( B , s )  i n  ( 2 4 )  and ( 2 5 )  and u s i n g  ( 2 2 ) ,  
E s t i m a t e s  (22 ,26 ,28 ,29 ,30 ,31 )  a r e  v a l i d  f o r  m  L 1, B 2 0 0 i s 3 1,  and 0  s r i 1; 
t h e y  a r e  a l l  a s y m p t o t r c a l l y  es ,~c t  t o  o r d e l  m ,  a s  B  ---. 0.  
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Lunar globules are smooth glassy objects which were discovered by the astronauts on the 
moon. These objects are small - most are less than a tenth of a millimeter in diameter - 
though some are a good deal larger. The shapes of the globules vary on a continuum from 
spheres to prolate spheroids to dumbbells. Figure 1 contains two photographs, one of a 
prolate globule and one of a dumbbell shaped globule. 
Several theories have been proposed for their creation. All these theories assume that 
molten rock is shot from the surface of the moon, solidifies in space above the moon and . 
then falls back to the surface. 
The rotational theory which we study in this paper makes the following assumptions: The 
volume of the molten rock does not change during cooling. The angular momentum is con- 
served. There are no inte-nal motions because of the high viscosity of the molten rock, 
i.e., in equilibrium the globule is rotating as a rigid bgdy. Finally, we assume that the 
kinetic reaction of the globule to the forces is fast relative to the rate of cooling, 
i.e., we assume that the globule reaches equilibrium at constant enerqy. For more disdus- 
sion of this theory see [I]. 
Most thermodynamists would agree that with these assumptions equilibrium will be 
achieved at a local minimum of the internal energy and that the relevant part of the inter- 
nal energy is 
Here n is the region occupied by the globule in a coordinate system fixed in the body. 
I(R) is the moment of inertia of the qlobule with reswct to its axis of rotation. A(a0) 
is the surface area of the qlobule. T is a positive constant which describes the surface 
tension properties of the molten rock (this number is effectively constant over wide varia- 
tions of temperature), and w is the angular velocity. 
We remark that from the standpoint of rational thermokinetics there is a need to justify 
these claims theoretically. However, we will assume here that equilibrium will be achieved 
at a local minimum of this internal energy expression. 
Ye therefore consider the mathematical problem: 
Minimize : 1 E = -1u2 + T A(an) 2 
Subject to: Volume(n) = V(n) = kl = given constant 
Iu = k2 = given constant. 
It is sometimes more convenient to consider the problem in the following equivalent form. 
Minimize : 
Subject to: V(n) = kl = given constant 
The class of globules over which we minimize will always be some subset of the smoothly 
bounded axisymmetric (with respect to the axis of rotation) configurations. Here axisp- 
metric with respect to the z-axis means that if (x,y,z) is a point in the globule then so 
is (-x,-y,z). 
We would first like to point out that for this variational problem there is no configu- 
ration for which E (or if) attains its absolute minimum, so that we can only expect to find 
a local minimum. To see this, consider problem (2). Let c > 0 be given. By detachinq 
two small identical pieces from the sphere at volume kl and placing them symmetrically on 
either side of the remainder of the sphere on an axis which is perpendicular to the axis of 
rotation, it is possible by pushing the two small pieces far away from the sphere to obtain 
a configuration, n, such that F(n) = a + c where a1 is the surface area of the sphere of 
volume kl. Thus the absolute minimum )or C is a1 if it exists. But clearly no configu- 
ration has this value for provided that ka f 0, since ;he sphere of volume kl is the only 
possibility. 
Applying the classical methods of the calculus of variations we obtain as the Euler- 
Lagrange equation for this problem the equation: 
C(p) = - ( ~ r ~  + B), ( 3 )  
where C(p) is the mean curvature of the surface an at the point p e an, r2 = x2 + y2 where 
we have taken the z-axis is the axis of rotation, and A and B are constants which involve 
Lagrange multipliers and must be chosen to satisfy the constraints. It is reassuring to 
note that this equation can be obtained directly by balancing the forces at each point on 
an without considering the variational problem at all. Since the pressure inside the 
globules must be greater than the outside pressure, we may conclude that the constants A 
and B are positive. Here we have adopted the convention that inward curvature is negative. 
It is possible to write this equation as a free boundary value problem for a nonlinear 
partial differential equation. But this problem seems difficult to treat even numerically. 
We will introduce additional symmetries into the problem so that we are led to consider an 
approximate problem involving ordinary differential equations. 
The oblate solutions 
There exist exact solutions to (31 which are surfaces of rcsalution with respect to the 
z-axis (the axis of rotation). By taking advantage of the assumed symmetries, we see that 
these solutions will be solutions to the free boundary value problem. 
Here, f and b are unknown and A and B are positive constants whizh must be chosen to sat- 
isfy the constraints. The function x = f(z) generates the surface of the globule when 
rotated about the z-axis. Remarkably, this equation can be integrated exactly in terms of 
elliptic integrals. (See Chandrasehkar 121.) However, it is easier to do numerically. 
These solutions while they are exact solutions to the Euler-Lagrange equation (31, they 
almost surely are not local minima for our variational problem except possibly near the 
sphere i.e., for small values of the angular momentum. Nevertheless, there is a smooth one 
parameter family of these solutions for a given volume starting with the sphere (k? = 0) 
and becoming more and more oblate. A convenient parameter to index these solutions is, I, 
their moment of inertia. Table L contains some important numbers for a few members of this 
family. 
The approximate prolate and dumbbell solutions 
Motivated by the fact that the actually occurring shapes are close to being surfaces of 
revolution with respect to an axis (which we call th? x-axis) which is perpendicular to the 
axis of rotation, we consider the variational problem modified so as to include in the 
class of possible globules only those which are surfaces of revolution with respect to the 
x-axis. Now the appropriate functional to minimize is 
where the function y a f(x) generates the surface of the globule by rotation about the 
x-axis, p is the density, and 11, and 12 are Lagrange Yultipliers. Here u is treated as a 
parameter. As before, both f and b are unknown. This leads to the free boundary value 
problem, 
As before, the positive constants A and B must be chosen to satisfy the constraints. As in 
the oblate case, if we fix the volume, we can generate, numerically, a continuous one par- 
nmeter family of solutions startirag at this sphere and proceeding through prolate shapes to 
dumbbell shapes with narrower and narrower necks. Again, I, the? moment of inertia ia an 
increasinq parameter alonq this family of deformations of the sphere. Figure 2 contains 
sraphs of some of the members of this family. The volumes of all the globules in this 
qraph are equal. The reader is asked to compare the shapes in this figure with the photo- 
graphs in Fiqure 1. Mathematically, this equation is more difficult to handle than (4). 
It cannot be inteqrated in terms of elliptic inteqrals and no existence theorem is known 
for this free boundary \rr.lue problem. Table 2 contains extensive informatlcn about this 
family. The number e is defined as the thickness at the axis of rotation divided by the 
\ lenqth of the globule. The number, D, is defined by D = - - - -  We note that both of these 
B ~ '  
numbers are invariant under similarity transforn~ations and that if a globule is a solution 
to our free boundary value problem then so is any similar qlobule. Both Tables 1 and 2 
were computed assuminq that the volume is one and that the density is one. 
We have, therefore, two families of deformatiotts of the sphere each parameterized by, I, 
the moment of inertia of the qlobule with respect to its axis of rotatic,]. We denote the 
oblate family by i;0 (I) and the prolate family by ~p(1). 30r qiven I, :he two corresponding 
members are local minimum for the variat~onsl problem modified in two ways. First, we add 
tho constraint that 'I = const. Second, wc restrict the variotians allowed to be such that 
they prcxiucc in the case of the oblate fiunily surfaces which are surfaces of revolution 
with respect to the axis o f  rotation (the x-axis) and in the prolate family surfaces which 
are surfacrs of revolution with respect to the x-axis. We caution that if more general 
variations are allowed the prolate family globule cannot be a local minimum since they do 
not satisfy (3). While the oblate family qlobule is also not a local minimum, at least 
sufficiently far from the sphere, even thouqh it does satisfy (3). 
The first constraint, I = constant, is eliminated by considering F as a function of I 
along either of the families. We have 
At a minimum for the problem where the constraint, I = constant, is dropped but the 
d E d A restrictions on the vnricltians are retained we must have 0 .  That is = c It2?. 
qlso we must have d2E 0 .  Some simple calculations show that this condition is ~quivalent 
d . d A  dEl to the condition cn (I-=) \ 0 assuming that in = 0 at the point considered. An exnmina- 
tion of Table 2 leads to the conclusion that these qlobules are no longer a minimum beyond 
qlobule 125. That is beyond this point the globules are clearly unstabls. If this theory 
is correct, the dumbbell shaped globule in Fiqure 1 is near the limit of stability. If it 
were much narrower at the neck it would break apart. 
Comparison of the energies- 
We assume now that this volume of all globules is fixed at one. If k2 is sufficiently 
small, :here is exactly one local minimum for the modified variational problems along each 
of the families CO (I ) and np (I . The value of 6 at s point where $ = 0 is given by the 
d A 
expression In + A which forms the last column in the tables. By inspecting Tables 1 and 2 
we see that for a given k2 the energy, Ep(k2) of the minimizinq globule from the np(1) 
family is smaller than the energy E0(k2) at the minimizing globule from the Bo(I) family 
from globules 116 or (17 on to the end of the table, while up to that point gO(kZ) is 
smaller than 2 (k ) .  However, since chert- exist purturhations of any of the prnlato 
family glohuleg wiioh produce m even syllcr eonrqy thsrr are ulobules near the prolate 
family which produce smaller values of E nearer to the sphere thnrr qlabule C16. 
We conjecture that them is a one parameter family of qlobules which start from the 
sphere and develops essentially like the prolate family hut which contains true local 
minimum for the variational prohlcm (1). (Chandrnsehkar 121 expects that the oblate 
spheroids are stable near thc sphere and that a bifurcation occurs alonq this family which 
contains ellipsoids with different lcnuths for all three 3x0s.) 
The qood agreement between the actual shapes of the Lunar qlnbules and the numerics: 
results in Fiqure 2 certainly lend some support to the rotational theory. ttowever, sincc 
the existence of true local minima has not been establishod and since the theoretical 
understanding of the ttrermokenetics is still to be attained, there is certainly room for 
doubt. 
The simplif icnt ion of the variationill problem yiel,!s ,I second order ordinary dif feren- 
tial equation (ODE) far f ( x )  
and orre nrust f itrtl ,I positive \*,~ltic o f  ttrc indcpc~rdent v;tri.tble, say xf, so that the fol- 
lowinq boundary cund~ t ions hold 
i.e., the function should start off f l : ~ t  fr~lnr the t'-.lxis and should cross the x-axis qninu 
straight down. 
The numerical solutions prcscnt in this paper wcrc computeti usincl 14 diqit precision 
ENSIC' on a 3-00 :~i\sed microcomputer employinq two roiltines From the small machine oriented 
lrbrary of mathematical software, SCRUNCH [PI to solvc this variant of a two-point boundary 
value pl-clblom by simple shooti~rtl. 'CEROIN, a robust root f indcr dtvrloped by L. F. Shsmpinc 
and R. C. Allen, Jr. which uses a careful combination of bisection and the secant rille, was 
used to find the missinq cnd poLnt, xf. RKFPS, a fourth;fifth ordcr Runqe-Kutta-Fehlberq 
method oriqinally cndcd by 11. A.  Watts and I,. F. Pha~apinc for solvintl the initial value 
problem for $:yatems of first order ~lifferrtltial equations with autnmntic step selection 
and reliable ~-rror control, inteqratcd the OOEs for trial \*.~lue of sf. 
Thc different in! aqiiat ions and boundary cc>!rdi t ions were rcformulnted in terms of arc 
lenqth and intoqrated from x-xf to sl.0 usinq a suqqestio~r of c'. W .  Gcsr t.o avoid thr? sin- 
qularities present .at the boundaries and the instability due to a larqe, positive eioen- 
value of tht? ODE system (6) .?t x=x . c'hanqirra thc direr-ti~ln of intoqratj.)n caused the sys- 
tem to be initially stiff due to tie larue, nrqativc? eirlenvalur present, but this causes no 
problem due to the small step sizes typically necessary to start the intcqration. Lettinq 
x  = x (9) ; y = y (s) . f (x  (s) ) , the problem nctunl ly computed was 
with boundary conditions at x f  - ~ ( 0 ) :  
and defining the total length of the arc, sT, by the condition x(sT) = 0 
I 
x(sT) = 0; = -1; y (aT) = positive; 
  he singularity still present at the starting point xf due to the tern & in ( 8 )  is 
avoided by using the approximation 
which comes from using the first two terms of a Taylor series for and y(s) near s=O 
and the known properties of the problem. 
The final BASIC program takes as input the values of the parameters A and B (using the 
relation that C = A/8) and an interval (xl,x2) 5n which to search for the unknown xf, the 
root of the function 
obtained by integrating (8) backwards from the trial starting point x using initial condi- 
tions (9) until the function crosses the y-axis. The differential equations were inte- 
grated using a mixed relative and absolute error tolerance of 10'~ and the root was found 
to a similar mixed tolerance of lo'=. These tolerances were easily met using the 14 digit 
BASIC now that the problem is formulated in a numerically stable manner. Once the missing 
value x was obtained, the initial value problem (8 and 9) was solved and the values (x,y) 
obtained at each step of the integration were plotted using a simple line-printer/plotter 
routine. 
Table 1 
Table 2 
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Numerical methods and c a l c u l a t i o n s  f o r  d r o p l e t  f low, h e a t i n g  and i g n i t i o n  
H. A. Duyer*, 8. R. Sande r s  
D. Dandyt 
Sand ia  Na t iona l  L a b o r a t o r i e s  
Livermore,  C a l i f o r n i a  94550 
A b s t r a c t  
A new numerical  method has  been dev i sed  and employed t o  s o l v e  a v a r i e t y  of problems 
r e l a t e d  t o  l i q u i d  d r o p l e t  combustion.  The b a s i c  t r a n s p o r t  e q u a t i o n s  o f  mass, aomenturr and 
energy have been formula ted  i n  t e rms  of g e n e r a l i z e d  nonor thogonal  c o o r d i n a t e s ,  which a l l o w s  
f o r  a d a p t i v e  g r i d i n g  and a r b i t r a r y  p a r t i c l e  shape.  I n  t h i s  paper  example problems a r e  
so lved  f o r  i n t e r n a l  d r o p l e t  h e a t i n g ,  d r o p l e t  i g n i t i o n  and h igh  Reynolds number f low o v e r  a 
d r o p l e t .  
I n t r o d u c t i o n  
T h i s  paper p r e s e n t s  i n i t i a l  r e s u l t s  of a r e s e a r c h  e f f o r t  whose end g o a l s  a r e  t h e  
c a l c u l a t i o n  of s i n g l e  and m u l t i p l e  l i q u i d  d r o p l e t  combustion f lows.  The comple te  problem 
o f  even s i n g l e  d r o p l e t  combustion p r e s e n t s  a s e v e r e  c h a l l e n g e  f o r  p r e s e n t  day numer ica l  
methods because of t h e  m u l t i p l e  s p a c e  and time s c a l e s  which can be i n t roduced  i n t o  t h e  
problem. These s c a l e s  a r e  t h e  r e s u l t  of h igh  Reynolds and P e c l e t  numbers a s  w e l l  a s  flame 
format ion  around t h e  d r o p l e t .  Tn o r d e r  to r e s o l v e  a l l  t h e  p h y s i c a l  phenomena t h a t  a r e  
c o n t a i n e d  i n  t h e  problem, it is n e c e s s a r y  t o  use t h e  g r i d  w i n t s  i n  a numer ica l  s o l u t i o n  
method very e f f i c i e n t l y .  A major new advance in  t h e  e f f i c i e n t  l o c a t  of g r i d  p o i n t s  is 
t h e  use of g e n e r a l i z e d  mnoc thogona l  c o o r d i n a t e s  and a d a p t i v e  g r i d s .  8 '  I t  w i l l  be 
shown, and has  been s h w n ,  t h a t  t h c s e  methods g r e a t l y  enhance t h e  a b i l i t y  t o  c a l c u l a t e  
complex flows.  
?n t h e  p r e s e n t  paper major s i m p l i f i c a t i o n s  have been made i n  t h e  flow e q u a t i o n s  to 
i s o l a t e  p h y s i c a l  phenomena and test t h e  e f f i c i e n c y  of t h e  numer ica l  methods employed. The 
most l i m i t i n g  s i m p l i f i c a t i o n  w i l l  be that: of c o n s t a n t  o v e r a l l  d e n s i t y ,  however a s  w i l l  be 
shown, the  n u a e r i c a ?  s i g n i f i c a n c e  of t h e  r e s u l t s  a r e  n o t  damaged by t h e  a s sumpt ions  made. 
B a s i c  t r a n s p o r t  e q u a t i o n s  
The e q u a t i o n s  f o r  momentum, ene rgy ,  and mass t r a n s p o r t  w i l l  now be w r i t t e n  i n  terms of  I 
g e n e r a l i z e d  c o o r d i n a t e s ,  and t h e  numer ica l  methods employed d i s c u s s e d .  The s t a r t i n g  p o i n t  ! 
is t h e  e q u a t i o n s  in  terms of ax ia l ly - symmet r i c  c y l i n d r i c a l  c o o r d i n a t e s ,  and t h e  e q u a t i o n s  
f o r  s t ream f u n c t i o n  ( $ ) ,  v o r t i c i t y  (u), t empera tu re  (T) and r e a c t a n t  s p e c i e s  d e n s i t y  
( p a ) ,  which a r e  t h e  fo l lowing :  
1 a *  1 a* where .I = - - - and v = - - 
r a r  r a z  
a a a a aT a a T 
- ( P Z C  TI + - (pTC vT) + - (prC uT) = - ( r k  -) + - ( r k  -) t r p  bh K e -Ea/RT 
a t  P a r P a P a r ar az  a z a a a  ( 4 )  
- - 
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where t h e  fo l lowing  n o t a t  i on  ha8 been used f o r  p h y s i c a l  c o n s t a n t s :  Ka-pre-exponential  
r e a c t i o n  c o n s t a n t ;  b - a c t i v a t i o n  ene rgy ;  R g a r  c o n s t a n t ;  k - t h e r u l  c o n d u c t i v i t y ,  o-over- 
a l l  d e n s i t y 8  and Ah -chemical  h e a t  m l e a a e .  Also,  t h e  independeht  v a r i a b l e 8  t, r and n 
a r e  t h e  time, r a d i a f  c o o r d i n a t e  and a x i a l  p o s i t i o n ,  n 8 p e c t i v e l y .  ( A  more d e t a i l e d  e r p l a -  
n a t i o n  of t h e  chemical  r e a c t i o n  terms w i l l  be g iven  l a t e r  i n  t h e  pape r . )  
A major d i f f i c u l t y  wi th  t h e  above fo rmula t ion  is t h a t  t h e  s u r f a c e  of t h e  d r o p l e t  does 
not  lie n a t u r a l l y  on a c o n s t a n t  v a l u e  o f  t h e  independent  v a r i a b l e s  r and I. However, t h i s  
d i f f i c u l t y  can  be r e w v e d  immediately by t r ana fo tming  t o  g e n e r a l  i r e d  nonor thog t~ne l  c o o r d i -  
n a t e s  C ,  n ,  and t h e r e b y  making t h e  d r o p l e t  s u r f a c e  co r re spond  to n-0. In o r d e r  to s i m p l i f y  
n o t a t i o n  it w i l l  f i r s t  be u s e f u l  to rewrite e q u a t i o n 8  (1) through (5)  i n  a vector form 
where 
Transforrninq t o  t h e  v a r i a b l e s  r , E and (7 e q u a t i o n  ( 6 )  becomes 
J F  a~ a~ as - S + t - + - . - . - . + - + H  
a t  ;c an a c  an 
where t h e  fo l lowing  new v e c t o r s  have h e n  d e f i ~ e d  
b Q .- 
J 
i - ( &  + t r  + h,) J 
i = (ti", + m r  + a,, J 
- R - 1 t k r  + h,) 
S -. 1 (hr  + bz) 
J 
k H - -  
J 
and t h e  t ransforma?, ion  mttrics, o r  a r e a 8  and volumea, a r e  g iven  by 
C - Jr,, 
It can easily be seen that the resulting equations are more complex, however the digital 
computer is extremely well equipped to handle this type of algebraic complexity, and with 
some additional programing a much more valuable research tool is obtained. The equations 
as thev are written in (7) will easily handle arbitrary-shaped Qartlcles as well as parti- 
cles whose shape is changing as a function of time. However, the major advantage of the 
above formulation is that it allows the use of adaptive grid procedures to be employed, and 
this feature will be shown to he one of tho single most important advarrces in the efficient 
use of numerical methods to solve complex pliysicol problems. 
An interesting feature of these equations is that they allow for the use of variable 
transport properties u ,  k and Da, although the overall density must be constant. To the 
authors' knowledge this is the first time that a variable transport property formulation of 
the stream function-vort icity equations has been gives. This formulation will be a com- 
plete description of the mass and enerqy transport pracesses inside the droplet, where 
constant overall density is assumed. 
Numerical methods 
The original plan for the numerical solution method was to imploy a fully implicit 
iterative scheme to so\vc the set of transport equations given previously. In order to 
solve these equations an altcrnat inq-direction-implicitk (ADI) scheme was employed together 
with a Newton procedure to linearize the equat ions where necessary The resulting equa- 
tions are block tridingonn!, and the efficient solver of ~indmarsh' was used to obtain the 
solution. This prc-cedure proved to be unstable because of the large sensitivity that the 
stream function h.=s to all errors. The couplinq of the vorticity and stream function equa- 
tions, plus generalized coordinates, and block solutions along a line, causes the trun- 
cation error to give very inaccurate values of stream function near the boundary. A major 
part of the problem is due to the fact that the stream function can change by four or five 
orders of magnitude lrom the body surface to the free stream. The values of the stream 
function near the surface are very small and truncation error in the outer part of the flow 
overwhclms the small stream function values near the surface. The solution to the problem 
is point relaxation of the stream function equation on a previously calculated vorticity 
distribution, followed by iteration between the stream function and vorticity equations. 
This point relaxation method docs not couple all the truncation errors together, and very 
good results were obtained. 
The numerical method that was finally employed had the following features: 
I. Stream-f_un_c_tion-varticity equations 
a. ~i r s t - o r a e m i a r d ,  imp1 lcit time differences for time derivatives. 
b. Second-order central differences in space. 
c .  AD1 solution of the vorticity equation. 
d. Point relaxation of the stream function cquation. 
e. Global iteration on hoth equations. 
I I. E n e x  and species e uations 
a. The same space -P--i- and t me differencinq as the vorticity equation. 
b. Newton linearization of the nonlinear terms. 
c. Block tridisgonal solution with an AD1 marching techniql~e. 
The above numerical method is somewhat ad hoc in that it uses two difference methods within 
itself to determine a solution, however the individual methods reflect the numerical nature 
of the equations being solved. The block tridiagonal solution of the energy and species 
equation is excellent for chemical reactions, while the point iteration method allows the 
stream function to converge accurately and smoothly on the vorticity distribution. 
Criterion for grid placement 
The basic criterion for qrid placement that was employed in the present paper will now 
be presented. The computational space, : and n, has been normalized so that their numeri- 
cal values go between tcro and one, and the grid points are fixed in time. In the physical 
s p a c e  t h e  g r i d  p o i n t s  w i l l  be p l a c e d  and moved in  time to a c h i e v e  t h e  r a s o l u t i o n  o f  h igh  
y r a d i e n t  r e g i o n s .  Along a g i v e n  a r c  i n  the  p h y s i c a l  s p a c e  t h e  g r i d  p o i n t s  w i l l  be d i s -  
t r i b u t e d  i n  p r o p o r t i o n  to t h e  g r a d i e n t  of t h e  dependent  v a r i a b l e .  I f  t h e  a l s t a n c e  a long  a 
g i v e n  a r c  i n  p h y s i c a l  space  is deno ted  by S, a mathemat ica l  s t a t e m e n t  o f  t h r  r e l a t i o n s h i p  
between t h e  computa t iona l  and p h y s i c a l  space  is 
where S is t h e  d i s t a n c e  measured on t h e  r, = c o n s t a n t  a r c ,  and T t h e  dependent  v a r i a b l e  o f  
t h e  t r a n s p o r t  e q u a t i o n  k i n g  s o l v e d ,  i n  t h i s  paper  t h e  dependent  v a r i a b l e  is t empera tu re .  
f n o r d e r  to normal i a e ,  a l low f o r  'opt  i m i r a t  ion,' and remove s i n g u l a r  it ice, t h e  above equa- 
t i o n  is c a s t  i n t o  t h e  fo l lowing  form 
where b is an a d j u s t a b l e  c o n s t a n t  w e d  f o r  ' op t imi ra t ion '  of t h e  g r i d  d i s t r i b u t i o n .  
The above e q u a t i o n  has  some i n t e r e s t i n g  f e a t u r e s  which w i l l  now be d i s c u s s e d  b r i e f l y .  
For the  c a s e  b - 0 a uniform d i s t r i b u t i o n  of p o i n t s  on t h e  nonor thogonal  a r c  is o b t a i n e d ,  
w h i l e  f o r  l a r g e  b, c o n s t a n t  v a l u e s  of t h e  v a r i a b l e  T, or i so the rms ,  a r e  s e l e c t e d .  The 
c o o r d i n a t e  l o c a t i o n  e q u a t i o n  is s o l v e d  i n  an e x p l h c i t  s e n s e  a t  t h e  o l d  time s t e p ,  and t h e  
d e t a i l s  can be found i n  t h e  paper  by h y e r  e t  a l .  Also ,  it shou ld  be mentioned t h a t  t h e  
accu racy  i n  s o l v i n g  t h e  e q u a t i o n  does  no t  i n f l u e n c e  d i r e c t l y  t h e  accu racy  of t h e  f i n i t e  
d i f f e r e n c e  s o l u t i o n .  With t h e  use  of t h e s e  g e n e r a l i a e d  c o o r d i n a t e s  and an a d a p t i v e  g r i d  
t echn ique  a powerful  new method is a v a i l a b l e  f o r  numer ica l  s o l u t i o n .  
I n  t h e  p r e s e n t  paper t h e  a d a p t i v e  g r i d i n g  p rocedure  h a s  o n l y  been employed i n  t h e  
c a l c u l a t i o n  of t h e  t empera tu re  and s p e c i e s  c o n c e n t r a t i o n s ,  and has  no t  becil used f o r  t h e  
s t r eam f u n c t i o n - v o r t i c i t y  p a r t  of  t h e  method. The s t r eam f u n c t i o n  and v o r t i c i t y  have k e n  
c a l c u l a t e d  from a predetermined g r i d ,  however the  use  of a d a p t i v e  g r i d i n g  f o r  t h e  f l u i d  
dynamics is being implemented a t  t h e  p r e s e n t  time. 
R e s u l t s  
The r e s u l t s  which w i l l  be p r e s e n t e d  i l l u s t r a t e  mainly t h e  c a p a b i l i t y  of t h e  c a l c u l a t i o n  
method, and do not  g i v e  a comple te  d e s c r i p t i o n  of d r o p l e t  combustion.  The problems which 
have  been s o l v e d  a r e  t h e  fo l lowing :  
1. I g n i t i o n  and flame p r o p a g a t i o n  about  h o t  p a r t i c l e s .  
2. S e p a r a t e d  flow around l i q u i d  d r o p l e t s .  
A d e s c r i p t i o n  of each of t h e s e  r e s u l t s  w i l l  now be g iven .  
The f i r s t  problem so lved  was t o  c a l c u l a t e  t h e  i g n i t i o n  and flame p ropaga t ion  abou t  a 
s p h e r i c a l  p a r t i c l e .  The r e a c t i o n  mechanism is very  s imple  and c o n s i s t e d  of a premixed f u e l  
A r e a c t i n g  and going ove r  t o  s p e c i e s  B. The nond iaens iona l  form o f  t h e  energy and s p e c i e s  
e q u a t i o n s  a r e  
U-d 
where Pe = - P e c l e t  Number, based on maximum v e l o c i t y  UI i n a i d e  t h e  d r o p l e t  
a 
NDA - D i r n e ~ s i o n l e a s  Pre-Exponent ia l  React ton  C o e f f i c i e n t .  
B a  = A c t i v a t i o n  I l m p e r a t u r e ,  Ea/R. 
and it has  been assumed t h a t  a l l  t r a n u p o r t  c o e f f i c i e n t s  a r e  c o n s t a n t ,  and t h a t  t h e  the rma l  
d i f f u s i v i t y  and s p e c i e s  d i f f u s i v i t y  a r e  e q u a l .  
For t h i s  i g n i t i o n  model problem t.he v e l o c i t y  f i e l d  was assumed t o  be t h a t  g i v e n  by 
S t o k e s  f low, and t h e  o v e r a l l  d e n s i t y  was assumed c o n s t a n t .  The v a l u e  f o r  t h e  P e c l e t  number 
was choeen t o  be 200 and B a l l  f o r  an  i n i t i a l  t empera tu re  of premixed r e a c t a n t  of  ' b . 2 .  
The s p h e r i c a l  p a r t i c l e  s u r f a c e  w i l l  be r a i s e d  impu l s ive ly  to ' b l . 0  and t h e  a d i a b a t i c  
f l ame  t e m p e r a t u r e  i n  terms of  d i m e n s i o n l e s s  t empera tu re  is = 1.2. 
The v a l u e s  f o r  t h e  p r e - e x p o n e n t i a l  c o e f f i c i e n t  were chosen t o  be c h a r a c t e r i s t i c  o f  
hytlrocarbon f u e l s ,  t h u s  t h e  b a s i c  time s c a l e s  of t h e  p r o c e s s e s  a r e  s i m i l a r  t o  a modera te  
Reynolds number p a r t i c l e  i n  a premixed hydrocarbon g a s  (however,  t h e  s i m u l a t i o n  is h i g h l y  
s i m p l i f i e d  a s  can  be e a s i l y  s e e n ) .  The f i r s t  res I ts  f o r  t h e  numer ica l  s i m u l a t i o n  a r e  
s h c r n  i n  l i g u r e s  (1) through (0 f o r  NDA = 2.2- l o Y ,  which c o r r e s p o n d s  t o  a r a t h e r  t h i n  
f larce compared t o  p a r t i c l e  d i a m e t e r .  P i g u r e s  (1) and ( 2 )  show t h e  c o o r d i n a t e  sys tem ( t o p )  
and i so the rm d i s t r i b u t i o n  f o r  a uni form g r i d  s i m u l a t i o n .  A c a r e f u l  s t u d y  of t h e  i so the rm 
d i s t r i b u t i o n  shows o s c i l l a i i o n s  i n  t h e  f lame, and t h i s  is due t o  t h e  h igh cell P e c l e t  
numbers. 
The o s s i l l t t i o n s  a r e  more s e v e r e  a s  t h e   lame moves away from t h e  body, because  of t h e  
n a t u r a l  i n c r e a s e  i n  g r i d  c e l l  s i z e  o c c u r r i n g  i n  s p h e r i c a l  c o o r d i n a t e s .  A s  t h e  f lame 
approaches  the  computa t iona l  boundary t h e r e  is on ly  one p o i n t  t o  d e s c r i b e  t h e  i ~ i r m e  s t r u c -  
t u r e .  Tbr s  lack  of r e s o l u t i o n  r e s u l t s  i n  t empera tu re  and s p e c i e s  o s c i l l a t i o n s  i n  t h e  c a l -  
cula- ior . ,  i n c o r r e c t  f lame speed and e v e n t u a l l y  t e r m i n a t i o n  of t ~ r t  c a l c u l a t i o n  due  t o  nega- 
t i ~ e  v a l u e s  of t empera tu re  and s p e c i e s .  
A ~ e c o n d  more a c c u r a t e  c a l c u l a t i o n  wi th  t h e  same number of g r i d  p o i n t s ,  but  w i th  t h e  
a d a p t i v e  g r i d  s t r a t e g y  employed is shown i n  P i g u r e s  ( 3 )  and ( 4 ) .  The most d r a m a t i c  f e a t u r e  
o f  t h e  c a l c u l a t i o n  is t h e  bunching of t h e  g r i d  p o i n t s  i n s i d e  t h e  f lame s t r u c t u r e .  T h i s  
removes a l l  t h e  numer ica l  p g c i l l a t i o n s ,  and t h e  o v e r a l l  f lame speed a g r e e s  well wi th  t h e  
r e s u l t s  of Otey and Dwyer. The r e s u l t s  of  t h i s  c a l c u l a t i o n  t h u s  show d r a m a t i c a l l y  t h e  
u s e f u l n e s s  and c a p a b i l i t i e s  of  t h e  a d a p t i v e  g r i d  p rocedure  f o r  combustion problems.  
A second c a l c u l a t i o n  wi th  a reduced r e a c t i o n  r a t e  ( N D A  = 2 . 2 0 1 0 ~ )  is shown i n  F i g u r e s  
( 5 )  through ( 8 ) .  In  t h i s  c a s e  t h e  f lame is much t h i c k e r  and t h e  c o o r d i n a t e  a d a p t i o n  is 
o n l y  very  s l i g h t .  However, t h e  i g n i t i o n  and flame p r o p a g a t i o n  p r o c e s s e s  a r e  much more 
i n t e r e s t i n g .  F i g u r e  ( 5 )  e x h i b i t s  t h e  i so the rm d i s t r i b u t i o n  a t  an e d r l y  time wi th  a maximum 
tempera tu re  of 9 = 1.0 o c c u r i n g  a t  t h e  p a r t i c l e  s u r f a c e .  A s  time i n c r e a s e s  an i g n i t i o n  
p r o c e s s  o c c u r s  a t  t h e  r e a r  s t a g n a t i o n  p o i n t  ( F i g u r e  ( 6 ) )  and then a s t e a d y  s t a t e  r e a c t i o n  
zoee  is s e t  up on t h e  leeward s i d e  of t h e  p a r t i c l e  ( F i g u r e s  ( 7 ) - ( 8 ) ) .  I t  is e a s i l y  seen  
from t h e  i so the rm d i s t r i b u t i o n  t h a t  t h e  s u r f a c e  l o c a t i o n  where t h e  gas  t empera tu re  rises 
above t h e  w a l l  t empera tu re  q u i c k l y  s t a b i l i z e s  on t h e  leeward s i d e  of t h e  p a r t i c l e  s u r f a c e .  
These r e s u l t s  show t h a t  t h e  p r e s e n t  c a l c u l a t i o n  methods w i l l  r e s o l v e  i g n i t i o n  phenomena i n  
p a r t i c l e  dynamics. 
The f i n a l  r e s u l t s  t o  be p r e s e n t e d  a r e  a demons t r a t ion  of t h e  a b i l i t y  of t h e  numer ica l  
methods t o  c a l c u l a t e  t he  f l u i d  f low around and i n s i d e  d r o p l e t s .  Shown in  F i g u r e s  ( 9 )  
through (11) a r e  t h e  d i s t r i b u t i o n  of s t r eam f u n c t i o n  and v o r t i c i t y  f o r  a s o l i d  p a r t i c l e  i n  
a flow wi th  a Reynolds number o f  100,  based on p a r t i c l e  d i a m e t e r .  F igu re  ( 9 )  e x h i b i t s  t t ia  
d i s t r i b u t i o n  of s t r eam f u n c t i o n  o u t s i d e  t h e  p a r t i c l e ,  wh i l e  F igu re  ( 1 0 )  shows t h e  s t r eam 
f u n c t i o n  i n s i d e  t h e  s e p a r a t i o n  bubble  ( t h e  t o p  f i g u r e  is t h e  c o o r d i n a t e  d i s t r i b u t i o n s ) .  A 
more d r a m a t i c  r e p r e s e n t a t i o n  of h igh  Reynolds number i n f l u e n c e s  can  be seen  in  F i g u r e  (11) 
where t h e  normal ized  v o r t i c i t y  c o n t o u r s  a r e  g i v e n .  The bunching of t h e  c o n t o u r s  on t h e  
windward s i d e  of t h e  p a r t i c l e  is c l e a r  ev idence  o t  t h e  s t a r t  of  boundary l a y e r  fo rma t ion  
and s e p a r s t  i on .  
A l l  of t h e  above r e s u l t s  a g r e e  w e l l  w i th  t h e  c a l c u l a t i o n s  of Le  lair.? Figure  ( 1 2 )  
e x h i b i t s  t h e  s t r e a m l i n e  p a t t e r n  i r s i d e  of a l i q u i d  d r o p l e t  a t  an e x t e r n a l  flow Reynolds 
number of 200. l o r  t h i s  c a l c u l a t i o n  t h e  r a t i o s  of l i q u i d  d r o p l e t  t o  g a s  v i s c o s i t y  and 
d e n s i t y  a r e  r e s p e c t i v e l y  
which a r e  t y p i c a l  v a l u e s  of i - t e r e s t  t o  combustion problems.  T h e r e f o r e ,  it seems t h a t  t h e  
met3ods ue a r e  employing a r e  . l t e  encourag ing ,  and g i v e  s t r o n g  promise of g i v i n g  new 
r e s u i t s  f c r  t h e  comple te  problem o f  d r o p l e t  combustion.  
Conc lus ions  
A r.aw c o l l e c t i o n  of numer ica l  t e c h n i q u e s  has  k e n  assembled to s o l v e  problems o f  h e a t ,  
mass and momentum t r a n s p o r t  i n  d r o p l e t  combustion sys tems.  The major new f e a t u r e s  of t h i s  
c o l l e c t i o n  of methods a r c  t h e  f o l l o w i n g :  
1. G e n e r a l i z e d  Nonorthogonal Coord ina te s  
2. Adapt ive  Gr id ing  on Tempera ture  G r a d i e n t s  
3. Block T r i d i a g o n a l  S o l u t i o n  of Energy and S p e c i e s  Equa t ions  
4. P o i n t  I t e r a t i o n  of t h e  St ream Func t ion  on t h e  V o r t i c i t y  D i s t r i b u t i o n  
A 1 1  o f  t h e  above methods have shown themse lves  s t a b l e  and c a p a b l e  of g i v i n g  improved 
r e s u l t s  f o r  t h e  f l u i d  flow, h e a t  t r a n s f e r ,  and mass t r a n s f e r  problems ao lved .  
,-. The p h y s i c a l  problerae s o l v e d  i n  t h e  paper  were modera te  Reynolds number f low o v e r  b o t h  
s o l i d  and l i q u i d  d r o p l e t s ,  a s  well a s  a s t u d y  of i g n i t i o n  around a h o t  s o l i d  p a r t i c l e  i n  a 
S t o k e s  f low. The f l u i d  flow s t u d i e s  reproduced t h e  r e s u l t s  o f  o t h e r  i n v e s t i g a t o r s ,  and 
t h u s  v e r i f i e d  t h e  accuracy of t h e  methods employed. The s t u d y ,  o f  i g n i t i o n  abou t  a h o t  par- 
t ic le  showed c l e a r l y  t h a t  i g n i t i o n  can be delayed u n t i l  t h e  leeward s i d e  o f  t h e  p a r t i c l e ,  
and a flame can be s t a b i l i z e d  i n  t h e  wake of t h e  particle. These  results seem t o  be new, 
and t h e  f u t u r e  i n c l u s i o n  of v a r i a b l e  d e n s i t y  w i l l  a l l ow f o r  a comple te  d e s c r i p t i o n  o f  
,. p a r t i c l e  i g n i t i o n .  Also,  it shou ld  be mentioned aga in  t h a t  t h e  h i g h - r e a c t i o n - r a t e  i g n i t i o n  
s t u d i e s  would n o t  be p o s s i b l e  wi thou t  a d a p t i v e  g r i d i n g ,  because  of its e f f i c i e n t  u se  o f  
g r i d  p o i n t s .  
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Abstract 
Thermocapillary stability characteristics of a horizontal liquid layer heated from below 
rotating about a verticai axis and subjected to a uniform vertical magnetic field are ana- 
lyzed under a variety of thermal and electronagnetic baundary conditions. Results based on 
analytical solutions ta the pertinent eiyenval1se problems are discussed in the light of 
earlier work on special cases of the more general problem considered here to show in parti- 
cular the effects of the heat transfer, nonzero curvature and gravity waves at the two-fluid 
inferface. Although the expected stabilizing action of the Coriolis and Lorentz force fields' 
in this configuratioa are in evidence the optimal choice of an appropriate range for the 
relevant parameters Is shown to be critic..lly dependent on the interfacial effects mentioned 
above. 
Introduction 
In recent years there has been a resurgence of interest in understanding the origins and 
possible means of controlling convective in~tability~especially in configurations relevant to 
material sciences in general and material processing in particular within the framework of 
the current space programs. In this context some of the basic aspects of this problem area 
have been under investigation1-* by the present author. The contribution to be presented here 
is part of a continuing effort at the DFVLR to analyze some of the basic fluid dynamic 
aspects relevant to the material science configurations,especia?ly in the context of space 
experiments under reduced gravity conditions and the related ground based research. 
Since references ' - *  give the general background and raotivation for the particular problem 
considered here and cite the relevant literature, we shall restrict ourselves here only to 
a resport of some of the recent results obtained and discuss them in the light of those avail- 
able in the literature. While references 1-4 deal exclusively with the zero gravity siha- 
tion, we consider here specifically the simultaneous action of surface tension and gravity 
in this classical B6nard - t4arangoni configuration. 
Formulation of the problem 
We consider an infinite, horizontal, Boussinesq liquid layer of mean thickness d rotating 
about a vertical axis at a constant angular speed R and subjected to a uniform magnetic indue 
tion field Of strength Bo under various typical boundary conditions to be detailed later. 
Figure 1 illustrates the configuration schematically and is followed by a list of the symbols 
for dimensional quantities occczring in the later development. The details of the formulation 
incorporate the features introduced by Scriven and Sternling and Smith "extending the 
pioneering work of pearson'. 
Figure 1. The Benard - Marangoni configuratton 
List of symbols 
B = Coefficient of thermal - 1 3  
volume expansion, o aT 
Y = Electrical conductivity 
AT = Applied temperature difference (TO -TI 1 
co = Amplitude of the disturbance wave at 
the two-fluid interface 
sm = Magnetic diffusivity (yvm)-' 
K = Thermal diffusivity, K/pc 
I = Disturbance wavelength, O 2 7 / ~  
p = Dynamic viscosity 
= Magnetic permeability 
v = Kinematic viscosity 
p = Density 
o = Interfacial energy at the two-fluid 
interface 
0 = Angular speed of rotation 
% = Magnetic induction field 
B, = Magnitude of the applied %-field 
K = Thermal conductivity 
T = Temperature 
c, = specific heat 
d = Mean thickness of the liquid layer 
g = Acceleration due to gravity 
h = heat transfer coefficient at the 
disturbed interface 
k k =Disturbance wave numters in the 
Yx-y-directions 
p = Time constant in the exponential 
growth/decay factor of a disturbance 
normal mode 
The liquid layer has nominally constant temperatures To, T, (To >T, ) respectively at its 
lower --d upper horizontal boundaries. For the sake of definiteness and simplicity the 
characteristics of the adjoining media are somewhat idealized. They are specified for the 
three cases @ , @ , @ of the boundary conditions (b.c. ) as follows. 
In b.c. a we take the bottom boundary as a thermally and electrically perfect solid 
conductor. In b.c. @ the bottom boundary is a thermally and electrically perfect insulator. 
In both cases the upper adjoining medium is taken as an electrically insulating gas extending 
in the z-direction to infinity. The heat transfer to the gas from the liquid layer can be 
simplified (without going into the details of $he possible flow in the upper medium) in terms 
of an effective heat transfer coefficient h(~)',' for the two-fluid interface. A detailed 
discussion of this simplification was given by pearson'. In b.c. @ we consider the situa- 
tion where the same ambient gas is present cn both sides of the liquid layer. 
The onset of convective instability in such a liquid layer with an initially uniform 
linear temperature profile can be formulated as a linear eigenvalue problem for the distur- 
bance amplitudes of the flow variables using the standard normal modes procedure8. We non- 
dimensionalize the problem usinc d, d2/vr w/d, rt/d2, 4nyrtB,/dl AT respectively as the reference 
quantities for length, time, velocity,vorticity,electric current density and temperature. 
The stability of the configuration with respect to an infinitzsimal normal mode of distur- 
bance may then be stated in terms of the following eigenvalue problems in dimensionless form. 
where D 5 (l/d) d/dz and W, Z, XI e are respectively the dimensionless disturbance ampli- 
tudes of the z-components of velocity, vorticity and electric current density and of tempe- 
rature. 
The boundary conditions are to distinguish not on;y between cases a , @ , @ specified 
earlier but also as to whether the neutrally stable osc!.llatory (p, # 0) or atatlonary (pl= 0) 
modes are considered while determining the stability boundary for the confiquration. 
(a )  Neutral modes oscillatory (pl # 0) 
B.c. 0 W(0) = O  =DW(C) = 0(0) = Z(0) =DX(O) 
B.c. @ W(0) = p , ~ ,  (Kinematic condition at the two-fluid interface) 
a- 
hd For Nu = K ~ T  a 0 
For Nu = 0 
DO(@) = O 
B.c. at z = d for cases a, 0 ,  @ are of the same form as those for case @ at z = 0. 
(b) Neutral modes stationary (pi = 0) 
The conditions (1 11, (1 2) r. >eve are to be replaced by 
~ ( 0 )  = 0 (which covers also ( 7 )  above) (1 3 )  
Agarn the b.c. at ?: = d are of the same form for cases @ ,  0, @ as those for case @ 
at z = 0. 
The dimensionless numbers occurrinq in the above formulation are bo = pgd'/o (Bond), 
Cr = ~p/od (crispation), Ma = ! (ao,'a~) AT' / V K  (Mara- .:oni), Nu =dh/RAT (Nusselt) , Pr = v / r  
(Prandtl) , Pr, = v/qm (magnetic Prandtl) , Q =  id' / u  (Chsndrasekhar) , ~a = g ~ h ~ d '  /VK (Rayleigh) 
Ta= 2nd2/v (Taylor), a =  2nd/I (disturba~re wave number), p = pd2/v (frequency factor for 
oscillatory disturbance mode), p, = Prm.q, p, = Pr*pl . The last four parameters are characte- 
ristics of a disturbance normal mode in the hydromagnetic thermocapillary stability discus- 
sion of the configuration whereas the first nine describe the basic configuration. 
~rief lyS,' the boundary conditions ( 5 )  , (6) state the no-slip condition and the thermal and 
electromagnetic sroperties associated with the boundaries where,- ( 8 ) , ( 9 )  cover the require- 
ment~'~' of stress balance along and normal to the two-fluid intrrface incorporating the 
thermocaprllary terms and also taking into account the nonzern in+*-rfacial curvature (Cr), 
gravity waves (Bo) and heat transfer contribution at the disturbed i1:tcrface (Nu). 
The existence of oscillatory modes in this configuration especially at large Ta 1s well- 
known for the buoyancy-driven case8 and ..*as also demonstrated in the surface tension-driven 
case. Tlie oscillatory modes become important at low Pr but it wan found' that at least for 
Bo= 0 the incip!ent instability is stationary rather than oscillatory since the correspond- 
ing critical Marangoni nmber is higher than that for the stationary mode which is independ- 
ent: of Pr. It turns out. rhatfor small 50% 0 the critical Mac tends to decrease and ac+ 0 
with large Ta whereas the oscillatory modes were shown b asymptotic analysis1 to occur at 
large Mac* Ta r> 1 , as a shcrt wave instability with a* h. Thus we have some plauaiblc 
evidence to suppose that in this configuration, where the effects of the magnetic field 
(Q# 0) which inhib~ts the onset of buoyancy-driven oscillatory modes (for Pr. Prm) are 
also included, the stationary modes precede the oscillatory ones at onset of instability 
Since the practical interest in the present inves~igaticn lies ultimately in the suppres- 
s& of convective instability '" ; consider here the case R = 0 ~n the followiny. It, 
however, the solution of the complete eiqenvalue problem with p, # 0 posed above does lead 
to oscillatory modes we have then only to compare the corresponding minimum critical 
Marangoni number with Mac computed here. Mac is in any case an upper bound for stability of 
the configuration. 
The stationary modes of convective instability are given by nontrivial solutions to the 
homogeneous boundary value problems given by (1) - (10) , ( 1 3 ) ,  (14) for the different cases 
,? , @ ,  @ .  The secular conditions for the existence of nontrivial solutions to the 
respective homogeneous boundary value problems have been obtained by using the exact znaly- 
tical solutions (combinations of trigonometric and hyperbolic functions) of (1) - (4) in the 
appropriate boundary conditions. The neutral stability characteristics of the configuration 
are then analyzed from the resulting transcendental secular relationship in terms of the 
dimensionless parameters of the problem. Zince we have a large number of dimensionless groups 
here,wcs shall have to choose a suitable range of their values with some class of applications 
in view. As indicated in references1-' the interface curvature effects are already in evi- 
dence for such small values of Cr= l~-~,liJ-' yielding stability charscteristics quite differ- 
ent frcm those for C r =  0. Using the thermophysical property data available in the literature 
9 - 1  1 the parameter ratio Bo/Cr zgd3/vr at g =  9.81m/s2 with d = m m  has values of 0(10') as 
shown in Table 1 for some substances of intereat 
Table 1. Typical values for Bo/Cr 
Silicone oil Cu-melt Al-Cu-melt GaAs-melt Si-melt 
( DOIJ-Corn ins 
The corresponding values for different levels of gravity and the opriate size of the 
layer for experiments in space missions can be estimated from Table 1. We can also use them 
for estimating parameters sup\ as Ra and Bo say by choosing C r =  lo"', lo'* to demonetrate 
the effects of nonzero inter.acia1 curvature. It is found that Cr- lo", lo-' for Silicone 
oil (Dow-Corning 200) l o  , used frequently for convection experiments, when d - mm, cm respec- 
tively. Thus for experiments in a terrestrial laboratory in the mm size and in an orbital 
laboratory in the cm range can be covered by considering Bo - 0.05, 0.5 and Cr = 10" , 1 0'' 
to emphasize the effects of interfacial waves. Table 2 gives some representative values for 
Q and Ta. 
Table 2. Values of Q at B, = 0.5 tesla and Ta at n = 500 rpm for d = m m  
Silicone oil ~l-melt GI As- sl-melt cu-melt 
Results and discussion 
The eigenvalue relationshi s giving the stability characteristics of the present configu- 
ration under b.c. a, , 6 have been obtained by investigating vario~s special cases: 
T a = O ,  Qd0;'Taf 0, 9 1  ; Ta,Q>>l;'~a*l, Q = O ,  p, $ 0 '  all with P.a=O=Bo i.e., under 
zero gravity bringing out the essential differences between C r =  0 and Cr# 0. 
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Figure 3. Variation of Mac with rotation 
(Ta) and magnetic field (Q) neglecting 
interfacial effec s (Cr = 0 = Nu) under zero 
gravity for b.c. 6, a, 0 .  
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Figure 2. Neutral stability curves for the onset 
of thermocapillary convective instability in a 
liquid layer under zero gravity: Effects of inter- 
facial curvature (Cr) and heat transfer (Nu) unter 
the influence of (a) rotati n alone and (b) mag- 
netic field alone for b.c. &. 
The unetabla domain is above the respective curves. 
Figure 2 shove the neutral stability curves of the present configuration under the action 
of (a) rotation alone and Ib) magnetic ficld alone for different Ncl, Cr at Bo= 0 -  Ra for b.~. a. We notice first of all the radical departure of the stability characteristics for Cr Z 0 
from those of Cr= 0, namely, that there exists strictly speaking no minimum critical Maran- 
goni number when Cr # 0 as wao first shown by Scriven and Sternling ' for Ta = 0 Q. Asymp- 
totic analysis in the limit a +  0 shows that Ma% f (Ta,Q) (~u+l)/a' ,a+ 0 for Cr = 0 whereas 
Ma % g (Ta,Q) (Nu+l) a2 /Cr , a + 0 for Cr # 0 under b.c. a. The numerical results shown cop Zirm 
this limiting behaviour as well (note the linearity of the curves for small a). The above 
formulas incidentally include the factor (Nu+l) missir?g in those of reference 5 (Table 1, 
p.333) for Ta=O=Q. 
For sufficiently small cr/g (Ta,Q) we may speak of (. quasi-critical Maranqoni number Mac 
which is approximately equal to that calculated 3sing Cr = 0 in earlier literat~re'~~'' . Since 
the unstable long wave band increases in size with Ta and Q (for Ta ,zl , Q < <  1; Ta<<l, Q7>l 
respectively the correspondinq band widths are O(Crfi) and O(Cra), Cr must indeed accord- 
ingly be smaller for this approximation to hold at higher Ta, Q. As shown in Figure 2 the 
effects of heat transfer (NuZO) at the two-fluid interface are stabilizing in that the 
unstable domain is pushed upward along the Ma-axis with increasing Nu. 
Figure 3 shows the monotonically increasing stabilization pot'ntially to be achieved by 
increasing rotation (Ta) and magnetic field (Q) under the three t.ypic.1 b.c. @ , , @ 
which, it may be noted, are in decreasin9 order of stability amcngst themsel*?es. T.e results 
shown agree with those in references 12,14 for Cr= 0. Asymptotica1:y Ma, 1 O(Q) for 1 , 
Ta t r  1 and Mac =O(Ta) for Ta7, 1 , Q << 1. Note that the asymptotic range is attainec! faster 
by Ta than by Q due to the influence of rotation on the flow field in general and vorticity 
in particular. The differences between +.he b.c. perdc;ist longer Cn the case of magnetic field. 
The situation is analogous iri the case of buoyancy 
Apart from their formal interest the results shown in Figures 2 ,  :- for Cr= 0 may also be 
seen as useful approximations for sufficiently mall Cr an2 at low levels of gravity provided 
the long wave instabilities are considered relatively harmless. The relevant ranges of the 
parameters will become apparent in the later discuss{~n. 
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Figure 4. ,Neutral stabil- Figure 5. Correlation of the critical Marangsni 
ity curves for b.c. @ with number Mac with Bo/Cr £0: b.c. @ with Nu = 0, 
Nu= 0. Bo= 0.05 at low grav- Ra= 0.1 at C r =  lo-', 10- ; Bo= 0.01, 0.05 
ity (Ra = 0.1) for different 
Ta (Q= 0.1) and Q (Tar 0.1) 
Figure 4 shows the further departure of the rdtability characteristics of thconfiguration 
from those at Cr= 0 when* consider low Bond number and crisps5;un effects together. We no- 
tice first of all the reinstatement of an absolute minimum c-itical Mac for the onset of 
convective instability as was first shown by Smith for Ta 0 - Q . The neutral atability 
curves for Cr = 10"show two minima, one at a = 0 and the 0th.:~ at f lnite a. Even for Cr 10" 
the same feature can be reproduced at Bo - 0 . 5 .  This is due to the fact that the long wavy 
stability characteristics depend on the ratio Bo/Cr and not individually on Bo,Cr. The 
occurrence of double minima has been confirmed for Bo/Cra 200. The lesser of the two minima 
is then the critical Mac for the onset of instability. For small Ta(e25.8) and small Q(e18) 
we observe that the critical wavelength l c  corresponding to Ma is finite whereas at higher 
Ta and Q , lc is infinite at onset of instability. It may also %e mentioned that w3en 1, is 
f i n i t e  it does  correspond t o  t h e  va lue  f o r  C r =  0. Hac c l e a r l y  d e c ~ e a s e s  monotonical ly  w i t h  
l a r g e r  Ta,Q and t h e  corresponding X c  is t h e n  i n f i n i t e .  Thus, a l lowinq  f o r  g r a v i t a t i o n a l  
waves and c r i s p a t i o n  e f f e c t s  l e a d s  t o  long wave i n s t a b i l i t y  a t  a low b u t  f i n i t e  Hac f o r  
l a r g e  Ta and Q. 
F igure  5 shows t h e  c o r r e l a t i o n  o f  Mac w i t h  B0/Cr f o r  b.c. (9 w i t h  Nu= 0,  Ra= 0.1 a t  
C r =  lo", l o - * ;  Bo= 0.01, 0.05. Along t h e  con t inuous  p a r t s  of  t h e  c u r v e s  1, is i n f i n i t e  and 
along t h e  broken ones  lc i s  f i n i t e .  The l a t t x  s i t u a t i o n  is  found t o  occur  a t  low Ta(e25.8) 
and Q e Q* (Q* = 18, 12, 8.5 r e s p e c t i v e l y  f o r  Ta = 0.1, 15, 20) ani! l a r g e  enough Bo/Cr . The l a s t  
p r o v i s i o n  is t o  be  recognize: a long t h e  curves  f o r  T a <  26 where t h e  r e s p e c t i v e  c u r v e s  s p l i t  
o f f  a t  Q* i n t o  two branches  app ly ing  s e p a r a t e l y  f o r  Bo= 3.01 ( X c + u )  and Bo= 0.05 ( k c f i n i t e )  
eventhough both correspond t o  t h e  same v a l u e  o f  C r =  lo'*. For l a r g e  enough Tc and Q v a l u e s  
t h z  c o r r e l a t i o n  wi th  ~ o / C r  is u n i v e r s a l  and a,=O. Furthermore we n o t i c e  t h a t  a t  l a r g e  
Q(s800) a l l  t h e  curves  f o r  T a 1 5 0 0  merge. T h i s  i m p l i z s  a c e r t a i n  " s a t u r a t i o n  e f f e c t *  as f a r  
a s  t h e  i n f l u e n c e  of  r o t a t i o n  is concerned w h i l e  a c t i n g  t o g e t h e r  w i t h  t h e  magnetic f i e l d  as 
a s t a b i l i z i n g  agent .  
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Figure  6. V a r i a t i o n  of Ma w i t h  rc- F i g u r e  7. V a r i a t i o n  of  Mac w i t h  Bo,  
t a t i o n  (Ta) and magnetic f t e l d  ( Q )  C r ,  Nu f o r  b.c.  a 
f o r  b.c. @ with  Nu = 0 
F igure  6 shows t h e  v a r i a t i o n  of Mac w i t h  Ta and Q (225) wherein t h e  monotonic d e c r e a s e  o f  
Mac i s  t o  be noted even f o r  Bo/Cr= 500 i n  c o n t r a s t  t o  t h e  i n i t i a l  i n c r e a s e  observed i n  Fig-  
u r e s  4, 5 f s r  lower Ta, Q. ( I n  F igures  6 -  8 t h e  r e s p e c t i v e  c o n s t a n t  parameter  v a l u e s  are 
i n d i c a t e d  i n  t h e  i n s e t . ) .  The computations snow t h a t  Mac h a r d l y  changes  w i t h  Ra. I n  f a c t  
f o r  C r =  lo", Bo= 0.05 t h e  upper r i g h t  quadran t  o f  F i g u r e  6 shows t h a t  even up t o  F a =  1000, 
Mac is t h a t  g iven  by t h e  long wave l i m i t  (Ma)a,O. However f o r  h i g h e r  Bo/Cr (=SO0 shown) t h e  
buoyancy e f f e c t s  become n o t i c e a b l n  from R a  > 300 f o r  Ta = 0.1, 10 a t  Q =  25 s i n c e  now Q* in -  
c r e a s e s  f o r  T a =  0 .1 ,  10 from 18, 12 r e s p e c t i v e l y  a t  low R a  (= 0.1) tc  47, 46 a t  moderate 
Ra ( = 1 0 0 0 ) .  Th i s  is i n d i c a t e d  i n  t h e  lower r i g h t  hand quadran t  o f  F igure  6. Th i s  l a t t e r  
range,where b-~oyancy e f f e c t s  become n o t i c e a b l e , i s  d i s t i n  u i shed  by t h e  broken curve  a long  
which ic is f i n i t e .  (The curves  f o r  Ta = 0. I ,  10 a r e  hardTy t o  d i s t i n g u i s h  o? t h e  scale drawn 
b u t  they end,when e x t e n d e d , r e s p e z t i v e l y  a t  approximately  Q , =  16.5 and 13.2 on t h e  Q-axis . )  
Figure  7 shows t h e  c o r r e l a t i o n  o f  Mac with(Bo/Cr) (Nu+l) f  (Tar  Q)  f o r  d i f f e r e n t  combina- 
t i o n s  of  Bo, C r ,  Nu. The c o e f f i c i e n t  f u n c t i o n s  f  ( T a , Q )  shown have been confirmed numeri- 
c a l l y  f o r  v a r i o u s  combinations of  t h e  parameters  a s  long as t h e  buoyancy e f f e c t s  a r e  n o t  
n o t i c e a b l e .  The " u n i v e r s a l i t y "  of t h e s e  c c r r e l a t i o n  f u n c t i o n s  depends s l i g h t l y  on  t h e  para-  
meter range bu t  i s  found t o  be w i t h i n  a few p e r c e n t  a t  + =  0.02 chosen t o  r e p r e s e n t  t h e  l i m i t  
a + O .  Another f e a t u r e  t o  be noted from F i g u r e s  4 -  7 is t h a t  a c + O  a s  T a , Q  i n c r e a s e  and 
a,=O f o r  a l l  Ta, Q g r e a t e r  than  some n o t  t o o  l a r g e  a va lue .  T h i s  is i n  c o n t r a s t  t o  t h e  
common f i n d i n g  of  t h e  e a r l i e r  s t u d i e s  12"' (wherein C r  was s e t  e q u a i  t o  z e r o  a p r i o r i )  , 
namely, t h a t  a, i n c r e a s e s  w i t h  Ta and Q. Eere  we s e e  t h a t  a s  long a s  t h e  buoyancy e f f e c t s  
do no t  dominate , the  s t a t i o n a r y  form of i n s t a b i l i t y  s e t s  i n  on ly  a t  ac = 0 f o r  s u f f i c i e n t l y  
l a r g e  Ta and Q. 
Now w e  t u r n  t o  t h e  e f f e c t  of t h e  boundary c o n d i t i o n s  on t h  s t a b i l i t y  c h a r a c t e r i s t i c s  af 
t h e  conf igura t ion .  I n  a l l  t h e  t h r e e  c a s e s  of b .c .  a, @, t h e  same t r e n d s  i n  t h e  v a r i a -  
t i o n  of  Mac a r e  observed f o r  low R a .  Mac i s  p r o p o r t i o n a l  t o  Bo/Cr and d e c r e a s e s  monotonically 
with  Ta, Q f o r  low Bo/Cr as demonstra ted i n  l i g u r e  8 ( a )  f o r  So/Cr = 10,  100. 
F igure  8 ( a ) .  E f f e c t  of boundary cond i t ionscm t h e v a r i a t i o n  of Mac a t  Bo/Cr= 10, 100 
F igure  8 ( b ) .  E f f e c t o f  boundary c o n d i t i o n s o n  t h e v a r i a t i o n  of  Ma, a t  Bo/Cr = 500 
a l s o  n o t e  t h a t  a t  low Ta and Q, Ma, f o r  b .c .  @ i s  h i g h e r  t h a t  t h a t  f o r  b .c .  @ and the 
l a t t e r  i n  t u r n  i s  h i g h e r  than  t h a t  f o r  b .c .  @ . T h i s  i n d i c a t e s  t h e  d e c r e a s i n g  degree  o f  
s t a b i l i , . , i m & : t e ~ b y  t h e  degrees  of  freedom allowed by t h e  t h r e e  t y p e s  of  boundary condi-  
t i o n s  i n  t h a t  o r d e r .  T h i s  f e a t u r e  is s i m i l a r  t o  t h a t  f o r  t h e  buoyancy-drive; 
convec t ive  i n s t a b i l i t y 8  a l ~ h o u q h  t h e  boundary c o n d i t i o n s  t h e r e  a r e  d i f f e r e n t .  For  l a r g e  Ta 
and Q,  however we n o t i c e  ( c f .  Q ,500, o r  T a =  500) t h e  boundary c o n d i t i o n s  can no longer  be 
d i s t i n g u i s h e d  from each o t h e r .  I n  t h e  p r e s e n t  c a s e  t h e  r o l e  of  t h e  b - c .  i s  f u r t h e r  enhanced 
v i a  t h e  dependence on Bo/Cr. The lower Bo/Cr, t h e  l e s s e r  i s  t h e  i n f l u e n c e  of  b.c.  even a t  
low Ta,Q ( c f  . Ta = 1 ,50 f o r  Bo = 0.01 , C r  = 10" shown by dashed c u r v e s  i n  t h e  lower p a r t  of  
F igure  8 ( a )  . ) 
Complementary t o  t h e  r e s u l t s  i n  F igure  P ( a )  t h o s e  i n  8 ( b )  demonstra te  t h a t  f o r  l a r g e r  
Bo/Cr ( =  500 f o r  t h r e e  d i f f e r e n t  combinations of  Eo,Cr) a  more pronounced e f f e c t  o f  t h e  
boundary c o n d i t i o n s  on t h e  v a r i a t i o n  o f  Mac and i n  p a r t i c u l a r  t h a t  Mac can d e c r e a s e  a s  w e l l  
a s  i n c r e a t l  wi th  Ta and Q depending on t h e  range of parameters .  Again a t  l a r g e  Ta, Q t h e  
a s t i n c t i o n  between t h e  boundary c o n d i t i o n s  d e c r e a s e s .  
Conclusions  
The o n s e t  of s t a t i o n a r y  convec t ive  i n s t a b i l i t y  dr iver ,  by both d e n s i t y a n d  sur face - tens ion-  
g r a d i e r t s  i n  a  h o r i z o n t a l  l i q u i d  l a y e r  hea ted  from be 'ow can be suppressed by means of  r o t a -  
t i o n  about  a  t r a n s v e r s e  a x i s  and by a  t r a n s v e r s e  magt2 t i c  f i e l d .  But t h e  s t a b i l i z i n g  i n f l u -  
ence of  t h e s e  two agenc ies  is s u b j e c t  t o  cons ide rab le  q u a l i f i c a t i o n s  i n  view of t h e  e f f e c t s  
of c u r v a t u r e  and g r a v i t y  waves a t  t h e  two-f luid  i n t e r f a c e .  The l a r g e r  t h e  r a t i o  Bo/Cr, t h e  
g r e a t e r  t h e  range of  s t a b i l i z i n g  a c t i o n  i n  terms of Ta, Q f o r  a l l  t h e  boundary c o n d i t i o n s  
cons ide red  and r e l a t i v e l y  r e a t e r  f o r  b.c.  2 and 3 than  f o r  b.c.  a. The i n f l u e n c e  of  
t h e  i n d i v i d u a l  b .c .  a, , @ becomes i n  9 i s t i n g u  9 s h a b l e  a t  l a r g e r  Ta, Q and a t  lower 
Bo/Cr. S ince  Mac d e c r e a s e s  wi th  Ta, Q ( f o r  s u f f i c i e n t l y  l a r g e  Ta, Q )  and a c + O , a n  op t imal  
parameter range f o r  t h e  combined s t a b i l i z i n g  a c t i o n  o f  r o t a t i o n  and magnetic f i e l d  must be 
souqht appropriately. Allowance for heat transfer he ambient gas is generally stabilizing. 
In the low gravity situation (small Bo and Ra< 100) the buoyancy effects do not percepti- 
bly influe~lce the onset of instability except at low Ta and Q. In this range the onset of 
instability is at a finite wave number ac# 0 whi-h is independent of 60, Cr as may be expect- 
ed. (Mac corresponds otherwise to a c =  0 and as shown - Bo/Cr for Nu= O.)The general 
problem of interaction between buoyancy and surface tension will be considered in a later 
report but it seems legitimate to draw a partial conclusion on the basis of results shown 
here, namely, that the buoyancy-dominated situation tends to prefer finite wave length in- 
stability while the capillarity-do~inated situation including the effects of interfacial 
curvature and interfacial gravity waves tends to favour the infinitely long wave mode of 
instability. This conclusion is qualitatively in constrast to that of earlier studies on this 
configuration ignoring the interfacial effects altogether (50- O=Cr). This stems only from 
the nonzero Bo/Cr and d o ~ s  not explicitly depend on the (finite) value of the mean surface 
tension 
The question of oscillatory modns of instability has been bypassed here on the basis of 
asymptotic results indicating that the incipient instability is stationary for large Ta(Q=O). 
The results for the finite range of Ta and Q need of course to be examined in order to 
confirm whether Mac calculated here is indeed the aSsolute minimum critical Marangon1 nw>-r 
for the cnset of instability. 
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A v a r i a t i o n a l  approach t o  t h e  s tudy  of c a p i l l a r i t y  phenomena 
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73100  Lecce; a..d Dipar t imento d i  Matematica, 38050 Povo ( l r e n t o ) ,  I t a l y .  
A b s t r a c t  
We c o n s i d e r  t h e  problem of  de te rmin ing  t h e  f r e e  s u r f a c e  of a  l i q u i d  i n  a  c a p i l l a r y  tube ,  
and of a  l i q u i d  d rop ,  s i t t i n g  f i r s t  on a  h o r i z o n t a l  p lane  and then  on more ger iera l  s u r f a c e s .  
With some m o d i f i c a t i o n s ,  t h e  method a p p l i e s  t o  t h e  s tudy  of pendent d rops  and of r o t a t i n g  
d r o p s  as w e l l .  
I n t r o d u c t i o n  
S e v e r a l  c a p i l l a r i t y  phenomena, such a s  t h e  r i s e  of  water  i n  t u b e s  of narrow bore ,  and t h e  
fo rmat ion  of l i q u i d  d rops  o r  bubbles ,  can  conven ien t ly  be  s t u d i e d  from t h e  g e n e r a l  p o i n t  of 
view of  t h e  Ca lcu lus  of V a r i a t i o n s .  Such a  p o s s i b i l i t y ,  which c l e a r l y  o r i g i n a t e s  i n  t h e  
energy-minimizing c h a r a c t e r  of t h e  observed e q u i l i b r i u m  c o n f i g u r a t i o n s ,  has  t h e  remarkable 
advantage of providing a  u n i f i e d  t r e a t m a n t  of t h e  mathemat ical  q u e s t i o n s  t h a t  a r i s e  i n  a 
v a r i e t y  of p a r t i c u l a r  phenomena. 
By us ing  a well-known argument, Sased on t h e  p r i n c i p l e  of  v i r t u a l  work, one i s  l e d  t o  a 
v a r i a t i o n a l  fo rmula t ion  of t h e  p h y s i c a l  problem, i n  which a  c e r t a i n  f u n c t i o n a l  ( r e p r e s e n t i n g  
t h e  g l o b a l  energy o f  t h e  system under c o n s i d e r a t i o n )  has  t o  be minimized, s u b j e c t  t o  some 
" n a t u r a l "  c o n s t r a i n t s ,  such a s  p r e s c r i b e d  boundary c o n d i t i o n s  o r  f i x e d  volume c o n s t r a i n t s .  
I n  g e n e r a l ,  t h e  energy f u n c t i o n a l  w i l l  c o n s i s t  of a  " s u r f a c e  i n t e g r a l "  p l u s  a "volume i n t e -  
g r a l " :  t h e  l a t t e r  cor responds  t o  body f o r c e s ,  of which g r a v i t y  i s  a t y p i c a l  r e p r e s e n t a t i v e ,  
w h i l e  t h e  former r e s u l t s , f o r  example,from t h e  c o n s i d e r a t i o n  of t h e  f o r c e s  a c t i n g  on t h e  
s u r f a c e  of  s e p a r a t i o n  between t h e  l i q u i d  and t h e  g a s  surrounding it. 
Now, t h e  p o i n t  is, t h a t  t h e  c l a s s i c a l  d e f i n i t i o n  of " s u r f a c e  a r e a "  i s  r a t h e r  inadequate  
f o r  t r e a t i n g  t h i s  type  of problem, mainly  because it a p p l i e s  t o  smooth o r  L i p s c h i t z - c o n t i -  
nuous s u r f a c e s  on ly  - a  c l a s s  which is  n o t  c l o s e d  under t h e  u s u a l  l i m i t  o p e r a t i o n s .  
The d i f f i c u l t i e s  a r i s i n g  from t h e  p resence  of a  s u r f a c e  i n t e g r a l  become even more e v i -  
d e n t  when compared w i t h  t h e  r e l a t i v e l y  s imple  t r eh tment  of t h e  corresponding volume 
i n t e g r a l ,  which is g e n e r a l l y  we l l -de f ined  on measurable s e t s  and en joys  ( a t  l e a s t  i n  t h e  
s i m p l e s t  c a s e s )  n i c e  v a r i a t i o n a l  p r o p e r t i e s .  
A s a t i s f a c t o r y  theory  of s u r f a c e  a r e a  f o r  a  g e n e r a l  c l a s s  of  s u r f a c e s  of codimension one 
i n  Rn,  n  2 2 , has  been developed by E .  De G i o r g i  i n  t h e  f i f t i e s . '  I t  i s  a  remarkable f a c t  
t h a t  some c l a s s i c a l  quest ions ,cor ,cerning t h e  e x i s t e n c e  and r e g u l a r i t y  of c a p i l l a r y  s u r f a c e s ,  
have been answered on ly  q u i t e  r e c e n t l y ,  us ing  t h e  v a r i a t i o n a l  t echn iques  in t roduced  by De 
G i o r g i ,  o r  even more g e n e r a l  methods p e r t a i n i n g  t o  t h e  f i e l d  of  Geometric Measure Theory.' 
The d e f i n i t i o n  of  " f u n c t i o n s  of Bounded V a r i a t i o n " ,  t o g e t h e r  w i t h  t h e  main r e s u l t s  of  
t h e  corresponding BV-functions theory ,  w i l l  be r e c a l l e d  i n  t h e  nex t  s e c t i o n .  A s  a  f i r s t  
a p p l i c a t i o n  of t h e  theory ,  we - ,hal l  d i s c u s s  i n  s e c t i o n  2 t h e  " s tandard"  c a p i l l a r y  problem, 
i . e .  t h e  d e t e r m i n a t i o n  of t h e  f r e e  s u r f a c e  of a  l i q u i d  i n  a  t h i n  t u b e  of g e n e r a l  c r o s s  
s e c t i o n ,  which r e s u l t s  from t h e  s imul taneous a c t i o n  of s u r f a c e  t e n s i o n ,  boundary adhesion 
and g r a v i t y .  I t  t u r n s  o u t  t h a t  i n  t h i s  c a s e  t h e  e x i s t e n c e  of t h e  s o l u t i o n  s u r f a c e  depends 
h e a v i l y  on t h e  v a i l d i t y  'of a  s imple  geometric c o n d i t i o n  abou t  t h e  mean c u r v a t u r e  of  t h e  
boundary curve  of t h e  c r o s s  s e c t i o n  of t h e  c a p i l l a r y  tq ibe .  Some p a r t i c u l a r  examples of  
p h y s i c a l  i n t e r e s t  w i l l  a l s o  be d i s c u s s e d .  
S e c t i o n  3 is devoted t o  t h e  s t u d y  of l i q u i d  d r o p s ,  s i t t i n g  on, o r  hanging from, a  f i x e d  
h o r i z o n t a l  p lane .  The symmetry of t h e  s o l u t i o n s  (which c a n  a c t u a l l y  be proved,  a s  a  conse-  
quence of a  g e n e r a l  symmetr izat ion argument) now p l a y s  t h e  c h i e f  r o l e  i n  d e r i v i n g  bo th  t h e  
e x i s t e n c e  and t h e  r e g u l a r i t y  of energy-minimizing ccnf igurat ions .When symmetry f a i l s  ( t h i s  
i s  t h e  case ,  f o r  exarnple,when t h e  " c o n t a c t  a n g l e "  between t h e  d r o p  and t h e  p l a t e  is n o t  
c o n s t a n t ,  o r  when t h e  suppor t ing  s u r f a c e  is n o t  i t s e l f  symmetr ic) ,  then  more s o p h i s t i c a t e d  
methods must be used. Ex tens ions  i n  t h i s  d i r e c t i o n  w i l l  be  o u t l i n e d  i n  s e c t i o n  4 .  
We r e f e r  t o  t h e  papers  l i s t e d  i n  t h e  ( f a i r l y  incomplete)  b i b l i o g r a p h y  a t  t h e  end of t h e  
p r e s e n t  paper f o r  a  deeper  t r e a t m e n t  of t h e  s u b j e c t ,  a s  w e l l  a s  f o r  t h e  d i s c u s s i o n  of 
r e l a t e d  problems. 
Func t ions  of bounded v a r i a t i o n  
Given a n  open s u b s e t  R of Etn , n 2 2 ,  w e  deno te  by B V ( R )  t h e  f u n c t i o n  space of Le- 
besgue i n t e g r a b l e  f u n c t i o n s  f  over  $ 2 ,  whose d i s t r i b u t i o n a l  g r a d i e n t  Df is  a  v e c t o r  
measure w i t h  f i n i t e  t o t a l  v a r i a t i o n  on R ; AID£\  w i l l  deno te  t h e  t o t a l  v a r i a t i o n  of  t h e  
measure Df , eva lua ted  a t  A C  i-i . 
When A is open we o b t a i n :  
As a  f i r s t  r e s u l t  we c a n  p rove  t h e  lower s e m i c o n t i n u i t y  o f  t h e  map f + f l ~ f l  , w i t h  
r e s p e c t  t o  t.he l o c a l  convergence  o n  R ; t h a t  i s ,  i f  f ,  t BV(R) f o r  e v e r y  j and 
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f o r  e v e r y  A c; R i . .  A  open and bounded w i t h  c R ) ,  t hen :  
J l D i l  5 l i m i n f  i l D f j l  . 
5-i j++- 
Fur the rmore ,  we have  t h e  f o l l o w i n g  compactness  p r o p e r t y :  i f  f j  6 B V ( R )  , and f o r  e v e r y  
A c c  2 and f o r  e v e r y  j it h o l d s  
w i t h  c ( A )  independent  o f  j  , t h e n  t h e r e  e x i s t s  a  subsequence  o f  I f j ]  , l o c a l l y  conve r -  
g i n g  i n  i2 t o  some l i m i t  Cunct ion  f  . 
I f  f 6 B V ( C )  and R h a s  a L i p s c h i t z - c o n t i n u o u s  boundary a R  , t h e n  w e  c a n  d e f i n e  t h e  
" t r a c e "  of f  on aR (st i l l  deno ted  by f  1 ,  which i s  sununable on  a R  and s a t i s f i e s 4  
where L  ( t h e  L i p s c h i t z  c o n s t a n t  o f  32 ) and c ( n )  depend o n l y  o n  t h e  geometry of R b u t  
n o t  on  f  . 
By s p e c i a l i z i n g  t h e  above d e f i n i t i o n s  and p r o p e r t i e s  t o  t h e  c a s e  when f  is  t h e  c h a r a c -  
t e r i s t i c  f u n c t i o n  Q E  of a  measu rab le  set E  c R , w e  g e t  a  p a r a l l e l  t h e o r y  o f  sets o f  
f i n i t e  p e r i m e t e r ,  where by d e f i r ' t i o n :  
" p e r i m e t e r  o f  E i n  0'' = ' I D @ ,  / j 
n 
A s t r a i g h t f o r w a r d  a p p l i c a t i o n  of t h e  Gauss-Green theorem shows t h a t  t h i s  q u a n t i t y  c o i n -  
c i d e s  w i t h  t h e  a r e a  o f  2E n R , a t  l e a s t  when aE i s  a  smooth ( n - 1 ) - d i n e n s i o n a l  s u r f a c e  
i n  i: . The c o n n e c t i o n  between BV-functions and s e t s  o f  f i n i t e  p e r i m e t e r  is g i v e n  by t h e  
c o a r e a  formula :  
where f  c B l j ( i l )  and F  = Ix  cS1 : f ; x )  < t ) . '  
Moreover , i f  E = f ( x , t )  : x  E R ,  t < f  (x )  1 , t h e n  it. h o l d s  
where t h e  second i n t e g r a l  r e p r e s e n t s  t h e  t o t a l  v a r i a t i o n  on fi of t h e  v e c t o r  measure ,  whose 
n +  1  components a r e  r e s p e c t i v e l y  t h e  Lebesgue measure  on lRn , and t h e  d i s t r i b u t i o n  
d e r i v a t i v e s  Dl£, i = l ,  ..., n  . When f  is L i p s c h i t z - c o n t i n u o u s  on  R , t h i s  y i e l d s  o f  
c o u r s e  t h e  a r e a  o f  t h e  g r a p h  o f  f  o v e r  D . 
C a p i l l a r y  s u r f a c e s  i n  c y l i n d r i c a l  v e r t i c a l  t u b e s  
L e t  u s  c o n s i d e r  a  c a p i l l a r y  t u b e ,  open a t  b o t h  ends  and p a r t i a l l y  immersed i n t o  a  l i q u i d ;  
f o r  s i n p l i c i t y ,  we may assume t h a t  t h e  l i q u i d  r i s e s  i n  t h e  t u b e ,  s o  t h a t  - i n  view o f  t h e  
p reced ing  d i s c u s s i o n  - t h e  ene rgy  c o r r e s p o n d i n g  t o  a c e r t a i n  c o n f i g u r a t i o n  o f  t h e  l i q u i d  
w i t h i n  t h e  t u b e ,  d e s c r i b e d  by t h e  g r a p h  a f u n c t i o n  f  , 0 , c a n  b e  e x p r e s s e d  a s  
Here, I! (open and bounded i n  IR* , w i t h  L i p s c h i t z  boundary a R  ) d e n o t e s  t h e  c r o s s  
s e c t i o n  o f  t h e  t u b e ,  f i i j V ( 1 1 )  and , a r e  p h y s i c a l  c o n s t a n t s ,  w i t h  K ' 0 and 0  < ~ 5 1 .  
I t  is  e a s i l y  s e e n  t h a t  f  5 0 is t h e  t r i v i a l  s o l u t i o n  of ' f(.) -+ min , when v 5 0 , w h i l e  
i n f  :+!(.! = -- when 1, ' 1 , 
We c a n  immedia te ly  check t h a t  a  c o n f i g u r a t i o n  of minimal ene rgy  ( i . e . ,  a  s o l u t i o n  t o  t h e  
problem I ( - )  -+ min ) s a t i s f i e s  t h e  e q u a t i o n s  
D f  
where Tf = -- - -  r and n ( x , y )  + n o t e s  t h e  outward  u n i t  normal t o  312 a t  ( x , y )  . 
.'I + / 2 f  12 
T h i s  is t r u e  i f ,  f o r  example,  i s  of c l a s s  C '  and f  e c2  (5:) n C' . 
T h i s  way, we r e a l i z e  t h a t  t h e  nrrarr c u r v a t u r e  of a c a p i l l a r y  s u r f a c e  is,  a t  any  p o i n t  
( x ,  y ,  i ( x ,  y )  ) t 12 \IR , p r o p o r t i o n a l  ( ; ~ i t h  c o n s t a n t  K ) t o  i t s  h e i g h t  above t h e  r e f e r e n c e  
p l a n e  z  = 0  , and t!lat c o r r e s p o n d s  t o  t h e  c o s i n e  o f  t h e  c o n t a c t  a n g l e  between t h e  s u r -  
f a c e  and t h e  w a l l s  of  t h e  tube .  
The c l a s s i c a l  approach c o n s i s t e d  i n  s o l v i n g  t h e  above sys tem o f  e a t i o n s  i n  t h e  s p e c i a l  
c a s e  when i: was a d i s c  o f  r a d l u s  R , and f  = f  ( r ) ,  r = (x2 + y21qY2 ( a x i a l l y  symmetric 
s o l u t i o n s ) .  I n  t h i s  c a s e ,  one  i s  l e d  t o  t h e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  
I ift \ = ~ r f ( r )  f o r  0  .. r . 
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w l t h  t h e  boundary c o r . d i t i o n s :  f r ( 0 )  = 0 ,  f r ( R )  = (1-v2)'1/2 . 
I n  o r d e r  t o  p rove  t h e  e x i s t e n c e  of a  s o l u t i o n  f  t o  t h e  problem y(.) -+ min , w e  make 
t h e  f o l l o w i n g  assumpt.ion on t h e  domain f: :" 
f o r  e v e r y  E L- I: , w l t h  I 1  and 6 ' 0  . From ( 4 )  and t h e  c o a r e a  formula  ( 2 )  we g e t  
f o r  eve ry  f  s BV(i:) w i t h  f _'_ 0 . By i n t r o d u c i n g  t h i s  l a s t  i n e q u a l i t y  i n  ( 3 )  we f i n d :  
where 1 d e n o t e s  t h e  Lebesgue measure of i: . I n  p a r t i c u l a r ,  i f  v - l / u  w e  o b t a i n  
inf  , / ( . )  1 - v 2 t q 2 /  1 2 ,  /, , w n i l e  i f  \ I  I / ( ,  , t h e n  f o r  any nkinimizing sequence  f ,  , s a t i s f y -  
ing  <-{(£ ,) + i n £  '7( . )  , w e  o b t a i n :  
so t h a t ,  i n  v iew of  t h e  r e s u l t s  i n  s e c t i o n  1 ,  w e  c o n c l u d e  t h a t  a  subsequence  o f  ( f . 1  con- 
v e r g e s  t o  a f u n c t i o n  f  , which c l e a r l y  s o l v e s  o u r  problem; a s  a  consequence  of  t i e  s t r i c t  
c o n v e x i t y  o f  t h e  ene rgy  f u n c t i o n a l ,  such  a  s o l u t i o n  i s  i n  f a c t  un ique .  
The h y p o t h e s i s  ( 4 )  now comes i n t o  d i c c u s s i n r :  c l e a r l y ,  it is i m p l i e d  by t h e  t r a c e  es t i -  
ma te  ( I ) ,  s a  t h a t  c a p i l l a r y  s u r f a c e s  a lways  e x i s t  f o r  \ I  i n  t h e  r a n g e  0 i v < (1+L2)'* , 
w i t h  L = L i p s c h i t z  c o n s t a n t  o f  an ;' t h a t  t h i s  is i n  fa:t*an "a lmos t  n e c e s s a r y "  c o n d i t i o n  
c a n  e a s i l y  b e  s e e n  w i t h  t h e  a i d  o f  some s i m p l e  examples.  For  a  domain il i n  t h e  form o f  
a  c i r c u l a r  s e c t o r ,  no s o l u t i o n  w i t h  bounded e n e r g y  c a n  e x i s t  when v ? ( 1 + ~ ' ) ' ~ :  ( t h a t  is, 
when 0 + 2 y  i n , where R i s  t h e  a n g l e  of  t h e  s e c t o r  and  y is t h e  c o n t a c t  a n g l e ) .  The 
d i s c o n t i n u i t y  a t  tl + 6 2 )  = n is a l s o  con f i rmed  by p h y s i c a l  e ~ p e r i m e ~ ~ t s . '  
On t h e  o t h e r  hand,  i n t e r i o r  c o r n e r s  d o  n o t  a f f e c t  t h e  s o l u t i o n :  i n  t h e  s p e c i a l  case when 
1 s a t i s f i e s  a n  I n t e r n a l  S p h e r e  C o n d i t i o n  of  r a d i u s  R ' 0 ( i . e . ,  when e a c h  p o i n t  i n  $1 
b e l o n g s  t o  some b a l l  BR c 52 ) ,  t h e n  ( 4 )  h o l d s  w i t h  a = 1 , and it c a n  b e  shown, by u s i n g  
a r e s u l t  of  Concus and F inn , '  t h a t  t h e  s o l u t i o n  e x i s t s  f o r  e v e r y  v w i t h  0 d 5 1 . 
I n  c o n c l u s i o n ,  we remark t h a t  t h e  v a r i a t i o 7 a l  method d o e s  n o t  work when h = O , i.e. i n  
t h e  a b s e n c e  of  g r a v i t y :  one  c a n  a c t u a l l y  show t h a t  t h e  s o l u t i o n s  f ,  , c o r r e s p o n d i n g  t o  
v a l u e s  t, \ 0 , g o  un i fo rmly  t o  +m i n  j: , a s  I; -+ 0 +  . 
S e s s i l e  d r o p s  and pendent  d r o p s  
The e n e r g y  of  a l i q u i d  d r o p ,  s i t t i n g  o n  t h e  h o r i z o n t a l  p l a n e  ( z = 0 )  i n  IR' , c a n  b e  
w r i t t e n  i n  t h e  f o l l o w i n g  way: 
where  E d e n o t e s  t h e  r e g i o n  o f  t h e  h a l f - s p a c e  {z ? 0 )  o c c u p i e d  by t h e  l i q u i d .  The f i r s t  
i n t e g r a l  i n  ( 5 )  r e p r e s e n t s  t h e  a r e a  o f  t h e  f r e e  boundary o f  t h e  d r o p ,  t h e  second i n t e g r a l  
g i v e s  t h e  a r e a  of  t h e  r e g i o n  o f  c o n t a c t ,  and t h e  t h i r d  i n t e g r a l  c o r r e s p o n d s  t o  g r a v i t y .  A s  
u s u a l ,  w e  a:;sume ' 0 and 1' t ( -1 ,13  , s i n c e  f o r  = -1 no s o l u t i o n  c a n  o c c u r .  The 
same f u n c t i c n a l ,  w i t h  K . 0 , r e p r e s e n t s  t h e  ene rgy  of a  penden t  d r o p ;  i n  b o t h  c a s e s ,  a  
volume c o n s t r a i n t  h a s  t y o b e  imposec?, namely I E I  = v ' 0 . 
Now, i t  c a n  be shown t h a t  by r e p l a c i n g  e a c h  h o r i z o n t a l  s e c t i o n  o f  a  g i v e n  c o n f i g u r a t i o n  
E by a  d i s c  of  t h e  same a r e a ,  c e n t e r e d  o n  t h e  z - a x i s ,  a  new c o n f i g u r a t i o n  E' r e s u l t s ,  
which is  of  l e s s  ene rgy  t h a n  E ( i n  f a c t ,  '7, LE) = ,?K ( E ' )  i f f  E  i s  a l r e a d y  a x i a l l y  
symmet r i c ) .  
From t h i s  f a c t ,  hy u s i n g  t h e  o b v i o u s  e s t i m a t e  
which i m p l i e s  
f o r  e v e r y  E , i f  k \ 0 , one  g e t s  e a s i l y  t h e  e x i s t e n c e  o f  a  minimum of  ' y h ( O  , when 
2 0 . On t h e  o t h e r  hand,  when ' 0 t h e  s i t u a t i o n  is  c o m p l e t e l y  d i f f e r e n t ,  and  w e  c a n  
look  o n l y  f o r  l o c a l  s o l u t i o n s  o f  '?, ( - 1  -' min , s i n c e  c l e a r l y  i n f  '7, ( . )  = -" i n  t h i s  c a s e .  
To t h i s  a im,  r e  i n t r o d u c e  t-he f  l l owing  d e f i n i t i o n :  E  i s  a  l o c a l  minimum of  t h e  e n e r g y  
f u n c t i o n a l  La pendent  d r o p )  i f  I E P  = v , and t h e r e  e x i s t  T ' 0 a n  a c 0 1 )  such  t h a t ,  
E is c o n t a i n e d  i n  t h e  r e g i o n  0  ( z <  TI a n d ,  f o r  e v e r y  F  0  z T w i t h  
 IF^ = v ,  
t h e r e  h o l d s  *-Jk (El 5 , -&(F)  . 
I n  o r d e r  t o  p rove  t h e  e x i s t e n c e  o f  pendent  d r o p s ,  w e  s t a r t  by o b s e r v i n g  t h a t ,  when , = O 
( t h a t  i s ,  i n  t h e  a b s e n c e  o f  g r a v i t y ) ,  t h e  mlnimum Eo o f  ) i s  a p o r t i o n  o f  a  b a l l ,  
c o m p l e t e l y  de t e rmined  from t h e  d a t a  v  and v . With t h i s  i n  mind,  w e  choo:e T g r e a t e r  
t h a n  t h e  maximum h e i g h t  o f  Eo and f i n d  t h e  s o l u t i o n  E, o f  t h e  problem '+,(.) + min , 
r e s t r i c t e d  t o  t h e  con£ i g u r a t i o n s  E c 10 < z c T )  . 
An e a s y  c a l c u l a t i o n  shows t h a t  Ek + Eo a s  K + 0 a .  ' a s  a  consequence  of g e n e r a l  
r e s u l t s  c o n c e r n i n g  t h e  conve rgence  of  s u r f a c e s  o f  p r e s c r i b e d  mean c u r v a t u r e ,  w e  g e t  t h a t  f o r  
s m a l l  enough,  t h e  s o l u t i o n  Eh is  a c t u a l l y  c o n t a i n e d  i n  ( 0  z  a ~ )  f o r  a  s u i t a b l e  
t 0 ,  , t h u s  c o n c l u d i n g  t h e  proof  o f  t h e  e x i s t e n c e  of  pendent  d r  p  o f  g i v e n  volume, i n  
a weak gr:vi tat ional  f i e l d .  E s t i m a t e s  on  t h e  e f f e c t i v e  s m a l l n e s s  o f  7 ~ 7  a r e  a l s o  e x p l i c i -  
t l y  known. 
For example,  ~ i u s t i ' :  showed t h a t  penden t  d r o p s  e x i s t ,  i f  t h e  p r o d u c t  1 h v d o e s  n o t  
exceed a  c o n s t a n t ,  which c a n  b e  w r i t t e n  dawn e x p l i c i t l y , a n d  wh;ch depends  on1  o n  t h e  v a l u e  
o f  t h e  c o n t a c t  a n g l e  between t h e  f r e e  s u r f a c e  o f  t h e  d r o p  and  t h e  p l a n e  (z=o? . 
Concluding  commczs  
The r e g u l a r i t y  ( a n a l y t i c i t y )  o f  t h e  e q u i l i b r i u m  s u r f a c e  o f  a  l i q u i d  i n  a  c a p i l l a r y  t u b e  
c a n  be  d e r i v e d  from g e n e r a l  r e g u l a r i t y  r e s u l t s  f o r  h y p e r s u r f a c e s  o f  l e a s t  a r e a  o r ,  more ge -  
n e r a l l y ,  o f  p r e s c r i b e d  mean c u r v a t u r e  i n  1Rn.l' The boundary  b e h a v i o u r  o f  t h e  s o l u t i o n s  
h a s  a l s o  been  s t u d i e d ,  and  s e v e r a l  r e s u l t s  i n  t h i s  d i r e c t i o n  a r e  p r e s e n t l y  known.14 
A s  f a r  a s  t h e  r e g u l a r i t y  3f  l i q u i d  d r o p s  is conce rned ,  w e  n o t e  f i r s t l y  t h a t  t h e  f r e e  
s u r f a c e  o f  a  d r o p  s i t t i n g  o n  a  h o r i z o n t a l  p l a n e ,  b e i n g  r o t a t i o n a l l y  symmetr ic ,  c a n  a l s o  b e  
d e s c r i b e d  ( l o c a l l y )  a s  t h e  g r a p h  o f  a s u i t a b l e  f u n c t i o n  f  , d e f i n e d  on a  2-dimensional 
domain. I t  t u r r s  o u t  t h a t  f  m in imizes  a  f u n c t i o n a l  o f  t h e  t y p e :  
g r a v i t y  + X f  I 
where t h e  Lagrange  m u l t i p l i e r  t a k e s  i n t o  a c c o u n t  t h e  volume c o n s t y p i n t .  From t h i s ,  t h e  
i n t e r i o r  a n a l y t i c i t y  of t h e  f r e e  s u r f a c e  o f  t h e  d r o p  f o l l o w s  a t  once .  
Second ly ,  it fd n o t  d i f f i c u l t  t o  p r o v e  t h a t  t h e  c o n f i q u r a t i o n  r e p r e s e n t i n g  a sessile d r o p  
i s  a  convex set .  We t h e n  c o n c l u d e  t h a t  i t s  f r e e  s u r f a c e  i s  i n  f a c t  smooth u p  t o  t h e  p l a n e  
{ z  = 01 , and t h a t  t h e  c o s i n e  of  t h e  c o n t a c t  a n g l e  c o i n c i d e s  w i t h  \J . 
Much more d i f f i c u l t  i s  t h e  s t u d y  of  l i q u i d  d r o p s ,  when symmetry c e a s e s  t o  e x i s t .  However, 
some p a r t i a l  r e s u l t s  have  r e c e n t l y  been  o b t a i n e d ,  such  a s  t h e  e x i s t e n c e  and r e g u l a r i t y  o f  
so , lu t ions ,  c o r r e s p o n d i n g  t o  d r o p s  s i t t i p g  gnl,!or hanging  from) a  s u r f a c e  z  = $ ( x , y )  i n  
IR , s a t i s f y i n g  r + f o r  r = ( x - + y L )  -+ +" . From t h i s  "growth c o n d i t i o n  a t  i n f i n i -  
t y " ,  which however is n o t  s a t i s f i e d  i n  a  number o f  i n t e r e s t i n g  and s t i l l  open s i t u a t i o n s ,  
t h e  n e c e s s a r y  compactness  r e s u l t s  c a n  e a s i l y  b e  d e r i v e d . "  
A theorem,  which e x t e n d s  t o  minima o f  a r e a - l i k e  f u n c t i o n a l s ,  s u b j e c t  t o  a  volume con- 
s t r a i n t ,  t h e  r e g u l a r i t y  t h e o r y  f o r  minimal b o u n d a r i e s ,  is now a v a i l a b l e .  '7118 A t e c h n i q u e ,  
deve loped  i n  c o n n e c t i o n  w i t h  i t s  p r o o f ,  c a n  a l s o  b e  used  t o  p r o v e  t h e  e x i s t e n c e  o f  l i q u i d  
d r o p s ,  i n  r o t a t i o n  around a n  a x i s  t h rough  t h e  c e n t e r  o f  mass ,  and h e l d  t o g e t h e r  by s u r f a c e  
t e n s i o n .  
I n  i t s  s i m p l e s t  f o r m u l a t i o n ,  t h e  problem a s k s  f o r  a  l o c a l  minimum of  t h e  f u n c t i o n a l  
s u b j e c t  t o  a  volume c o n s t r a i n t  ( / E l  = 1)  and t o  a  f u r t h e r  c o n s t r a i n t  a b o u t  t h e  c e n t e r  o f  
mass (which  must  c o i n c i d e  w i t h  t h e  o r i g i n  o f  t h e  s p a c e ) .  
The p r e s e n c e  of  t h e  k i n e t i c  e n e r g y  e x c l u d e s ,  i n  g e n e r a l ,  t h e  symmetry of  ::ie s o l u t i o n s .  
Anyway, f o l l o w i n g  t h e  t r e a t m e n t  of  t h e  pendent  d r o p  problem, one  c a n  show" t h e  e x i s t e n c e  o f  
r e l a t i v e  minima of  t h e  Lnergy funct l .ona1,  when o is s m a l l  enough,  t h a t  is,  when t h e  r o t a -  
t i o n  is s u f f i c i e n t l y  slow. 
The proof of t h i s  r e s u l t ,  which c a n  o n l y  be  o u t l i n e d  h e r e ,  p roceeds  a s  f o l l o w s :  f i r s t l y ,  
w e  d e f i n e  E t o  be a  l o c a l  minimum of Lhe ene rgy  f u n c t i o n a l  (6), i F  t h e r e  e x i s t s  
R Ro = ( 3 / ' 4 n )  'I' such  t h a t  E c c  CR and ,  f o r  e v e r y  a d m i s s i b l e  F cc CR , s a t i s f y i n g  t h e  
above  c o n s t r a i n t s ,  i t  h o l d s  7 (E)  '. r3,(F! . 
Here ,  CR d e n o t e s  t h e  cylin!r iuai  container 
Then, we c a n  e a s i l y  p rove  t h a t  f o r  e v e r y  w 2 0, and e v e r y  R -\ R o t  t h e r e  e s i s t s  a  s o l u -  
t i o n  E, t o  t h e  problem '1, ( E )  -. min , r e s t r i c t e d  t o  t h e  a d m i s s i b l e  c o n f i g u r a t i o n s  E c CR . 
Such a  s o l u t i o n ,  however, w i l l  n o t  g e n e r a l l y  s a t i s f y  t h e  c o n d i t i o n  E,cc C R  f o r  a  l o c a l  
minimum. 
Next,  w e  o b s e r v e  t h a t  f o r  a  f i x e d  R R o  , t h e  s o l u t i o n s  E, w e  have  found i n  t h i s  way, 
conve rge ,  a s  - 0+ , t o  t h e  ~TE, = { ( x , y , z ) : x 2 + y 2 + z '  R;? ccCR . The l o c a l  conve r -  
g e n c e  E, - Eo i s  u n f o r t u n a t e l y  t o o  weak t o  c o n c l u d e  t h a t  E,cc CR f o r  w s m a l l  enough.  
But w e  c a n  p rove ,  and  t h i s  i s  a c t u a l l y  t h e  c r u c i a l  p o i n t  of t h e  e n t i r e  d e m o n s t r a t i o n ,  t h a t  
i f  i s  s u f f i c i e n t l y  s m a l l  (and  p o s i t i v e ) ,  t h e n  t h e r e  e x i s t s  a  v a l u e  r c ( R o , R )  s u c h  t h a t  
From t h i s  r e s u l t ,  t h e  f a c t  t h a t  '2,ccCR f o r  d s m a l l  c a n  b e  proved a s  f o l l o w s .  D e f i n e :  
G = E, n C, and a = jEw - C r /  
3 7 8 
and c h  o s e  F  = (I-u)-'"G ( t h a t  is, F i s  c o n s t r u c t e d  by expanding G , w i t h  a  c o e f f i c i e n t  
- > 1 1 .  C l e a r l y ,  I F I  = 1 . S i n c e  a +-0 a s  w + 0 , it  i s  c l e a r  t h a t  when 18, 
s m a l l ,  by means o f  a  s u i t a b l e  t r a n s l a t i o n  F  + F we o b t a i n  e v e n t u a l l y  a n  a d m i s s i b l e  c o n f i -  
g u r a t i o n  i' c CR , whence 
On t h e  o t h e r  hand, t h e  d i f f e r e n c e  h ( E t i , )  - .f,(i) c a n  e a s i l y  b e  e s t i m a t e d  from below by t h e  
q u a n t i t y :  
[ I  - (1 -a)-'I3] J l o p c l  + c 0 n s t . a  + c o n s t . '  a'" 
R 
Now, from t h e  Tay lo r  expans ion  o f  t h e  c o e f f i c i e n t  between s q u a r e  b racke t s ,we  c o n c l u d e  t h a t  
y,(E,) - j , (F)  > 0 i f  a  is p o s i t i v e  and small, which would c o n t r a d i c t  ( 7 ) .  T h e r e f o r e ,  
f o r  u s m a l l  enough, a  must  b e  0  , s o  t h a t  t h e  c o r r e s p o n d i n g  s o l u t i o n  E, i s  c o n t a i n e d  
i n  Cr cc  CR . 
I n  c o n c l u s i o n ,  w e  remdrk t h a t  t h e  p r e c e d i n g  argument,  when used i n  c o n n e c t i o n  w i t h  gene- 
r a l  r e g u l a r i z a t i o n  techniques, 'O a l l o w s  t h e  proof  o f  t h e  a n a l y t i c i t y  o f  t h e  s o l u t i o n  E, as 
w e l l .  
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Abstract 
We outline here, the formal development of a theory of viscoelastic surface fluids with I 
bending resiatance - their kinematics, dynamics, and rheology. It is relevant to the mech- 
anics of fluid drops and jets coated by a thin layer of imiacible fluid with rathr general I rheology. This approach unifies the hydrodynamics of two-dimensional fluids with the mechan- ics of an elastic shell in the spirit of a Cosserat continuum. ? 
Introduction 
--
Recently. ~ a x n a n l * ~  has developed a formal theory of viscoelastic surface fluids in which I bending resistance was incorporated in a purely phenomenological way. Motivation for this I 
two-dimensional continuum theory stems from a variety of applications: interfacial stability f emulsion rheology, red blood cell deformability, and coated drop and jet mechanics.The mech- 
anics of Newtonian surface fluids, accounting for the evolving surface geometry, was first ! 
considered by ~criven3 (as detailed by Arisfh). Extension to viscoelastic surface rheologies2 
and the inclusion of bending resistance1 in the formalism then followed. 
Bending rigidity arises from the finite thickness structure of the fluid coating, e.g. 
surface tension at the multiple interfaces of a compound drop or jet, a layer of normally 
oriented rod-like molecules such as those which form the lipid bilayer membrane of bio- 
logical cells, and electrically charged or polarized monolayers at a fluid interface. What- 
ever the molecular origins of the bending rigidity may be, the associated bending moments 
(or couple-stresses) may be included in the mechanics of the surface phase in a purely 
phenomenological way. However, it would clearly be of interest to see if averaging tech- 
niques could indeed reduce the mechanics of finite thickness fluid coatings to that of 
couple-stress surface fluids. Such averagir.g methods unc.eriie the development and success of 
elastic shell theory.5 The direct approach which we have adopted is motivated by the notion 
of a Cosserat surface which has been exploited by t!le shell theorists for some time now.6 
We view our model continuum as a two-dimensi dl viscoelastic fluid, isotropic in the 
surface, and asfiociate with each material point on this surface a 'director' (viz. an arrow) 
oriented along the local normal with its center of mass located at the surface. Changes in 
surface shape imply a reorientation of these directors which manifests itself dynamically in 
two ways: reorientation corresponds to curvature changes which generate bending moments, in 
addition the rate of reorientation corresponds to an internal angular momentum of the sur- 
face phase over and above any surface vorticity. We shall see that the director dynamics 
enters into the surface equations of motion through an asymmetric surface stress tensor and 
a transverse shearing stress. 
There are three distinct facets to the formulation of surface continuum mechbnics and we 
shall try to outline here the important ideas and results associated with each: the kinemat- 
ics of evolving surface geometries, the conservation laws governing the mechanics of surface 
continua, and the rheological equations of state g verning the surface stress and monent 
tensors. Further details may be found elsewhere. ' 1 '  
Evolving surface geometries 
As the surface phase 1s enerally located at the interface between two bulk fluids, mot- 
ions in the bulk lead to a 8istortion of the inrerface and hence, an evolution of the sur- 
face phase geometry. In order to discuss the mechanics of surface continua we must be able 
to track the surface as it moves through space. In addition, since various key geometrical 
quantities (e.g. metric and curvature tensors) enter into the dynamical equations, it is 
useful to derive evolution equations for these quantities. But first we must establish a co- 
ordinate system on the surface. Following ~criven3, tle construct a set of 'fixed surface co- 
ordinates' (r (d-1,2) which label geometric oints on the surface. As the surface evolves, 
these fired coordinates move through space a!ong the local normal to the surface; they are 
unaffected by any flow of the surface material tangential to the surface. Associated with 
these fixed coordinates are local tangent vectors 9. which then define a metric tensor for 
the surface Q S ~ . B .  A base vector triad at each point on the surface consists of these 
tangent vectors I(, and the local unit normal E to the surface. Thus, for example, the vcl- 
ocity y of the surface phase through space may be decomposed according to y m f l & , + v ( @ j ~ .  
Here, y* are the contravariant components of surface velocity a~rd v@" (a scalar) is the com- 
ponent of velocity in the direction of the local normal. 
Let the surface be embedded in an inertial space described by general coordinates X I  
(i=1,2,3) with corresponding base vectors #, The surface location is expressed by a rela- 
tion between the fixed surface coordinates and the space coordinates: # S X ' ( U * , ~ ) .  It can be 
shown that the evolution of the surface geometry through space is governed by the equation 
where the local rormal to the surface has been deccmpocred as prnif;. That is, the fixed sur- 
face coordinates move through space in the direction of the local normal and do so at a rate 
given by the normal component of velocity of the surface phase. One may also obtain evolu- 
tion equations for the metric (hC) and curvature (hh) tensors assoctated with the fixed 
surface coordinate system. 
Equation (2) expresses the fact that a normal velocity distribution over a curved surface 
leads to a stretching of the fixed surface coordinates (viz, the radial expansion of a 
spherical surface). Equation ( 3 )  describes geometric shape changes via an evolving curvature 
The first term, being the second covariant derivative of the normal velocity over the sur- 
face, leads to new geometric forms (a first derivative wo~ld only e:..prpss a tilting of the 
surface). Tht second term in (3) incorporates the effects of a chan in8 surface metric in ! the shape changes (e.g. an expanding sphere has a changing radius o curvature though it re- 
mains spherical). Simple evolution equations may also be derived for the tangent and normal 
vectors as well as the Christoffel symbols of the fixed surface coordinate systen~. As may be 
seen from equations (1) - (3), the evolution of the surface geonetry may be decoupled from 
the tangential flow of the surface phase in so far as it depends only on the nora,al compon- 
ent of velocity. However, the normal velocity is implicitly coupled to the tangential flow 
through the equations of motion governing the surface phase. 
Surface equations of motion 
The surface equations of conservation of mass, momentum, and angular momentum may all be 
derived in the fixed surface coordinate system through the use of the Reynolds transport 
theorem generalized to surface flows. If we may neglect mass exchange between tbe surface 
phase and the neighboring bulk fluids on the timescales of interest, then the conservation 
of surface mass leads to the following continuity equation for the surface mass density )C: 
The first two terms in (4) resemble those found in the continuity equation for bulk fluids. 
The third term is associated with the stretching 3f the fixed surface coordinates (cf. eq.2) 
'd=&g being the local mean cyrvature 05 the surface. If we bring this term to the right-hand 
side of (4) it appears as a mass sink (H4 0 for a sphere) in that it represents a fixed 
amount of mass being spread over an ever increasing surface area (for H 4 0  and v % O )  
The conserl.ation of linear surface momentum leads us to the follo~ling equations of motion 
for the surface continuum. They may be thought of as dynamical boundary conditions which 
couple the adjacent bulk phases. 
The right-hand sides of ( 5 )  closely resemble the equilibrium shell equations. 5 They repre- 
sent the net tan ential and normal forces actin on an element of surface. The surface 
stress tensor 4 and tmansrerse shear stress8 will be discussed further below; they mani- 
fest themselves in local stress veLtors (forces per unit length) acting on a curve bounding 
a small element of surface, T.0 leading t~ an in-plane stress, I* corresponding to a stress 
normal to the surface alone the bounding curve. These are usually termed internal #tresses. 
External stresses act on a small elenrent of surface and arise from body Zorces ( e . g .  gravi- 
tational and electrostatic forces) represented in ( 5 )  by ( j *Gafi+to*g,  and from the neigh- 
boring bulk fluids exerting normal and tangential stresses on i!5, t urface phase embodied in f=i"b*fm#. Expressions for C and fwJ are given elsewhere. On the left-hand sidee 
of (5) we have the tangential and normal components of surface acceleration given by 
In addition to the intrinsic derivatives of velocity in equaticL-.- i 6 ) ,  t:aere are terms re- 
sembling centripetal and Coriolis accelerations. They arise fr,:i, ti-0 tame varying base vec- 
tors associated with the evolving surface coordinate system, i . ;  evolving sl~rface is a 
non-inertial reference frame. In equation (5b), we see how tal : stresses cons ire with 
the cur7rature to generate a normal fcrce (a generalization of place  condition^. Siml- 
larly, the transverse shear in (5a) generates a tangentisl fc - .a the curvature. 
Considerations of angular momentum conservation Lead to exp.essions for the transverse 
sh ar stress $* and the antismetric part -6 the ~urface stress tensor T-3. (We decompose 4 into a sum of symmetric and antisymnetric parts, e * T m + T * # t )  Me find 
where flH is the surface moment (or cocple-stress) tensor. In equations (7) and (a), is 
the contravariar~t alternating tensor of the surface, 6 and H~ are components of any ext.er,- 
nalLy imposed torque on the surface phase (e g. magnetic couples), ?nd & represents the 
tangential components of internal angular momentum associated with tbe tumbling motion of 
the directors. A ccmplicated expreesion may be derived for g,, but what is important is 
that it is determined entirely by the velocity fitld of the surface phase and the surface 
geomeLry (along with a presumed moment of inertia). Thus, it introduces no new unknowns into 
the equations of motlon. In arriving at (8) we have assumed that each director spins about 
its local normal at a rate equal tc one-half the local surface vorticjty. That is, they are 
viscously coupled to their surface phase environments and hencz, there is no normal compon- 
ent of internal angular momentum. We may use (7) and (8) to eliminate f and TNCI  from the 
equations of motion (5). These equations simplify enormously for slow flows where we may ne- 
glect all terms associated with the inertia of the surface phase. It remalns for us to give 
expressions for the synnnettic surface stress and moment tensors T(*U and @. 
Surface rheology 
We concern ourselves here with surface fluids which are isotr9pic in the surface, and 
summarize the rheologicyl laws discussed in detail by Waxman. l,2 Allowing the surface phase 
to support an in-plane hydrostatic stress' in the absence of any motion, we write 
Here,Jr is an isotropic surface pressure (or minus the net surface tension). It is related 
to the drnsity, temperature, and chemistry of the surface phase and neighboring bulk phases 
via a thermodynamic equation of state. For incompressible surface contirua,r becomes a dy- 
namic variable to be solved for along with the suzface velocity field. The ;ynmetric tensor 
y* embodies the viscoue ar.d elastic components of stress. (An explicit dependence of on 
# a'.ready represents an area elasticity.) 
The Newtonian surface fluid is the simplest e:-zmple of a viscous surface phaee. IL is de- 
scribed by a linear relation between stress and rate-of-strain; 
with L ~ n d  4 being coefficients of surface dilational and ehear viscosity. resy~ctively. The 
surface rate-of-strain is given by 
The first term represents the rate-of-deformntion due to gradients in the tangential flow, 
the second term rrpresents the geometric straining associated with the evolving suri'ace 
metric (cf . eq. 2) . 
A simple viscoelastic surface fluid which exhibits both stress relaxation in a finite 
time and delayed elasticity is ths 'corotational Jeffreys surface fluid' described L, 
Here, c4*' is of the r'orm (lob), and A ) ~ > o  are stress relaxation and strain retardation 
time constants. The time-derivative operator in (12) represents a rate-of-change as seen 
from a frame which is translating and cxotating (but not codeforming) with an element of 
surface msterial. It is the surface analogue of the Jaumann time-derivative. Its d.,rivation 
and cropertiss are discussed in detail in the work of ~axman.2 Equation (12) is a quasi- 
linear rhe lo ical law of the rate-type; nonlinear modifications of (12) have also been 
discussed. 9 
A simple law for the bending moment tensor is motivated by Hookean elasticity. It de- 
scribes a surface capable of storing potential energy in tending and relates the moment 
tensor to a measure of bending strain in a linear fashion; 
M* = cyrr  Klr * (13) 
Again, c**C is of the form (lob) with L acd 6 representing independent (positive moduli 
of bending rigidity. An appropriate chcice of bending strain for surface fluids is 3 
That is, Kw measures the deviation of urvature from a comparison curvature ar6 which rep- 
resents an lnitial reference curvature ia evolved forward in time in a corotational way. 
7iscoelastic moment relations of the rate-type may be constructed from (13) through the use 
of the surface corotational time-derivative operator. 
It is hoped that the dynamical fornuletion outlined here for couple-stress surface fluids 
will provide a useful approximation to the dynamics of thin fluid coatings in evolving ge- 
ometries. Application to the mechanics of cell membranes is anticipated in the near future. 
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